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fu:n^ctioi^s  of  a  complex 
variable 

CHAPTER   I 

ARITHMETICAL  OPERATIONS 

1.  Historical  Sketch.  In  elementary  mathematics  we  use  for  the 
moat  part  only  real  numbers.  There  is  however  a  branch  of  ele- 
mentary mathematics,  viz.  algebra,  where  a  wider  class  of  numbers,  ■ 
the  complex  numbers,  are  employed  almost  from  the  start.  The 
quadratic  equation  ^_')      ^T,~n  (-i 

has  the  two  roots  /--„ — r  ,„ 

a±Vif'  — D,  (2 

provided  ^  >  h.  If  a^  <  5,  there  is  no  real  number  which  satisfies 
1).  As  long  as  we  restrict  ourselves  to  the  system  of  real  num- 
bers, the  expression  2)  is  devoi{l  of  meaning.  In  fact  the  square 
root  of  a  number  tr,  in  symbols  Vc,  is  a  number  d  such  that  (^  =  e. 
But  there  is  no  real  number  d  whose  square  is  negative.  Thus 
Va^—b  does  not  exist  in  the  real  number  system  when  a^  <  h. 
The  older  algebraists  found  it  extremely  convenient  to  enlarge 
their  number  system,  in  order  that  the  equation  1)  should  have 
two  roots  even  when  a^  <  h.  The  new  numbers  are  denoted  by 
«  +  6 V—  1,  or  setting  i  =  V~l,  by  a-\-hi.  When  J  =  0,  they 
reduce  to  the  real  numbers  a.  Thus  the  new  class  contains  the 
class  of  real  numbers  as  a  subclass.  With  these  new  numbers  it 
was  found  that  not  only  the  roots  of  the  quadratic,  but  also  of  the 
cubic,  the  biquadratic,  in  short  the  roots  of  all  algebraic  equations 
could  be  expressed.  By  their  introduction,  the  theory  of  algebraic 
equations  attained  a  simplicity  and  comprehensiveness  quite  im- 
possible without  them.  Complex  numbers  are  to-day  indispensable 
in  algebra. 
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2  FUNCTIONS   OF    A    COMPLEX    VARIABLE 

In  other  branches  of  mathematics,  the  importance  of  complex 
numbers  was  perceived  much  later.     By  means  of  a  formula  dis- 
covered by  Euler  ,,  ,       ■   ■     ,  ,-. 
■'                        e'^=s  cos  ^  + 1  sill  (ji,                                     (d 

an  intimate  relation  was  established  between  exponentials  and 
analytic  trigonometry.  Indeed,  a  good  part  of  this  subject  may 
be  developed  from  this  formula. 

In  the  system  of  real  numbers,  the  logarithm  of  a  negative 
number  —  a  does  not  exist.  In  the  system  of  complex  numbers 
it  does.     We  have,  in  fact, 

log  (  -  a)  =  log  a  -t-  (2  n  +  l)7ri,  (4 

where  n  is  any  integer,  including  zero.  It  is  thus  infinite  valued 
Uke  the  inverse  circular  functions. 

A  great  discovery  made  nearly  a  century  ago  by  Abel  rendered 
the  complex  numbers  as  necessary  to  analysis  as  they  long  had 
been  in  algebra.  He  found  that  the  elliptic  functions,  whose 
properties  had  been  carefully  studied  by  Legendro,  admit  a  second 
period,  when  one  passes  from  the  real  to  the  complex  number 
system.  Possessed  of  this  fact,  Abel  and  his  contemporary  Jacobi 
were  able  to  develop  the  theory  of  elliptic  functions  in  a  manner 
undreamed  of  before. 

About  the  same  time  the  illustrious  French  mathematician 
Cauchy  began  to  show  what  great  advances  could  be  made  in  the 
theory  of  differential  equations  when  the  variables  are  allowed 
to  take  on  complex  values  instead  of  being  restricted  to  real 
values  alone.  By  the  year  1850  complex  numbers  had  proved  to 
be  of  incalculable  value  in  many  and  widely  separated  bmnches  of 
mathematics,  and  before  long  the  theory  of  functions  of  a  complex 
variable  sprang  into  existence. 

To-day  this  theory  has  grown  to  gigantic  size.  It  forma  the  foun- 
dation on  which  much  of  modern  mathematics  is  built.  Without 
a  knowledge  of  its  elements,  a  student  of  mathematics  finds  himself 
somewhat  in  the  position  of  a  traveler  in  a  strange  land ;  every 
one  is  using  a  language  which  he  does  not  comprehend.  Even  the 
physicist  and  astronomer  find  that  the  masters  in  these  subjects 
are  using  freely  the  function  theory.  It  is  thus  becoming  daily 
more  important  for  them  to  gain  some  familiarity  with  this  theory. 
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The  present  work  is  inleiideil  to  give  the  general  reader  3.n 
aceouiit  of  aonie  of  the  elementary  parts  of  the  theory  of  functions 
of  a  complex  variable.  For  further  study  we  add  the  following 
list.  The  easier  books  are  placed  first.  The  last  two  are  intended 
for  the  specialist. 

E.  B.  Wilson,  Advanced  Calculus. 

Ginn  and  Company.  Boston,  1912. 

G.  Humbert,  Cours  d' Analyse. 

2  vols.,  Paris,  1904. 

E.  GoTirsiit,  Coura  d'Analyse  MathSmatique. 

3  vols.,  2d  edition,  Paris,  1910: 

H.  Burkhardt,  Einfiihrung  in  die  Theorie  der  Aiialytischeii  Funk- 
tionen. 

Leipzig,  1903. 

R.  Fricke,  Analytiseh-Funktionen-theoretische  Vorlesungen. 
Leipzig,  1900. 

Durege-Maurer,  Theorie  dor  Funktionen  einer  komplexen  veran- 
derliehen  Grosse. 

Leipzig,  1906. 

E.  Pioard,  Traits  d' Analyse. 

3  vols,,  2d  edition,  Paris,  1905, 

E.  Whitlaker,  A  Course  of  Modern  Analysis. 
Cambridge,  1902. 

A.  Forsyth,  Theory  of  Functions  of  a  Complex  Variable. 
2d  edition,  Cambridge,  1900. 

W.  Osgood.     Lehrbuch  der  Funktionentlieorie, 
2d  edition,  Leipzig,  1912. 

2.  Arithmetical  Operations-  1.  As  the  reader  has  already  studied 
the  arithmetical  operations  on  complex  numhers,  we  treat  this 
topic  but  briefly.  The  complex  numbers  are  represented  by  the 
symbol  a  +  a'i,  where  a,  a'  are  real  numbers  and  i  is  a  symbol  to 
be  defined  later.     The  plus  sign  between  its  two  parts  has,  of 
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course,  no  meaning  as  yet.     It  is  eoiivenienfc  to  denote  a+a'i 
by  a  symbol  as  a.     We  have  then 


With  1)  we  will  associate  a  point  A  whose  abscissa  and  ordinate 
ai-e  respectively  a  and  a'  as  in  Fig.  1.  Conversely  to  a  point 
whose  abscissa  is  x  and  whose  ordinate  is 
^  we  will  associate  a  complex  number 
X  +  yi. 

From  this  correspondence  we  are  led  to 
call  a  the  ahseissa  of  the  complex  «,  and  a' 
its  ordinate.    We  write 


=  Aba« 


=  Ord  a 


When  '('  =  0  in  1 )  we  assign  t<i  « the  value 
a,  and  denote  a  +  Oi  mure  shortly  by  a.  The  associated  points 
lie  on  the  ai-axis  which  we  call  the  real  acds.  When  (X=0,  we 
say  «  is  purely  imagitmry ;  we  denote  0  +  a'i  more  shortly  by 
a'i.  The  associated  pointb  lie  on  the  ^-axis,  which  we  call  the 
imaginary  axis. 

2.   Two  complex  numbers 

a  =  a  +  a'i     ,     0=h  +  b'i 

ai'o  equal,  when  i  ;      i  r  /•« 

'  a  —  b,a'^l>'.,  (a 

or  ill  symbols 

■^  Abs  a  =  Abs  &     ,     Ord  « =  Ord  0  ;  (3 

thiit  is,  when  the  associated  points  are  coincident.     In  particular 


only  when 

The  sum  of  a  and  0  ii 


i  =  0 


a  +  0=(a  +  b)  +  Ca'  +  b')i;  (4 

their  difference  is 

<.^^=(_a-b)  +  (a'-b')i.  (5 

Let  us  show  how  tlie  points  corresponding  to  4)  and  5)  may  be 
found. 
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Let  A,  B  ill  Fig.  2  be  the  points  associated  with  «,  /3,     Let  us 

construct  tlie  parallelogram  whose  two  sides  are  OA,  OB.     Then 

OA'=^a    AA'^a\ 

OB'^b     BB'  ^b'. 

Obviously 

00'=OA'+A'C>=a  +  b, 
Ca'  =  C'C"+0"0=a'  +b>. 

Thus  0  has  the  coordinates  a  +  J, 
a' +h'  and  hence  is  the  point  asso- 
ciated with  «  +  ^  in  4). 

To  find  the  point  associated  with  a  —  ;3  in  5),  let  J.,  B  in  Fig.  3 
be  the  points  associated  with  «,  j3.  We  produce  OB  backward  so 
that  0C=  OS.  Obviously  C  has  the 
coordinates  —6,  —h'.    Thus  if  we  set 

7  =  —  6  —  b'i, 
we  see  that 

«-^  =  "  +  7> 
since  both  are 

(«-»)+(«'-»');■ 

But  we  have  seen  how  to  plot  the  '^ 

point  corresponding  to  « +  7.     It  is  '*'' 

in  fact  the  vertex  D  in  the  parallelogram  two  of  whose  sides  are 

OA,  00. 

3.  We  note  that  in  adding  and  subtracting  «,  ^  in  4),  5)  we 
have  treated  i  as  if  it  were  a  real  number.  We  do  the  same  in 
defining  multiplication.,  except  tliat  we  agree  that 

(6 

o 


Thus 

or  using  6) 


aj3='xh  +  ab'i  +  a'bi  +  a'h'i^. 

a^=(ah  —  a'h')  +  iah'  +  a'h')i. 
We  take  7)  as  the  definition  of  multiplication. 
From  6),  7)  we  have       .^^ 
and  hence  ,, 


=  1; 


(8 
(9 


where  / 


ire  positive  integers  or  zero. 
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4.  To  define  the  quotient  of  two  complex  numbers  we  reciill 
that  in  real  numbers  -,    _ 

jias  one  and  only  one  solution  when  b^O,  this  we  call  the  quotient 
of  a  by  i  and  denote  by  j-    Let  us  consider  the  analogous  equation 
«  =  «  (10 

where  «,  ^  are  complex  numbers 

a=a  +  a'i    ,     /3^b  +  b'i. 

We  shall  define  the  quotient  of  <x  by  /3  to  be  the  number  or  num- 
bers f  which  satisfy  this  relation. 

Let. us  first  suppose   ^^0.     Then  i,  b'  are  not  both  =  0.     Let 

be  a  solution  of  10).     Putting  this  in  10)  gives 

(bx  -  b'x'')  +i(hx'  +  h'x)  =  a  +  a'i  (11 

This  relation  yields  by  virtue  of  3)  two  equations  to  determine 
x^x'^Yu.:  bx~h'j/=a     ,     bx' +b'x^a'.  (12 


these  we  get 

ab  +  aV 
i'  +  li"     ' 

,      a'b  -  ab' 

'■         i'  +  b'^ 

the  solution  of 

10)  is 

{■ 

a      ab  +  a'h' 
~'P        6»  +  b" 

+  S'  +  V 

when  /^=?=0. 

Suppose  ^ 

or  a  =  0.  Putting  these  values  in  12)  we  see  that  the  equations 
are  satisfied  however  x,  x'  are  chosen,  that  is,  for  every  value  of  |. 
We  have  thus  the  following  result : 

When  ^^0,  the  equation  10)  admits  one  and  only  one  solution  ^ 
which  is  given  by  13).  When  ,8  =  0,  the  equation  admits  no  solution 
unless  a  =  0.     In  this  ease  it  is  satisfied  for  every  value  of  |. 

For  this  reason  division  by  0  is  excluded  in  modern  mathe- 
matics. As  some  students  have  not  been  trained  in  accordance 
with  this  law,  we  wish  to  emphasize  its  inviolate  character. 
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5.    We  prove  now  the  important  theorem  : 
,  7f_  a  product  a0  =  0,  then  either  a  or  ^  must  =  0, 
This  theorem  we  know  is  true  for  real  numbers, 
the  multiplication  o£  «  by  jS  we  get  the  relation 

(a5  -  a'b')  +  {ab'  +  a'h)i  =  0. 
HeneebyS),         ^,_„,,,^o     ^     «i'  +  .'J  =  0.  (U 

We  show  that  these  equations  cannot  hold  if  both  a  and  ^=^0. 
For  since  a^ii  either  a  or  tt':^0;  suppose  a¥=0.  Also  since 
^^0,  either  6  or6'¥=0  ;  suppose  h^^.  From  the  first  relation  of 
14)  we  get  . 


This  put  in  the  second  equation  of  14)  gives 


As  « :?b  0,  we  must  have 


b^  +  b'-^  - 


This  requires  that  both  b  and  b'  =  0,  and  this  is  contrary  to 
hypothesis.  In  a  precisely  similar  manner  we  may  treat  the 
other  cases.  In  each  case  we  are  led  to  a  contradiction.  Thus 
the  assumption  that  a  ■  0  may  =  0  without  either  «  or  ^  being 
=  0  is  untenable. 

In  an  elementary  work  like  the  present,  it  would  be  out  of 
place  to  demonstrate  that  the  formal  laws  governing  the  arith- 
metical operations  on  real  numbers  go  over  without  change  to 
complex  numbers.     Thus  the  reader  knows  that 

^^^^  «(^  +  7)-«0  +  «7, 

etc.,  just  as  if  a,  ^,  7  were  real  numbers. 

6.  Two  complex  numbers 

tt  =  a  +  ib     ,     ^  =  a—ib 
as  in  the  tigure  are  called  conjugate  numbers.     We  note  that 
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i  real  and  that  ^       ,  ., 

s  -purely  imaginary. 
Also  the  product 


13  real  and  positive. 

3.  Critical  Remarks-   1.    We  have  now  defined  the /oMr  rwiioKaZ 

operations  on  complex  numbers,  viz.   the  operations  of  addition, 

subtraction,  multiplication,  and  division.     At  this  point  we  may 

return  to  the  symbol  ,     , .  .^ 

•'  a  +  a  t  (1 

which  we  have  employed  to  represent  a  complex  number.  We 
can  show  what  its  component  parts  mean.  We  begin  by  eonsider- 
iuff  the  two  numbers       a        i 

The  rule  for  multiplication,  2,  7)  gives 
0  ■  y  =  a'i. 

Thus  the  term  a'i  in  1)  may  be  regarded  as  a'  times  the  number  i. 
The  number  i  may  be  called  the  imaginary  unit  in  contradistinc- 
tion to  tire  real  unit  1. 

Again  let  ^^^     ^     y^a'i. 

The  rule  for  addition,  2,  4)  gives 

/3  +  7  =  «  +  «'*'■ 

Thus  the  complex  numbei- 1)  may  be  regarded  as  the  sum  of  a 
real  units  and  a'  imaginary  units.  We  may  call  a  the  real  part 
ami  a'i  the  imaginary  part  of  1).  When  we  introduced  the  sym- 
bol 1)  in  2,  we  did  not  say  that  it  was  the  gum  of  these  two  parts 
for  the  reason  that  we  had  not  defined  addition  and  multiplication 
of  these  new  numbers.  Indeed  we  expressly  stated  that  the  sym- 
bols +  and  i  had  at  that  stage  no  meaning.  They  acquired  mean- 
ing only  after  tho  arithnjetical  operations  on  the  symbols  1)  Imd 
been  defined. 

2.  Instead  of  denoting  the  new  numbers  by  the  symbol  1),  let 
us  denote  them  by"  some  other  symbol,  say  by 

(«. «!).  (2 
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We  may  proceed  then  as  follows  :     Two  numbers 
«  =  («,«')     ,    /3  =  {A,  S') 
are  equal  when  and  only  when 

The  sum  of  a  and  /3  is  defined  to  be  the  number 

their  difference  is  defined  as  the  number 

Their  product  aliall  be 

{ah-a'h\  ah'  Jra'b). 

When  ^  rt  0  the  quotient  of  «  by  /3  shall  be  the  number 


The  number  (a.  0)  shall  he  the  real  number  a,  and  for  brevity 
we  will  write  ^ 

The  number  (0,  1)  we  will  denote  more  briefly  by  ^.  Then  4) 
S'^®**  («',  0)  ■  (0,  l)  =  (fl.  a'-)=  a'i.  (5 

Also  1)  and  5)  give 

(«,<■')=(»,  o)+(o,  «')-«  +  «■;■ 

Thus  another  representation  of  the  complex  number  (a,  a')  is 
a  +  a'i,  and  we  have  reached  the  standpoint  taken  in  2. 

In  both  cases  we  start  with  a  symbol ;  in  one  case  with  a  +  a'i, 
in  the  other  with  (a,  «').  These  at  the  start  are  mere  marks  to 
indicate  that  the  new  numbers  are  a  complex  of  two  real  numbers 
a,  a'.  These  marks  take  on  a  meaning  when  we  give  them  the 
above  arithmetical  properties.  The  complex  then  becomes  a 
definite  concept  which  we  call  a  number. 
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3.  We  wish  now  to  make  another  remark  o£  a  critical  nature. 
The  complex  numbers  are  often  called  imaginary  nwmbere,  and  we 
have  in  the  present  work  followed  usage  as  far  as  to  call  the  num- 
bers a'i  purely  imaginary,  the  number  i  the  imaginary  unit,  and 
the  axis  of  ordinates  the  imaginary  axis.  For  the  beginner  the 
term  imaginary  is  most  unfortunate  ;  and  if  it  had  not  become  so 
ingrained  in  elementary  algebra,  much  would  be  gained  if  it  could 
be  dropped  and  forgotten. 

The  use  of  the  term  imaginary  in  connection  with  the  number 
concept  is  very  old.  At  first  only  positive  integers  were  regarded 
as  true  numbers.  To  the  early  Greek  mathematician  the  ratio  of 
two  integers  as  ^  was  not  a  number.  After  rational  numbers 
had  been  accepted,  what  are  now  called  negative  numbers  forced 
themselves  on  the  attention  of  mathematicians.  As  their  useful- 
ness grew  apparent  they  were  called  fictitious  or  imaginary  num- 
bers. To  many  an  algebraist  of  the  early  Renaissance  it  was  a 
great  mystery  how  the  product  of  two  such  numbers  as  —a,  —b 
could  be  the  real  number  ab. 

Hardly  had  the  negative  numbers  become  a  necessary  element 
to  the  analyst  when  the  complex  numbers  pressed  for  admittance 
into  the  number  concept.  These  in  turn  were  called  imaginary, 
and  history  repeated  itself.  How  many  a  boy  to-day  has  been 
bothered  to  understand  how  the  product  of  two  imaginaiy  num- 
bers at  and  hi  can  be  the  real  number  —  ab.  As  well  ask  why  in 
chess  the  knight  can  spring  over  a  piece  and  why  the  queen  can- 
not. The  pawns,  the  knights,  the  bishops,  etc.  are  mere  pieces  of 
wood  till  the  laws  governing  their  moves  are  laid  down.  They 
then  become  chessmen. 

The  symbols  (a,  et')  or  a+  a'i  are  mere  marks  until  their  law's  of 
combination  are  defined,  they  then  become  as  much  a  number  as 
^  or  —  5.  The  student  must  realize  that  all  integers,  fractions, 
and  negative  numbers  are  imaginary.  They  exist  only  in  our  im- 
agination. Five  horses,  three  quarters  of  a  dollar,  may  have  an 
objective  existence,  but  the  numbers  5  and  |  are  imaginary. 
Thus  all  numbers  are  equally  real  and  equally  imaginary.  Histor- 
ically we  can  see  how  the  term  imaginary  still  clings  to  the  com- 
plex numbers  ;  pedagogically  we  must  deplore  using  a  term  which 
can  only  create  confusion  in  the  mind  of  the  beginner. 
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4.  The  Polar  Form.   1.    Let  A  be  the  point  associated  with 

<,  =  a  +  a'i  (1 

Let   OA=^p  and  angle  AOB  —  0.      We   call  p   the   modulus   or 
e  value  of  a.    We  have 


the  radical  having  the   positive   sign.     The 
modulus  of  «  ifi  also  denoted  by 


It  is  the  distance  of  A  from  the  origin. 

The  angle  6  is  called  the  argument  of  «  ;  we  have 


tan  ^  =  - 


hO. 


We  often  write 


^  =  Arg«. 
Making  use  of  p  and  0  we  have 

a  —  p  cos  0     ,      a'  =  p  sin  8 
.  a  ~  pl^cos  0  +  i  sin  6). 


and 


This  is  called  the  polar  form  of  a.     The  form  1)  may  be  called  in 
contradistinction  the  rectangular fornt. 

2.   The  rule  for  multiplication  and  division  of  complex  numbers 
is  particularly  elegant  when  the  polar  form  is  used.     In  fact  let 

I3=^h  +  h'i  =  cr(cos  ^  +  i  sin  0).  (3 

Then 

«^  =  /3(Ticos  ^  cos^  —  s\\\0  fiin^  +  i{coidsi.t\.i^  +  smd  Qos^)], 

*"'  «^  =  p<T\iio&(e  +  ^)  +  i  sin  (i9  +  ^)  J. 

From  this  we  have 


(5 


=  p„=|„|.lP|. 
Arg(«/3)=.«  +  0  =  Arg.  +  Arg^.  (6 

This  may  be  expressed  as  follows  :  — 

The  modulus  of  the  product  is  the  produot  of  the  moduli,  and  the 
argument  of  the  product  is  the  sum  of  the  arguments. 
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The  above  enables  us  tu  plot  the  product  afl 
c^  very  easily.  Having  plotted  a  and  0, 
we  eompute  the  product  pu  and  describe  a 
circle  about  the  origin  0  with  the  radius. 
We  then  lay  off  on  this  circle  the  angle 
6  +  1^.  The  resulting  point  is  that  asso- 
ciated with  the  number  «y3,  as  in  the  figure. 

3.  Let   us   now   turn    to    division.     The 
quotient 


is  defined  by  2,  13).  This  expression  is  complicated  and  not  easy 
to  remember.  If,  however,  we  use  the  polar  forms  2),  3)  of  «,  /3, 
we  can  readily  prove  that 


|^£ScosC^-^)  + 

or  that 

l«'    p 

|/3i      - 

and 

Arg^=Arg« 

,(9-«i; 


(9 


This  may  be  expressed  as  follows  : 

The  modulus  of  ike  quotient  is  the  quotient  of  the  moduli,  and  the 
argument  of  the  quotient  is  the  difference  of  the  arguments. 

The  proof  of  7)  may  be  effected  by  replacing  a,  a',  J,  h'  in  2, 13) 
by  their  values 

a^  p cos  0,  a'  =■  p  sin  6,  h  =  a  cos <}i,  b'  =a' sin  0, 

and  performing  the  necessary  reduction.     A  more  instructive  way 
is  the  following  :     Since  ^  ^  0  by  hypothesis,  the  equation 


/3{-« 


(10 


admits  one  and  only  one  solution.     The  relation  7  states  that  this 
solution  is 

I  =  f'  [cos  (0  -  0)  +  isin  (^  -  0)  i  (11 
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This  is  indeed  so,  for  by  the  foregoing  rule  of  multiplication 

Arg  0^-)  =  <},  +  (e-<}>)^O^  Arg  a. 

Thus  /3  ■  f  having  the  same  modulus  and  argument  as  a  is  in  fact 
«.     Thus  11)  satisfies  10). 

The  above  enables  us  to  plot  the  quotient  a/0  very  easily. 
Having  plotted  «  and  0,  we  compute  the  quotient  p/a-  and  describe 
a  circle  about  the  origin  with  this  radius.  We  then  lay  ofE  on 
this  circle  the  angle  d  —  <}).  The  resulting  point  is  that  associated 
v/ith  «/;8. 

4.  We  have  seen  that  two  complex  numbers  a,  0  are  equal 
when  and  only  when  their  associated  points  coincide.  Let  us 
suppose  a,  0  are  expressed  in  their  polar  forms  2),  3).  Then 
from  the  relation 

we  may  ooncludw  at  oncu  tliat 

p_„.  (12 

We  cannot  conclude,  however,  that 

We  can  only  conclude  that  6  can  diffci-  from  ^  by  a  multiple  of 


2  TT,  or  that 


e^4>  +  2rnT  (13 


where  n  is  an  integer 
In  particular  we  Iiave : 
For  a  to  =0,  it  is  necessary  and  sufficient  that  its  modulus  =  0. 

5.  Some  Inequalities.     Geometrical  Correspondence.  1.    Let  us 
plot  the  points  A,  B,  Q  corresponding  to 


a  very  useful  relation.     Since  from  geometry  we  have 
Oa<  OA  +  AO 
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we  conclude  a  relation  of  uLniost,  im- 
portance 

|a  +  /31<|«|  +  |/i|.  (1 

The  <  sign  holds  unless  0,  A,  It 
are  coUinear,  and  A,  B  are  on  the 
same  side  of  0. 

From  1)  we  have 

l«  +  /3  +  7l<l«l  +  l/3|  +  |7l.      (2 
and  30  on  for  any  finite  number  of  terms. 
To  prove  2)  we  note  that 

Hence         |  „  + ^  +  ^  [^|  „  +  (^  +  ^->|  <  |  „  |  +  |  ^+ ^  |,  1,^  i-, 
<|«|  +  |5|  +  |7|,^lsobyl). 

2.  Let  U8  now  consider  \a—  ^\, 

Let  J.,  B  in  Fig.  2  be  the  points  associated  with  u,  /3.  Then, 
following  the  eonstruetlon  given  in  2,  the  point  I)  is  associated 
with  «  -  ;S. 

"^'^"^  OD  =  \a~li\. 

But  obviously  AB  —  OB,  honee 
l«-/3|  =  ^R 

This  gives  us  a  result  we  shall  often  use : 

If  A,  B  are  the  points  associated  with  a,  yS,  then  the  length  ofABii 
l«-/31- 

3.  Let  us  also  note  the  relation 

i.-/3|<|.!  +  j^|.  (a 

Fop  «-;3=«  +  (~/3). 

l.-;3|  =  |.  +  (-/3)l<  I  «| +1-^1  =  1  «l+i^l- 


But 
Thus 
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4.  Let  a  be  a  real  positive  number  and  ^  any  complex  number. 
We  wish  to  find  the  points  Z  associated  with  the  complex  numbers 
f  which  are  subjected  to  the  relation 

K-/3|<«.  (4 

If  B  in  Fig.  3  is  associated  with  y9,  the  condition  4)  says  that 
ZB  must  be  <  a.  Thus  Z  is  restricted  to  the  interior  of  a  circle 
whose  center  is  B  and  whose  radius  is  a. 

The  condition 

lt-/3|  =  » 

states  that  Z  must  lie  on  the  circumference 
of  this  circle.     The  condition 


requires  that  Z  lie  within  or  on  the  circumference  of  the  circle. 

In  the  following  pages  we  shall  make  great  use  of  the  geometri- 
cal interpretation  of  complex  numbers  by  points  in  a  plane.  The 
point  associated  with  a  complex  number  a  may  be  called  its  image. 
Moreover,  instead  of  using  another  letter  as  A  to  denote  this  point, 
we  shall  usually  denote  it  by  the  same  letter  a.  Tliis  will  not 
produce  any  ambiguity  and  is  shorter. 

We  shall  introduce  another  change.  Up  to  the  present  we 
have  usually  denoted  real  numbers,  angles  excepted,  by  Roman 
letters  as  a,  b,  c  '■•  and  complex  numbers  by  Greek  letters  a,  y3,  7 
"•  in  contradistinction.  There  is  no  further  need  of  this  ;  any 
letter  may  denote  a  complex  number.  It  may  be  well  to  recall 
that  real  numbers  are  merely  a  special  case  of  complex  numbers, 
just  as  integers  are  a  special  case  of  rational  numbers.  Thus  when 
we  say  let  a  be  a  complex  number  we  do  not  at  all  mean  that  it 
may  not  he  real. 

As  in  algebra  and  the  calculus,  so  in  the  theory  of  functions 
we  deal  with  constants  and  variables.  The  former  are  usually 
denoted  by  the  first  letters  of  the  alphabet,  the  latter  by  the 
last. 

Let  lis  consider  a  few  examples  of  a  variable  : 

Example  1.  Let  s  =  a  +  yi..  where  a  is  a  real  constant  and  y  is 
real  and  ranges  from  —  oo  to  +  co.     Then  the  point  associated  with 
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more  shortly  we 


Z  in  Fig.  4  ranges  over  tlie  riglit  line  A,^  ; 
say  z  ranges  over  AA! . 

Example  M.     Let  z  =  x  +  yi,  where  x,  y  are 
real  numbers  satisfying  the  inequality 


a,  h  real.    Then  z  ranges  over  the  interior  a 
the  edge  of  the  ellipse 


Let  z  —  a  =  r(cos  6  -\-i  sin  6)  where  a  is  siny  con- 
stant, f  >  0,  and  0  <  ^  <  2  TT. 
Then  s  ranges  over  a  circle  whose  center  is  a  and  whose  radius  is  r. 

Example  4..     Let  z,  =  x  +  yt^ 

where  x,  y  are  real  and  satisfy  the  relation 

Then  z  ranges  over  the  curve  whose  equation  is  5). 
5.   Let  us  note  the  following  relations  : 

l<.-s|-|s-«l 

*'""  j,i-Sl<e     and     |J-ol<, 

lo-»|<6  +  . 


then 


To  prove  7)  we  observe  that 

o-c-  =  (<.-S)  +  (t-<;) 
HeneebyS)  I  a- „|  <  U  -  S  1  +  ]  S- «l 


<e 


-V 


6.  Let  us  recall  from  algebra  the  notation 

i  fl„  =  ((i  +  «g +  ■■■  +  «„, 


(6 
(7 


(8 
C9 
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Thus  the  left  side  of  8)  is  read  :  the  sum  from  m  =  l  to  n  of  a^ 
is,  etc.  The  left  side  of  9)  is  read  :  the  product  from  m  =  1  to  m 
of  a^  is,  etc. 

6.  Moivre's  Formula.    In  4  we  saw  that  any  complex  niimher  « 
can  be  written  ^       a  ,    ■  ■    a\  ^i 

Then  by  4,  4)  ,       „.       n  a  .    ■   ■    nn\ 

•^         ^  a^  —  p\iioa  2  f  + 1  3111  z  a), 

and  in  general  .       ^^         a  ,   ■  ■      a\  m 

°  a"  ~p\Gosn(f  +  tsinne).  (a 

Let  us  take  |  a  |  =  ^  =  1 .     Tiien  1 ),  2)  ^ive 

(cos  d  +  i  sin  0y  =  cos  nO  +  i  sin  w^  (3 

which  is  Moivre's  Formula. 
Now,  the  Binomial  Tlieorem  for  a  positive  integral  exponent  n  is 


G)-j   ,   (»)."C«^)   ,   ©..(.^ 


2) 
3 


are  the  binomial  coefficient.     Let  us  make  use  of  the  relation  4)  to 
develop  the  left  side  of  3).     It  hecomes 

COS"  e  +  /"Vos"  >  9  sin  «  -  (j)eos-«  9  sin^  9 

-!/''\os-««siu»9+..-       (5 
Thus  3)  may  be  written 

cos  «9  +  i  sin  »9  =  cos"  9  -  /'^Vos'^-2  9  sin^  9  +  .. . 

4-!J('""]eos--iesin9-("']oos--»9sin'!9  +  ...| 

Equating  the  real  and  imaginary  parts  of  this  relation  by  2, 2)  we  get 
cos»9=oos"9-('"Vos--"9sin"9+r"Vos--'9sin'9--..  (6 
sin«9  =  ('')oo»--i98in9-('''Vos-  •9sin«9 

+  ('"")oos»^'9sin'9 (7 
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Giving  M  the  values  2,  3,  4  •-■  in  these  equations,  we  find 
cos  20=  cos^  0  —  sin^  0 

cos  3  ^  =  cos^  ^  -  3  cos  0  siii^  0  (8 

cos  4:0  =  cos*  6  —  6  cos^  0  siii^  ^  +  sin*  0 

sin  2  6  =  2  COS  0  sin  ^ 

8in  3  6  =  3  cos2  0  sin  6  ~  sin^  0  (9 

sin  4  ^  =  4  cos^  6  sin  6  —  4  cos  0  sin^  ^ 

In  the  relation  8)  we  notice  that  sin  0  occurs  only  in  even  powers. 
Since  sin^  0  =  1  —  cos^  0,  we  see  that : 

cos  n0  can  he  expressed  as  a  rational  integral  fimction  of  cos  0  of 
degree  n. 

Making  this  substitution,  we  get 

cos 2 *9  =  2  cos^ 0-\ 

eo83  6  =  4coB3^-3cosf  (10 

C084  0=  8  cos*  0  -  Bcos^^  + 1 


In  equations  9)  we  notice  that  cos  0  enters  in  even  powers 
when  n  is  odd,  and  in  odd  powers  when  n  is  even.  Thus  we  see 
that: 

sin  n0  is  an  integral  rational  function  of  sin  0  of  degree  n  when  n  is 
odd.  When  n  is  even,  it  is  the  product  of  cos  0  and  a  rational  integral 
function  of  sin  0  of  degree  n—1. 

Making  the  substitution  cos^  6  s=  1  —  sin^  0  in  9)  we  get 
sin  2  6  =  2  COS  0  sin  0 

sin36=3ain6-4sin3e  '  (11 

sin  4  6  =  cos  0(i  sin  ^  -  8  sin^  0) 


7.  Extraction  of  Roots-   1.    In  the  domain  of  real  numbers 
x''  =  <i     ,     a>0 
has  one  root  if  n  is  an  odd  positive  integer,  and  two  roots  if  n  is 
even.     The  equation      ^.n^  _  „  a  >  0 


y  Google 


ARITHMETICAL  OPEEATIONS  19 

has  one  root  if  n  is  odd,  and  no  root  if  n  is  even.     Let  us  now  pasa 
to  the  domain  of  complex  numbers.     We  ask  how  many  roots  has 

.-=«  (1 

1,  positive  integer.     Let 


where  a  is  any  complex  number,  and  n  ii 
us  write  a  and  z  in  polar  form 

a  =  <cos^  +  i"sin^) 
z  =  i^(co8  0  +  J  sin  ^). 
Then  if  3)  satisfies  1)  we  must  have 

i^(cos  w0  +  isin  w0)=  «(cos  ^  +  isin^). 
Then  from  4),  12),  18)  we  have 

n^=6-\-2'kir     ,     ^  an  integer  or  0. 
From  5)  we  have  ^      >•,- 

and  from  6)  we  have  a  n 


and 


(2 

(3 


0 
(6 


(8 


Thus  the  raodnlus  f  and  the  argument  (j>  of  any  number  s  which 
satisfies  1)  must  have  the  form  7),  8).  On  the  other  hand  by 
actual  multiplication  we  see  at  once  that 

is  a  solution  of  1).     In  fact  z^"  is  a  number  whose  modulus  is  tJie 

«  -                                            .          .          6         2-rr 
mth  power  of  "v'w  and  whose  argument  is  n  times  -  +  k Bid; 

this  number  has  therefore  the  modulus  « 

and  the  argument  d  +  '^hir,   or  neglecting 

multiples   of   2  tt,  the   argument   9.     It  is 

thus  a.    Hence  the  nth  power  of  9)  is  a. 

To  plot  the  numbers  9)  we  describe  about 

the  origin  as  in  the  figure  a  circle  whose 

radius  is  Va.     On  this  circle  we  lay  oft'  the 

angle--     Let  us  call  this  point  Zg.    Start- 
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ing  from  z^  we  now  divide  the  circle  into  n  equal  parts  which  give 
the  points  Zj,  z^,  -■■  z„_j  in  the  figure,  corresponding  to  i=  1,  2, 
...»-lin9). 

If  now  we  give  to  k  any  other  integral  value,  we  will  get  one  of 
the  values  Zq,  Sj,  ■■-  2„_i  already  obtained.  Thus  1)  has  just  n 
roots  whooD  values  are  obtained  by  giving  k  in  9}  the  values 
0,1,2,  ...  n-l. 


mcampie 

■ 

z 

a^ 

:1. 

Here  «. 

=  3,  »  = 

=  1, 

«-l 

,  e= 

=  0 

2t 

=  120°. 

Thus  9) 

gives 

s^- 

^1, 
cos 

120° 

+ii 

;in 

120° 

-1  + 

.V3^ 

z,= 

COS 

240= 

+  *  sin 

240^ 

-l-iV3 

Example 

S. 

^ 

_. 

-8. 

Here  n  = 

=  3,       »: 

=  - 

8,  » 

=  8, 

9 

=  -, 

?  =  60°. 
n 

Thus  9) 

gives 

«„=2Joos60°  +  !sin60°j  =  l  +  .V3, 

2,  =  2icos(60°  + 120°)+  i  siii(60°+  120°)i  -  _  2, 

2,-2|cos(60°  +  240°)  +  isin(60°+240°)i»l-!•^ 


Here  «  =  4,  «  =  1,  9  =  0,   i^=90°. 

Thus  9)  gives       _ , 

Zj  =  cos  90°  + 1  sin  90°  =  {, 

«,  -  cos  180°  +  i  sin  180°  -  - 1, 

Zg  =  cos  270°  +  8  sin  270°  =  -  i. 

2.  The  n  roots  of  ■  n  _  i 


(W 
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are  called  unit  roots.  They  are  of  great  importance  in  algebra, 
and  occur  in  other  branches  of  mathematics.  Their  values  are 
given  by  9)  on  setting  «  =  1,  ^  =  0.     We  get 

27r  ,   .   .    27r 


(11 


«„_i  =  cos(«-l)^  +  ».sin(w-l)^. 
n  n 

We  notice  that  o)j  has  the  property  that 

,,    —  ,„  2  „,    _  ,„  3  ...  n,         _  ,„  n-l  ,,,    — ,„n. 

that  is  all  the  roots  of  10)  are  merely  powers  of  Wj.     Such  a  root 
is  called  a  primitive  unit  root.     It  is  easy  to  show  that ; 

J^  m  is  relatively  prime  to  m,  then,  a  —  w^  is  a  primitive  root; 

that  is,  that  CI         5         a  -.  /in 

(B,      W,      0)°,     0)*...0)"  (12 

are  all  roots  of  10)  and  are  all  different. 

For                   .          ,     f             27r  ,    .   .        SttV 
W  =  (D„"  —  [  COS  j«  ■ \- 1  sin  m  —  I 

=  cos  ms  ■  — ^  +  J  sin  ms  ■  - — -. 
n  n 

Let  now  ms  =  In  +  p.     Then 


Thus  &)•  is  a  root  of  10).     To  show  that  the  roots  12)  are  all  dif- 
ferent let  us  suppose  that  ,  _    , 

Then  their  arguments  rm  — '-,  sm can  diiTer  only  by  a  multiple 

n  n 

of  2  TT.     Hence,  e  denoting  an  integer, 

2'jr  Sir        o 

rm  •  ~  —  sm ■  =  e  a  tt 

n  n 

or  m(r  —  s")  =  en.  (13 
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As  m  and  n  are  relatively  prime,  tliey  have  no  factor  in  common; 

e  must  be  divisible  by  m  as  IB)  shows.      Tlius  if  we  set  e  =  gm 

13)  sives 

■^  °  r  ~  s^  gn 

or  r~s  is  a  multiple  of  n.     This  is  impossible,  as  r,  s  are  both  <w. 
Hence  no  two  of  the  roots  12)  are  equal. 

3.  Let  us  now  return  to  9).     We  set 


and  notice  tliat 

Sj   —  'i'So        ,        Sg   —   M  S^D        .  Z^_i   —   (0         Zq,  t,'^ 

where  «/-/       fl   ,    .   .    £'\  ,., 

Sa—  "V«  cos — h  i  sill-    ■  (lo 

This  may  be  easily  generalized  as  follows  : 

All  the  roots  of  1)  mag  be  obtained  from  any  root  hy  multiflying 
this  root  hy  the  n  roots  of  unity. 

Hence  in  particular  the  two  roots  of  z^—  a  =  it  (cos  ^  +-  8  sin  6) 
Sq  =  Vafcos- +  isin- J,  (Iti 

%--%■  (17 

The  three  roots  of  a'^  =  a  are 

z^^V~a(aod  +  i^\A  (18 


s  the  firnt  imaginary  cube  root  of  unity,  viz.  : 

-i  +  ;vy 


(19 


(20 


8.  The  Casus  Irreducibilis.    As  an  application  of  the  foregoing 
let  us  consider  the  irreducible  case  of  Cardan's  solution  of  the 

x^  —px  +  ^  =  0,  p.  q  real.  (1 
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The  roots  of  1)  have  the  welL-known  form 

X  ==  ^'_i^  + V's'  +  a/ -  i  <?  -  -^R  (-^ 

where  _ffi  =  |  ^^  —  ^jp^  =  —  A.  (3 

Now  when  the  roots  of  1)  are  all  real,  it  is  shown  in  algebra 
that  A  is  positive,  hence  M  is  negative,  and  Vfi  is  purely  imagi- 
nary. Thus  2)  expresses  the  real  roots  x  aa  the  sum  of  imaginaries. 
To  Cardan  and  his  contemporaries,  who  had  no  idea  how  such 
cube  roots  could  be  found,  this  ease  was  highly  paradoxical. 
Since  that  time  matheraaticiana  have  attempted  to  present  these 
real  roots  as  sums  of  real  radicals.  As  their  efforts  were  unsuc- 
cessful, this  case,  that  is,  the  case  when  A  >  0,  was  called  the 
casus  irredueihiUs.  It  is  only  recently  that  a  proof  has  been 
given  that  this  case  is  indeed  irreducible.*  Let  us  see  how  the 
roots  2)  may  be  computed,  using  our  new  complex  numbers. 

We  set 

—  j5  +  iVA  =  j-(cos  1^  +  isin  i^). 

Then 

■Xl-}j-iV4  =  ^,{co8(|+i^)-isi.,(|+i?f)). 

Thus  the  three  roots  of  1)  are 

xt=2-s/rc<js{f  +  k-120''\  y&  =  0.1,2,'  (4 


Example.     Let  us  take  the  equation 

-2x'-x  +  2^ix-r)(x+\)(x-2)  =  0, 
x=l,  2,  -L 


whose  roots  are 


To  reduce  this  to  the  form  1)  we  set 

2,-1  +  ,.  (6 

Then  6)  goes  over  into 

f-iy  +  i^^^^  O 

whose  roots  by  6)  are  ,    .        , 

^  —  3'  S'  —  ■)  ■ 

»  Holder.  Math.  AnnaUn,  yol.  38  (l&H),  p,  307, 
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Hence 

Alao 


1     ,   .    /x  10  ,   .V2i3 

1     1  !  ,   A       1     ,      343 

Villii 
'        27 
^       ,  2Va  V243 


log  243  -  2.3856, 

log  V243  =  1.1928, 

log(- tancf)=0.1928     ,     *  =  122°41', 

as  0  lies  in  the  second  quadrant  by  8). 

"»■"»  J^  =  40°54', 

log  343  =  2.5353, 

log  V34S- 1.2676, 

log  27  =  1.4314, 

log  r  =  9. 8362, 

log  ^r  =  9. 9454, 

log  2  =0.3010, 

log  cos|.^=  9.8784, 

logy,  =  0.1248     ,     y„  =  1.333  =  4. 

10 +120°  =  160°  54'     ,     cos  160°  .54' =  - cos  19°  6', 
log  cos  19°  6'  =  0.9754, 
Iog2-}^=0.2464, 
log  C- ft)  =  0.2218    ,    ft- -1.666  = -J. 

i4,  +  240°  =  280°  64'     ,     cos  280'  54'  =  sin  10°  54', 
log  sin  10°  .54' =  9.2767, 
log  2  v'r  =  0.2464, 
logy,- 9.5231     ,    ..,,  =  .333  =  J. 
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CHAPTER    II 
REAL  TERM  SERIES 


9.  The  reader  is  already  familiar  with  infinite  series.     An  im- 
portant chapter  in  the  calculus  treats  of  Taylor's  development 


By  its  means  we  find  for  example  that 


0^  X' 

"315! 


(1 

(2 


Infinite  series  were  first  used  to  compute  the  values  of  a  func- 
tion. Later  it  was  found  that  they  could  be  used  to  great  ad- 
vantage to  study  the  analytical  nature  of  a  function  in  the  vicinity 
of  a  given  point.  They  are  still  used  for  the  purpose  of  com- 
putation especially  in  constructing  tables  ;  but  their  chief  value 
to-day  in  the  theory  of  functions  is  the  aid  they  afford  us  in 
establishing  existence  theorems,  and  in  studying  the  properties 
of  functions. 

We  propose  in  this  chapter  to  develop  only  as  rauch  of  the 
theory  of  infinite  series  as  is  necessary  for  our  immediate  purpose. 
Later  we  will  give  further  details. 

10.  Definitions.  1.  Let  aj,  o^,  %  ■•■  be  an  infinite  sequence  of 
real  numbers.     The  symbol 

fli  +  aa+fla-i----  (1 
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is  called  an  infinite  aeries.     We  may  alao  denote  it  by 

^«» 
"'^y  2a..,  m  =  l,  2,  3... 

We»ll  A=  «,  +  %+•■■«. 


the  8Mm  of  the  first  n  terms  o£  1),  Suppose  tliat  as  n  increases  in- 
definitely, A„  converges  to  a  definite  value.  Then  we  say  1)  is  con- 
vergent and  assign  this  value  to  the  series ;  we  call  it  the  sum  of  1). 
If  A„  does  not  converge  to  some  definite  value  as  n  increases 
indefinitely,  we  say  the  series  1)  is  divergent.  Whether  1)  con- 
verges or  diverges,  it  is  often  convenient  to  denote  it  by  a  single 
letter,  as  A ;  we  may  write 

When  this  series  converges,  it  is  customary  to  denote  its  sum 
by  the  same  letter  A.  This  notation  may  be  slightly  confusing  at 
first,  but  the  reader  will  soon  recognize  in  which  sense  A  is  used 
in  any  given  case. 

Associated  with  the  series  2)  is  the  series 

It  is  called  the  deleted  series,  or  tlie  remainder  after  n  terms.  It 
will  be  convenient  to  denote  the  sum  of  the  first  s  terms  of  the 
series  3)  by  ^„,,;  thus 

Let  us  now  recall  a  notation  with  which  the  reader  is  already 
familiar. 

When  A„  converges  to  A  as  m  increases  indefinitely,  we  write 

lim  A^  —  A 

and  read  it ;  "the  limit  of  A„  foi'  n^  ca  is  A"  The  same  fact 
may  be  expressed  by  the  notation 

-4,  =  A  as  w  =  00. 


The  symbol  =  is  read  "converges  to.' 
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2.   Let  us  establish  here  the  obvious  theorem  : 

Let  A  =  a^  +  a^-V  ■-.  The  series  B  =  ka^-\-ka^+ ■■■where  h^d, 
eonverges  or  diverges  timuUaneously  with  A.  When  convergent, 
B=kA. 

li  now  yI  or  £  is  convergent,  we  have 
Urn  B^^k  lira  A^, 
<"^  B  =  kA. 

11,  The  Geometric  Series.    Tins  is 

ff  =  H-^  +  ^  +  ^«+...  (1 

Let  (/  ^  1.     Then  by  elementary  algebra 

— !-  =  !+.,  +  ,<,'+   ...+,;•  1+-^-^.  (2 

This  identity  is  often  nseful  and  the  reader  should  memorize  it. 
Then  using  the  notation  of  10 

e.-i +<?  +  »'+  ■■•+;7--' 

by  2).     Nowwlien   ,  ,^  ^  ^  j     ^     ii„,,,.^(,. 
Hence  in  this  case  ,■        ff"     _  ^, 

Thus  3)  gives  ii,nG!„  =  -"^-      ,    l^/Kl 

1  -.^ 

The  series  1)  is  therefore  convergent  when  '^  |  <  1  and  in  this 
case  1 

n<,  =  i,  e  =  i  +  ]  +  i+... 

Hence  (?„  —  n 

and  limO.  =  +«j. 

Thus  (?  is  divergent  when  (/  =  1. 
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Hence  /-»        n     i, 

(j-„  =  U  when  n  is  even, 

=  1  wlien  M  is  odd. 

Thus  6-^  does  not  converge  at  all  as  n  =ao. 

Hence  (?  is  divergent  in  this  case. 

When  the  series        , 

A  =  a^  +  a^+o,^+  ... 

is  such  that  ,.       . 

lim  J.„==+33, 

it  is  sometimes  convenient  to  indicate  this  fact  by  the  notation 

A  =  +'^. 
Similarly  if  y      a  —  _ 

we  may  write  yf  —  — 

Returning  to  the  geomotric  series,  we  see  at  once  that  when 
^  >  1,  (?„  =  +  CO  ;  while  when  g-  <  —  1,  (?„  oscillates  between  ever 
larger  limits.     We  have  thus  the  theorem  :  — 

The  geometric  senea  1)  is  convergent  when  |  (/ 1  <  1.  /(  diverges 
when  I  ^  I  >  1.      When  convergent,  its  sum  is 


12.  The  Harmonic  Series.    This  is 


We  sliow  that 
and  is  therefore  divergent. 
In  fact  1,1       1 

5  +  1   >  3 

etc.     Thus     H^  >  ^,    ffgi  >  ^  +  J,   R^,>}  +  I 
and  in  general  rr     ^  ™     i 
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Thus,  however  large  the  positive  number  G-  is  taken 

H„>  a, 

if  n  is  greater  than  some  integer  v.     Thus 

lim  ff„  =  +oo, 
whicli  establishes  2). 

13.  Fundamental  Postulate-  In  order  to  go  on  witli  our  work 
we  need  to  use  a  fact  which  the  reader  will  admit  as  soon  as 
understood. 

Suppose  a  variable  v  steadily  increases 
as  in  Fig.  1,  and  yet  always  remains  less 
than  a  fixed  number  ff.  Then  obviously 
V  must  tend  to  a  limit  V.  This  limit  may 
be  less  than  &  but  it  certainly  cannot  be 
greater  than  O-.    We  have  then 

V=  lim  v<  a.  (1 

Similarly  suppose  a  variable  te  steadily  decreases  as  in  Fig.  2, 
and  yet  always  remains  greater  than  a  fixed  number  Q-.  Then 
manifestly  w  mast  tend  to  a  limit   W 

'^"*^  W^limw>&.  (2 

We  take  it  that  these  two  facts  are  self- 
evident  and  require  no  proof. 

2.  By  means  of  this  postulate  we  can 
establish  a  theorem  of  great  importance 
in  the  theory  of  series  :  ^™'  ■" 

LetA=a-i  +  aQ+  ■■■he  a  positive  term  series.  If  A^<  some  fixed 
nwmher  (?,  however  large  n  is  taken,  then  A  is  convergent  andA  <  G. 

For  as  A„  <  G,  lim  A^  exists  by  the  above  postulate  and  this 
limit  is  <  (?.     But  then  A  is  convergent  and 
A  =  lim  A„  <  Q. 


14.  The  Hyperharmonic  Series.    This  ii 
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We  establish  now  the  following  theorem  ; 

The  series  S  is  convergent  */■«>!,  and  divergent  if  s  <  1. 

For  when  s  =  l,  S  becomes  the  harmonic  series  ff,  which  is  di- 
vergent as  we  saw  in  12.  Wheu  s  <  1,  each  term  —  is  greater  than 
the  corresponding  term  -  in  ff. 

As  fl^  =  +  00,  so  does  S^  ~  -\-  x>,  ;ind  S  is  divergent  in  this  case. 
Let  now  s  >  1.     Then 

1,1^1,1       2        1 

As  «  >  1,  (/  is  <  1.      Similarly 


4'      5'      t)'      T'      4'      4'      4' 
1,1,  ,     1    -.  8        1 


:</^,  etc. 


8'     9'  15'     8' 

Thus  however  large  m  is  taken  there  exists  an  integer  n  such  that 
S^<l  +  g  +  g^+  ...  +^"-1^  (?„.  (2 

As  here  g  <1,  the  geometric  series  <?  is  convergent  and  (?„<  G. 
Thus  2)  gives  S^    <■  r 

for  any  m.     Thus  by  the  theorem  in  13,  S  is  convergent,  and 
S  <  G.  (3 


moreover 


15.  Alternating  Series.  1 

.    1 

,et  «j 

>  «s 

:  >  "; 

i>  ■ 

...  =( 

Then  the  series     ^^^ 

-« 

2  +  «3 

-a. 

i-H  ■■ 

an  alieraatinij  series. 

Examples.                  ^^  _ 

1  + 

■J--1 

i+  ■ 

1- 

2! 

-It 

-.. 

.      0 

<x 

<1. 

1~ 

'3! 

0 : 

_.. 

-     0 

<x 

<1. 
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The  last  two  series  arc  the  developments  of  cos  x,  sin  x  as  we 
observed  in  9. 

We  prove  now  the  theorem  : 

The  alternating  series  1)  is  convergent.  Its  xum  A  is  >  0,  and 
the  remainder  after  n  terms  A^  is  numerieally  <  t(„^.^. 

A.i^^-^  =  (a^—a^~)+(a^  —  a^)+  —  +(m2„-i  — M3„)  +  «3„+i. 
Thus  A„^.J  >  «i  —  (tg  >  0.     We  also  have 

Thus  jlan+i  is  steadily  decreasing  and  <  (iy  —  <^a^— a^)<ay 
Hence  by  the  fundamental  postulate  13, 

lim  A„+j 

exists  and  is  <  Mj  —  a^  anil  <  <ij  —  (a^  —  a^. 

Next  we  note  that       ,        =  A    +  a 

As  lim  a-i^^i  —  0,  Ijy  hypothesis  we  have 
lim  ^.i„=  lim  -d^n+i- 
^'^"""'  lim  A.  exists. 

Thus  A  is  convergent  and 

tl<  ^  <  Ml.  (2 

Finally  we  note  that  the  series 

is  an  alternating  series  ;  it  is  therefore  convergent  and  therefore 
analogous  to  2),  0  <  P  <  «„,.  (3 

But  obviously  the  series  P  and  the  residual  series  A^  differ  at 
most  by  their  sign  ;  hence      j  __ 

Thus  using  3)  \A„\<a„^. 
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2.  The  fact  that  the  remainder  after  n  terms  in  an  alternating 
series  is  numerieaUy  less  than  the  next  term  enables  us  to  estimate 
the  error  in  calculating  such  a  series  and  stopping  tlie  summation 
at  the  nth  term. 

Example.     Let  us  compute  sin  10°,  using  the  development 

1!      3!      5!  ^ 

We  first  convert  10°  into  circular  measure  and  find 
a:-. 1745329. 
log  a;  =  9.2418774. 

log  aJJ=.  7.7256322     ,     3;8=  .0053165. 
log  ^  =  6.2093870     ,     ^  =  .0001619. 


3! 

^ 

.O00S861. 

of 
6! 

= 

.00000135. 

~ 

< 

.00000001. 

Thus  the  first  two  terms  in  4)  give  sin  10°  correct  to  5  decimals, 
and  the  first  three  terms  to  7  decimals.     We  have  in  fact 

-^-?!  =..1736468. 

^_^  +  |i  =  .173t)482. 

From  the  tables  we  find 

sin  10°  =.1736482. 

16.  The  E  Notation.  1.  Sooner  or  later  the  student  mnst  learn  to 
use  the  e  notation.  We  pi'Opose  to  introduce  it  gradually,  so  that 
it  will  not  seem  difficult  to  him.  The  object  of  the  notation  is  to 
enable  one  to  think  more  easily  and  accurately  when  dealing  with 
limits. 

Suppose  we  have  a  sequence  of  real  numbers 


y  Google 


REAL   TEEM    SERIES 
What  do  we  mean  when  we  say  c„  =  «, 
or  lim  e.  =  c. 


(2 

Let  € 


Let  us  plot  the  numbers  1)  and  the  limit  c  on  an  axis, 
be  a  amall  positive  number.     The  points 
o—e,    o  +  £   determine   an   interval   -E  of  !'  .  'l 

length   2e   as  in  the  Figure.     Then   the         '^'^        ''  '*^ 

limit  2)   simply  means  that  the  c„  eventually  lie  within  S  no 
matter  how  small  e  is  taken. 

Put  in  more  precise  language,  the  limit  2)  means  that  taking 
e  >  0  small  at  pleasure  and  then  fixing  it,  there  exists  an  index  m 

such  that 

|^7»+p    ''mi-a'    '^m+3  ■■■ 

all  lie  within  E.     The  fact  that  these  lie  in  E  is  expressed  by  the 


le  qualities 


(3 


For  the  relation  3)  merely  states  that  whenever  the  index  n  is 
>  m,  the  distance  of  c„  from  <?  is  <  e. 

It  will  be  convenient  to  adopt  a  standard  notation.  To  express 
that  <:  is  the  limit  of  the  e„  we  shall  write 

e  >  0,  m,  I  c  -  c„  I  <  e     ,     n  >  m.  (4 

This  we  will  read  as  follows : 

For  each  positive  e  there  exists  an  index  m,  such  that  \  c  —  c„\  <  e 
for  all  n>  m. 
Conversely  if  4)  holds,  we  know  that  2)  does. 

This  may  sound  elaborate  and  formidable  to  the  beginner  and 
quite  unnecessary  to  express  a  very  simple  fact.  This  is  indeed 
so  if  we  never  deal  with  but  very  simple  limits  ;  or  never  employ 
but  very  simple  reasoning  on  limits.  Now  the  fact  is  that  the 
function  theory  is  founded  on  the  notion  of  limits.  We  are  con- 
stantly reasoning  on  limits.  The  same  is  true  in  the  calculus. 
But  in  a  first  course  in  tlie  calculus  the  student  is  too  immature 
to  pay  much  attention  to  a  rigorous  treatment  of  limits.  His 
main  object  should  be  to  seize  the  spirit  of  the  methods  of  the  cal- 
culus and  to  learn  how  to  use  them  easily.  Then  as  he  becomes 
more  mature  he  can  pay  more  attention  to  the  demonstrations  on 
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which  these  inethrtds  are  founded.  lu  the  present  work  we  have 
no  intention  of' insisting  on  rigor.  Being  a  first  course  in  the 
function  theory,  we  shall  endeavor  to  avoid  all  topics  which 
require  delicate  handling.  A  demonstration  of  such  matters  is 
quite  out  of  place  in  a  first  course.  On  the  other  hand,  the  stu- 
dent has  advanced  in  maturity  since  his  calculus  days,  and  has 
reached  the  point  when  the  subject  of  limits  may  be  treated 
appropriately  with  more  care. 

2.  Let  us  note  that  if  <;„  =  0,  then  4)  becomes 

6  >0,   m,    \c„\<  e,     n  >  m.  (5 

Conversely,  if  5)  holds,  lim  n„  =  0. 

3,  A  simple  reflection  will  show  that  if  lim  i;„  =  c  then  not  only 
does  4)  hold,  but  we  also  may  write 

e>0,    m,    |c-^„l<6     .     M>m.  (6 

where  B  may  be  any  fixed  positive  number  <  e. 

For  the  relation  6)  merely  says  that  we  have  replaced  the 
interval  U  above,  of  length  2  e  by  another  smaller  interval  of 
length  2  B. 

We  frequently  have  to  deal  with  several  inequalities  of  the 
type  6).  In  such  eases  we  sliall  see  that  it  is  convenient  to  take 
J  =1  or',  etc. 

17.  Hecessary  Conditions  for  Convergence.  1.  When  dealing 
with  infinite  series  our  first  care  is  to  see  if  the  series  in  hand  is 
convergent.  As  we  never  deal  with  divergent  series  in  the 
elements  of  the  function  theory,  if  a  series  is  found  to  be  divergent 
it  must  be  discarded.     The  following  theorem  is  often  useful : 

For  the  series  A  =  a-i+  02  +  ■■■  to  converge  it  is  necessary  that 
a„=0. 

For  suppose  A  is  convergent.     Then  by  16,  3  we  have 

e  >  0,  m,  I  J.  —  ^„  I  <  I     ,     n>m. 
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|A.,-^l.l<e. 


Hence  by  5,  T) 

Thus  I        I  ^ 


Hence  by  16,  5)  lim  a„+,  =  0,  or  what  ia  the  same,  lim  a„=  0. 

2.  Although  it  is  necessary  for  «„=iO  when  yl  =  «!  + «2+  ■■■is 
convergent,  this  condition  is  not  sufficient  as  the  following  ex- 
ample shows. 

The  harmonic  series     it     i   ,   i    ,   i    , 

-fl  =  1  +  i  +  3  +  ■  ■  ■ 

is  divergent  as  we  saw  in  12.     Yet  here 

a„  =  -=0. 

3.  i«(  m  be  an  arbitrary  but  fixed  index.  The  two  series  A.,  A„ 
converge  or  diverr/e  simultaneously.      When  converffent 

A  =  A^  +  A^. 

For  when  A  is  convergent  J.=  limjl„.     Let  n  —  m+s.     Then 

A„  =  A^  +  A^^,. 

When  n=  cc,  so  does  s.  As  A,„  is  a  constant,  we  see  that  when 
lim  A„  exists,  so  does  lira  J.^,,,  and  conversely. 

4.  ^  A  is  oonvergent,  lim  A„  =  0. 
For  any  n  we  have  A  =  A^  +  A^. 

As  A  is  convergent,  lim  A„  =  A.     Thus 
^,  -  ^  -  ^„  =  0. 
18.  Adjoint  Series.   1.    In  studying  tlie  convergence  of  a  series 
^  =  «i  +  %  +  «3+ .-  (1 

it  is  convenient  to  consider  the  aeries  obtained  by  replacing  each 
terra  «„  by  its  numerical  value  «„=  |«^|.     The  resulting  series 

3t  =  «j  +  <^-l-«3+  ...  (2 
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ia  called  the  anoint  of  A-     We  write 
2t  =  Adj  A. 

In  the  function  theory  we  often  have  to  deal  with  the  numerical 
or  absolute  values  of  numbers  as  «,  S,  e  —.  It  will  often  be  con- 
venient to  denote  them  by  the  corresponding  Greek  letters  a.  ^,  7  ■  ■  ■. 
Sometimes  the  Greek  letter  is  so  much  like  the  Roman  letter  that 
the  reader  is  apt  to  mistake  it.  We  will  replace  it  by  the  corre- 
sponding German  letter.  Thus  Greek  A,  M  look  like  Roman 
j1,  M;  we  therefore  replace  them  by  31,  2R- 

The  following  examples  will  illustrate  the  notion  of  a  series  and 
its  adjoint. 

Example  1.  A  =  l-^-\-\- { -{-  ■■• 

Its  adjoint  is  51^1  +  1  +  1  +  1  +  ... 

Example  S. 

Its  adjoint  is         9v_i,£.,|i,|i,... 

where  according  to  our  notation  f  =  |aj|. 

Should  the  terms  of  a  series  A  bo  all  positive,  then  A  and  $(  are 
identical. 

2.   We  prove  now  the  fundamental  theorem  : 

^31  converges,  so  does  A. 

'^•"^"-  JJ  =  J,  +  6,+  6,+  ... 

be  the  series  formed  of  the  positive  terms  of  1)  taken  in  order,  and 
C=<;i  +  <,'2  +  C3+... 

be  the  series  formed  of  the  negative  terms  of  1)  taken,  however, 
with  positive  signs.     Then 

£„  <  «i  +  «a  +  «3  +  -  =  9 

since  £^  contains  only  a  part  of  the  terms  of  3t-     Hence  S  is  con- 
vergent by  13,  2.     Similarly  (7„  <  St  and  hence  0  is  convergent. 
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eJ.„ contains?* positive  terms  and  s  negative  terms.    Then 

A^=£r-0,     ,     r  +  s^n. 

Let  w=  00,  then  B^=  B^   C,=  C,  and  hence 

limA=  lim5,-lim  C„ 

A^B-0. 
Hence  A  is  convergent. 

3.  A  series  may  converge,  although  its  adjoint  does  not, 
Sample.  A.l^i  +  i-i  +  ... 

is  convergent  because  it  is  an  alternating  series,  by  15.     Its  adjoint 

is  divergent  since  it  is  the  harmonic  series,  by  12. 

A  aeries  whose  adjoint  is  convergent  is  called  absolutely  conver- 
ged. If  A  converges  while  3t  does  not,  we  say  A  is  simply  eon- 
vergent  when  we  wish  to  indicate  that  A  does  not  converge  abso- 
lutely. The  greater  part  of  the  series  employed  in  the  elements 
of  the  function  theory  are  absolutely  convergent.  We  shall  there- 
fore have  little  to  do  with  simply  convergent  series, 

4.  The  following  theorem  is  very  useful  in  ascertaining  if  a 
given  series  is  absolutely  convergent  : 

Let  B=  ^1  +  ^2  +  ^3  4-  •■■  converge  and  have  all  its  terms  >  0. 
Then  th^  series  A  =  a^  +  a^ -\- a^ -\-  ■■■is  absolutely  convergent  if 
«^  <  i„.     Moreover  \A\<£. 

For  passing  to  the  adjoint  of  A,  we  have 

3l„  =  ai  +  «2+  ■■■+«n^5i  +  ^2+  ■■■+b^<B. 
Thus  31  is  convergent  by  13,  2, 


As 
we  have 


\A„\<^„<B 
\A\<B. 


19.  The  Remainder  Series.   1.    Suppose  we  wish  to  compute  the 
value  of  the  convergent  series 

/I  =  a,  +  aj  +  <is  +  ...  (1 
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•correct  to  a  certain  number  of  decimals,  say  to  p  decimals.     We 
compute  successively        .    _ 

A3  =  «[  +  (ij 

^,  =  «i  + «,  + 1, 

etc.     In  order  to  know  if  we  may  stop  at  A^  we  must  know  if  the 

remainder  A^  affects  tlie  pt\i  decimal  in  A„.     We  must  know, 

therefore,  if  ,-;,-,. 

\A„\<M-K 

In  case  tliat  A  is  an  alternate  sei'ies  the  tlieorem  of  15  shows  tliat 

we  may  take  n  su  that      ,  ,      .,  ^ 

|«.+il<10~''- 

For  we  showed  that  i  J  1  ^ 

I  -^n  I "--  <*n+l- 

When  the  series  1)  is  not  alternate,  it  is  not  so  easy  to  estimate 
the  magnitude  of  the  remainder.  The  theorem  of  18, 4  may  some- 
times be  applied  with  advantage  to  A„.     In  fact  if  a„<5„  we  have 


1  A„  i  <  A  <  -B- 

2.  Example. 

,    Let  us  use  the    theorem  of   18,  ' 

1   to   show   that 

:ponential  se 

(2 

1! 

is  convergent  for  xy-  Q,  and  to  estimate   the  magnitude  of   the 
remainder  E„. 

Let  us  take  x  large  at  pleasure  and  then  tix  it.     We  next  take 
m  so  large  that  m  +  1  >  «■     Tlieii 

Let  us  set  ^_  x^  _ 

As  X  and  m  are  fixed,  Jlf  is  a  constant.     Then 


(m  +  8)!      m!     (m  +  1)  ■■■  (m  +  s) 
Thus  each  term  of 

F  =^^ ?"!."_ __    +  .  .?^_ 

m\      (m+1)!      (m  +  2): 
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after  the  first  is  less  than  the  corresponding  term  of   the   con- 
vergent geometric  series 

M+  M'ff+  jW+  ■■■  =/¥"(!  +  ,</  + ,92  +  ...) 

M 

Hence  the  remainder  series  J-J^  is  convergent.  Thus  ^is  con- 
vergent and  i^ 

K<T^-  (4 

1  —  ^ 
where  ^  is  given  by  3). 

Positive  Term,  Series 
30.  Theorems  of  Comparison.  Series  whose  terms  are  all  positive 
are  of  especial  importance  for  deducing  tests  of  convergence. 
To  ascertain  if  a  given  positive  term  series  A  is  convergent  it  is 
generally  advantageous  to  compare  it  with  some  other  positive 
term  series  B  whose  convergence  or  divergence  is  known.  We 
begin  therefore  by  establishing  two  theorems  of  comparison. 

2.  LetA=a-^+a^+  ■■■,  B=hj  +  h^+  ■■■  ie  positive  term  series. 
Let  r,  8  he  positive  constants- 

IfV  r<^<s     ,     w  =  l,2,3-.- 

or  2° 

then  A  and  B  converge  or  diverge  simultaneously. 

For  on  the  \°  hypothesis  a„<s6„;  hence  if  B  converges, 
A„<sB„<sB.  Thus  A  converges  by  13,  2.  Alao  «„  >  ri„ ; 
hence  A^  >  r5„.     Thus  if  B  is  divergent,  so  is  A. 

On  the  2"  hypothesis,  let 

^  =  I  and  I  >  0. 
p„ 

Then  as  n  increases,  ^  gets  nearer  and  nearer  I.     Hence  for  a 

suffioiently  large  m,  there  exist  two  positive  numbers  r,  s  such 

that  ,( 

r  <   "<.",    n  >  m. 
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Thus  the  te.'Tns  of  the  series 

satisfy  condition  1"  above.     Thus  this  2°  case  is  reduced  to  the 


Example  1.  j  _    ^  1 


Thus  each  term  of  A  is  less  tlian  the  corresponding  term  of  the 
convergent  aeries  ^  - 

Hence  A  is  convergent. 

Example  2.  ,  _  cosa^     cos  2x 

The  adjoint  series  is 

g._|cosa^|       |cos2g|       _  _ 
e^  (^^' 

As  I  cos  M  I  <  1,  each  term  of  this  series  is  <  the 
term  of  the  convergent  geometric  series 


Hence  31  is  convergent,  and  tlius  A  is  absolutely  convergent. 

Ez,impUS.      x  =  j;».  =  5;iog(l+^+^;)    .     r>l 
where  ju.  is  a  constant  and 

I  ^„  I  <  some  G-. 

By  the  calculus  we  have,  setting  r  =  1  +  s, 
if  (.  =  0,  we  hiiYo  _  «.  ^  _  " A\ 
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which  is  comparable  with  the  convergent  series 

Thus  A  is  convergent  in  this  ease, 

Jf  li^Q,  we  see  that  na^  =  ^,  Thus  A  is  comparable  with  the 
divergent  series        ^r      i     i    i    ,    i    ,    i    . 

11  —  1    +    2"  +  ^  +  -4'  +   ■■■  ■ 

When  /i  >  0,  we  see  the  terms  of  A  finally  become  positive  and 
A  =  +  x  .  When  ^  <  0,  the  terms  finally  become  negative  and 
A  =  -  00. 

Sample  4.    (7  =  J  ( ;^  -  log  (l  +  ^)  j  =  S«„. 
This  series  is  convergent.     For  if  w  >  1,  by  the  law  of  the  mean, 

log  f  1  + 1"^  =  i  +  M,  .\     ,     i  illf„  |<  some  M, 
Thus  c  \<  — 

The  adjoint  of  6*  is  thus  comparable  with  the  convergent  series 

The   series    0   is  therefore  absolutely  convergent.      Its   sum  is 
called  the  Eulerian  e&nstant.     By  calculation  we  find 

C  =.57721506... 

3.  The  second  theorem  of  comparison  is  : 

Let        A  =  ai  +  a^+a^-\ ,     B^bj  +  b^  +  h^  +  — 

be  positive  term  series.     If  B  is  convergent  and 

n=h  %  ••■ 


A  is  convergent.     If  £  is  divergent  and 
A  is  divergent. 
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For  on  the  1° 


Thus  a„ 

and  wii  may  apply  2. 

On  the  2°  hf/potkenis  we  have 

and  may  again  apply  2, 

21.  D'Alembert's  Test  1.  As  an  application  o£  the  second  theo- 
rem of  comparison  20,  3,  we  will  establish  a  test  for  convergence 
or  divergence  of  a  positive  term  series  which  is  perhaps  more 
often  used  than  any  other.     It  is  called  D' Alemhert's  test. 

The  positive  term  eyries  A  =  a-^-\-  a^-\-  ■■■  converges  if  there  exists 
a  constant  r<  Ifor  which 

^^'  <  r,  or  lim— ''-■^'  =  r. 
a„  a^ 

The  series  A  diverges  if 

^^2±i>l,oriflim^^'>l. 

Let  us  suppose  that 

^-^±1  <  r. 

We  compare  A  with  the  convergent  geometric  series 

R=\+r  +  r''+:. 
and  apply  20,  3. 

Let  us  next  suppose  that    ,  ■     a^^^  _  ^j 

Then  we  may  choose  €  >  0  so  small  that  s  =  r  +  e  is  also  <  1. 
Then  1)  states  that  there  exists  an  m  such  that 


Thus  we  are  led  back  to  the  former  ease.     In  a 
we  may  treat  the  divergeucu  part  of  the  theorem. 
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A  =  a+2a^+3a^-i---- 
is  convergent  ■^fO<a<l.     For  the  ratio  of  two  terms 

Example  2.     Let  us  sliow  that  the  exponential  series 
_E'=l  +  ^^+|:+... 

converges   absolutely  for   any   x.      To   this   end   we  consider   its 
adjoint  j.       1-2 

The  ratio  of  the  n  +  1"  term  to  the  n"'  is 

w!     («  —  1)1      « 

for  any  given  ^.     Thus  in  this  case  r  =  0  in  D'Alembert's  test. 
Hence  ®  converges,  and  thus  E  converges  absoJutely  for  any  x. 
Example  S.     Let   us   consider  the   convergence  of   the   series 
which  are  the  developments  of  the  cosine  and  sine,  viz. : 


(7  = 

=  1- 

_s!. 

-tr 

S, 

^il 

V. 

^ir 

The 

adjoiiits 

of  these  «i 

■8 

6= 

.i+£  +  e+. 

@- 

.1 

4 

-^ 

The  terms  of  these  series  form  a  part  of  the  series  @  considered 
in  Example  2.     Thus     ^  _^  ^g     ^     ^^^ 

and  hence  6,  ©  converge  for  any  ^  wince  @  does.      TOms  t?an(7 
S  converge  ahsoluteh/  for  any  x. 
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This  result  may  also  be  obtained  directly  from  D'Alembert's 
test.     For  the  ratio  of  two  successive  terms  of  E  is 


Hence  S  converges  for  any  |,  and  a  similar  result  holds  for  ©. 
Example  i.     Let  us  show  that  the  logarithmic  series 

converges  absolutely  for  any  \x\  <,  1  and  diverges  for  \x\'>  1.     In 
fact  tlie  adjoint  series  is 

^1  +  2  *3  ^ 
The  ratio  of  two  successive  terms  is 

n+1     n      n+1    ^      ^ 
Here  the  limit  r  in  D'Alembert's  test  is  |. 
2.    We  must  note  that  when  in  D'Alem/ierfs  test  the  limit 
Urn  ^2±i  =  1, 

we  can  neither  conclude  that  A  converges  or  that  it  diverges,  as  the 
following  example  shows. 

Example.  Let  ^  =  i+ 3^+1+  ... 

Here  «„ ,,  n'  1         .  , 


Now  when  s  >  1,  ^    is  convergent,    while  when   s  <  1,    A  is 
divergent. 

82.  Cauchy's  Integral  Test.   1.    This  is  a  test  of  great  power; 
it  is  expressed  in  the  theorem  : 

Letfix)  be  a  steadily  decreasing  positive  function  such  that 
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Then  the  positive  term  series 


h  Ojj  +  ^3  -f 


is  convergent  if 


J.  I 


is  convergent. 

For  on  the  ordinates  x  =  n,in  Fig.  1,  let  ua  lay  off  the  values 
of  a„.  Then  A„  =  area  of  the  shaded  region  from  a:  =  0  to  a;  =  w. 
But  the  curve  belonging  to  y=f(x') 
lies  above  this  shaded  region.   Thus 

Hence    A^    is    convergent,    and 
hence  A  is. 

2.   Similarly  we  have  a  divergent 


Let  /(x}  be  a  steadily  decreasing 
positive  function  such  that  a„>  f(n'). 


Then  the  positive  term  series 


is  divergent  if 


A  —  a^-\-a^+  ■•■ 

K=Jj(x)dx 
is  divergent. 
For  consulting  Fig.  2  we  sec  tkat 

Let  now  n  =  no.  The  integral  on  thi, 
right  =  4-  CO  by  hypothesis ;  hence  A„  i^ 
divergent,  hence  A  is  divergent. 

3.  In  the  last  section  the  student  might 
be  tempted  to  reason  as  follows.  A„  is 
the  area  of  the  rectangles  from  a;  =  m  to  cc 
This  is  greater  than  the  area  of  the  cui\  l 
from  x  =  ni  to  co.  Thus  one  would  have 
at  once 


As  the  integral  K- 


A^>K. 

o  ,  so  is  j4„,  hence  A  = 
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Against  this  fonii  of  reasoning  one  can  nrge  the  iibjection 
that  one  is  dealing  with  oo  as  if  it  wero  an  ordinary  number. 
It  is  true  that  in  a  first  course  in  the  calculus  the  student 
often  falls  into  this  habit.  At  times  this  is  quite  convenient, 
at  other  times  it  can  create  great  confusion.  To  avoid  such 
loose  reasoning  mathematicians  to-day  do  not  operate  on  infinite 
quantities  as  if  they  were  finite.  For  example  in  the  present 
case  we  wish  to  show  that  A^  is  divergent.  To  this  end  we 
have  compared  two  infinite  areas  in  2)  aud  asserted  that  one  is 
larger  than  the  other.  The  modern  mathematician  avoids  this; 
instead  he  would  reason  as  in  the  foregoing  section  2.  The 
relation  1)  compares  finite  areas.  In  this  relation  the  variable  n 
is  allowed  to  increase  indefinitely.  Since  A^_„  increases  indefi- 
nitely, the  series  A^  is  divergent  by  definition.  Hence  also  A 
is  divergent. 

The  reader  will  perhaps  think  this  a  very  small  point.  In  the 
present  case  it  is  indeed  trivial.  We  have  chosen  it  however  to 
illustrate  a  great  principle  : 

The  student  must  avoid  operating  on  infinite  quantities  as  if  they 
were  finite.  All  operations  must  he  performed  on  finite  quantities, 
except  in  the  single  operation  of  passing  to  the  limit. 

23,  The  Logarithmic  Scale.  1.  As  we  have  already  remarked, 
the  convergence  or  divergence  of  a  positive  term  series 


may  often  be  determined  readily  by  comparing  A  with  some  series 
whose  convergence  or  divergence  is  known.  Two  such  series  we 
have  already  found.      The  geometric  scries 

G-^l+g  +  g^  +  f  +  ...  (1 

and  the  hyperharmonie  aeries 

We  propose  now  to  use  Cauchy's  integral  test  to  show  that  the 


y  Google 


l'()SlTi\'K   'lEUM    SEllIES 


X4r  (3 


all  oonverrje  when  s  >  1  and  diverge  when  s  <  1.  - 

For  brevity  we  have  set 

l^n  =  log  n     ,     l^n^  logCog «)     .      -■ 

We  must  note  that  in  the  domain  of  real  numbers,  log  a;  does  not 
exist   for   a;  <  0,     Thus  the  summation  in  the   series  3),  4)  ■■■ 
must  begin  with  a  value  of  n  for  which  l^n  exists. 
Let  us  consider  the  series  3J,  or 

when  »>  i.. 


From  the  calcalu; 


d  log^  'x  __  _2_— _^ 
dx  X  log'  - 


X  log*  a;      s  —  1  I  log'-^ «     log^^  /3  J 


Thus 

£ 

Hence  /*"     (^a;      _     1  1 

J^    a: log' a:     s— llog'"'a 

is  convergent.     Hence  by  Cauchy's  test  6)  is  convergent  when 

8>1. 

Let  uB  now  take  s  =1.     From  the  calculus  we  have 

dLx      d  ,      /,         ,  1 

—i-  =  —  log( log  X)  —  — 

dx      dx     S"-    s    -"      K logic 
Hence 

r^^  =  l„g(log0)_log(log«)     ,     0<«<^. 
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Thus 


/ 


is   divergent   for   g  = 


Hence   by  Cauchy's   test 
fortiori  it  diverges  for  s  <  1. 

To  treat  the  general  ease  we  would  employ  the  function 

f(x)  ^  . — . 


2.  The  series  3),  4),  5),  ■■■  form  a  scale.  That  is  when  s  >  1 
each  converges  more  slowly  than  the  foregoing.  When  s  =  1 
each  diverges  more  slowly  than  the  foregoing.  To  apply  this 
scale  to  test  the  convergence  or  divergence  of  a  given  positive 
term  series  A  we  begin  by  comparing  the  terms  of  A  with  those 
of  S).     If  no  test  results,  we  next  employ  the  series  4),  and  so  on. 

24.  Eummet's  Test.  1.  This  is  embodied  in  the  following 
theorem ; 

Let  A  =ai  + a^+  ■•■  be  a  positive  term  aeries.  Let  A^,  h^  ••■  he 
a  set  of  positive  numbers  chosen  at  pleasure.  A  is  convergent  if 
for  some  constant  A  >  0. 


K„ 

^K-  — "--fc„H  >k 

A  is  divergent  if 

H<^- 

ii  divergent  and 

K.  <  0,  ,1  ■  1,  2,  ■ 

For  on  the  first 

hypothesis 

«,<i(Vi-*A). 

■  1,  2, 


(1 


«3<,^(V«-M3)- 


(*.-,«. 


-  t.O- 
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Hence  adding  these 

Thus  A  is  convergent  by  IB,  2, 
On  the  Second  Hypothesis 


Thus  A  is  divergent  by  20,  3. 

2.    We  shall  call  the  divergent  series  2)  Kummers  aeries. 

25.  Raabe's  and  Cahen's  Tests.     1.  From  Kummer's  test  we  may 
deduce  a  set  of  tests  of  great  usefulness.     Thus  if  we  take 

k^  =  k^^  ...  -1 
we  get  D'Alembert's  test  21, 

It  wo  take  t,_l,i,  =  2,i3_3... 

we  get : 

Jtaabe's  Test.      The  positive  term  series  A  =^  aj^  +  ti^  +  ■••  ia  con- 
vergent if 

Xo(n)  =  n('--^-  -  lY>  I     ,     1>1.  (1 

A  is  divergent  if  ^  .   ,  ^  ^  .^ 


if  1)  holds.     Oil  the  other  hand 

7Q<0 
if  2)  holds. 

2,  In  the  foregoing  we  have  used  the  divergent  serit 
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to  get  D'Alembert's  and  Raabe's  tests.     If  we  use  the  scale  of  di- 
vergent logarithmic  series  considered  in 

we  get  a  set  of  tests  which  may  be  stated  as  follows  : 
Let  A  =  a^-\-a^+  •••  be  a  positive  term  series.     Let 

V.«)=;2'^{/i«[«(^-l)-l]~l)  =  ?3'iSXj(«)-l}. 

Then  A  converges  if  there  exists  an  s  suck  that 

X,(-h)>;  S  >  1    for  some  n  >  m; 
A  diverges  if  \(n)<\    forn>m. 

Let  us  prove  the  first  test  3)  in  this  set.     The  others  are  proved 

similarly.     We  take  here      ,  , 

■'  k„  =  n  log  n. 

Then  A  converges  if 

K^=n  log  n-^  - (ji  4- 1) log (w  +  1)  >  *  >  0. 

n  +  \  =«M  4-- ), 

_ff'„=\,(^)-lng(l  +  l)''-log[l  +  ^), 
=  X,(n)-(l  +  «)     ,     «>0. 
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Thus  A  eonvei-ges  if 

^iW^  5  >  1     for  n  >  some  m. 

In  this  way  we  see  also  that  A  diverges  if 

^il.")  ^  1     for  n  >  some  m. 
3,   From  3)  we  deduce 

Cahen's  Test.     If  the  positive  term  series  ^  =  «i  -1-  itj  +  -  ■■  is  suck 
that  for  every  n 

C^  =  n\n{^ -  tj-  1    <  some  (?, 

than  A  is  divergent. 
*■<"■  x,(«)<i!SL«.(f. 

Here  the  right  side  =  0.     Hence  X](n)  <  1  for  m  >  some  ni,  and 
A  is  divergent  hy  3. 

26.   Gauss'  Test,    Let  J.  =  «;  +  a^  +  ■■■be  a  positive  term  series 
auch  that 

j^_  »•  +  .,«- +...  +  .  „ 

«„,     «-+ft..--'  +  -.+/3.'  ^ 

wAere  «,  «p  «2""i^r  iS^  ■■- do  »of  depend  on  n.      Then  A  is  con- 
vergmt  if 

«j  -  ^1  >  1, 

and  divergent  if  «j  —  ^^  <  1. 

This  may  be  deduced  from  25  as  follows.     Here 


^i  +  ^i«,-^,- 


\(n)=n[^-iy 1 


(2 


Thus  limXo(/i)  =«^-0j. 

Hence  if  aj  —  ^i  >  1,  certainly  there  exists  some  ^  >  1  such  that 
7i( -^2 —  1  j>  I   for  all  n  >  some  m. 
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Tims  Raabe's  test  shows  that  A  is  convergent.  If  a^—  ^^  =  1, 
Raabe's  test  does  not  always  apply.  To  dispose  of  this  case  we 
may  apply  the  \i(n')  teat  of  25,  2.  Or,  more  simply,  we  may  apply 
Cahen's  test.     We  find  at  once 

'^■h"S  (y^  ^  3onic  (? 

and  A  is  divergent. 

87.  A  test  similar  to  Gauss'  test  in  26  is  the  following  : 
Let  A  =  a.f  +  0^+  ■■•  he  a  positive  term  series  such  that 

«„ ,  ^  n     W 

where  /i  >  1,  and  j3„  <  sovie  G.  Then. A  in  convergent  ifK>l,  and 
divergent  if  «<^1. 

For  here         ,   ^^■._^fa„       ^\^,,  ,    ^^  -  „ 

Thus  A  is  convergent  if  «  >  1,  and  divergent  if  n;  <  1.  If  a  =  1, 
we  have  j  „ 

x,(»)  =  ;i»ix,(«)  - 1  i  =  -';2j .  /3.=o, 

and  A  is  divergent. 

28.   Binomial  Series.    This  is 


This  series  arises  wheii  we  develop  (1  +  x}''  by  Taylor's  theorem  ; 
here  we  wish  merely  to  consider  the  convergence  of  the  series 
as  an  application  of  the  foregoing  tests. 

If  /i  is  a  positive  integer,  5  is  a  polynomial  of  degree  n-  If 
fi  =  0,  B  =  1.     We  now  exclude  these  exceptional  values  of  /*. 

Applying  D'Alembert's  test  to  the  adjoint  of  1),  we  find 


Thus  B  converges  absolutely  for  \x\  <  1,  and  diverges  if  | «  |  >  1. 
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Let  X  =  \.     Thea 


1.2 


-l''-!l±ii- 


As  D'Alembert's  test  gives  us  no  Infovm^tion  in  this  case,  we 
apply  Raabe's  test.     Here 

for  w  sufficiently  liirge.      Thus 

VO^l  +  M- 
Hence  B  converges  absolutely  if  ;"  >  0,  and  its  adjoint  diverges 
if  M  <  0- 

But  in  this  case  we  note  that  the  terms  of  B  are  alternately 
positive  and  negative.     Also 

!^=|l_l±i^|, 

<£„       I  ml 

so  that  «„  form  a  decreasing  sequence  from  a  certain  term,  provided 
^>  — 1,   when    [t„  =  0.      Thus  B   converges   when   /i>  — 1  nnd 
diverges  when  /i  <  —  1. 
Letx^-\.     Then 

If  ^  >  0,  the  terms  of  B  finally  have  one  sign  and  Xo(n)  =  1  +  m- 
Hence  B  converges  absolutely. 

If  /i  <  0,  let  y«  =  —  X.     Then  B  becomes 


1+X 


,  \\+l   ,  X-X+l-X  +  2  , 
+  nT2~+  1.2-3        ^ 


and  B  therefore  diverges  in  tliis  case.     To  sum  up,  we  have  the 
theorem  : 
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The  binomial  series  1)  converges  ahsolutely  for  |  a:  |  <  1,  and 
diverges  for  |3:|>1.  When  xs=l,  it  converges  for  ^>— 1  and 
diverges  for  ^  <  —  1  ;  it  converges  absolutely  only  for  ;U  >  0,  When 
3;=:  —1,  *'(  converges  ahsolutely  for  /j.>0  and  diverges  for  fi<0. 

89.   The  Hypergeometric  Series.    Tliis  is 

-l-IB-H  +  l^ 

(1 


l.a-3-7-7  +  1-7  +  2 


Let  us  find  when  this  very  important  aeries  converges.     Passing 
to  the  adjoint  series,  we  find 

Thu8  -F  converges  absolutely  for  |  a:  |  <  1  and  diverges  for  |  a;  |  >  1. 
Itet  x=l.     The  terms  of  J" finally  have  one  sign  and 

'^n-n^  »='  +  «(! +  7) +7 
«n+2      n^+n{(t+0)  +  a^' 

Applying  Gauss'  test,  26,  we  find  I"  converges  when  and  only 

I.etx=--~1.     The  terms  finally  alternate  in  sign.       We  may 
write  F=  a^  —  a^+  a^—  ■•• .     Let  us  find  when  ((„  =  0.     We  have 


""■^^       7    ■(l  +  l)...(l+»)(7  +  l)...(7  +  n) 


Now 
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l+l  '"^'"^     '      1  +  ^-  "'^"^'^ 


H»»«       » , .  =  fl  r.  ^ « Yi  ^  .^Y 1  - 1  ^  '^■Yi  -  X  ^  '^) 


Hence 


Now  for  a„  to  =  0  it  is  necessary  that  i„  =  —  oo.  In  20,  Ex,  3, 
we  saw  that  this  takes  place  only  when  a  +  ^  —  7  —  1<0. 

Let  us  now  see  if  L  is  an  alternating  series.  If  so,  we  must 
also  have  «„  >  a„+i  <  ■■■.     From  2)  we  have 

Thus  when  £t+;S  —  7  —  1<0  the  L  series  is  alternating. 

Summing  up,  we  have  the  following  theorem  : 

The  hypergeometric  series  F  converges  ahsoluUly  when  \x\<  1, 
and  diverges  when  |a;|>l.  When  x=l,  F  converges  only  when 
a  +  /9  —  7  <  0,  and  then  absolutely.  When  x=  —  l,F  converges  only 
when  a  +  ^  —  7  — 1<0,  and  absolutely  if  a  +  0—  y  <0. 
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SERIES   WITH   COMPLEX  TEEMS 

30.  1.  Having  discussed  series  whose  terms  are  real,  we  now  con- 
sider those  whose  terms  are  complex  numbers.  As  heretofore  such 
series  will  be  represented  by 

A^a^  +  <i^  +  a^+  -  (1 

the  sum  of  the  first  n  terms  by  A„,  and  the  residual  series  by  A„. 

If  we  replace  each  term  of  A  by  its  numerical  value  £e„=  \a„\,  the 

resulting  series  oi  ,         ,        . 

*  2l  =  ai  +  K2  +  «3+  •■■ 

will  be  the  adjoint  series. 

Before  defining  the  sum  of  1)  we  must  define  what  we  mean  by 
the  phrase  "^„  converges  to  a  number  L  as  n  increases  indefi- 
nitely," OF  in  symbols  j1„  =  i  as  «.  ^  co,  or 

limA„  =  L.  (2 

Suppose  we  plot  the  points  associated  with  the  complex  numbers, 
j4j,  Afi,  Ag---  and  Jj.  Then  when  we  say  A„  =  i,  we  mean  that 
these  points  get  nearer  and  nearer  IJ.  More  precisely  this  idea  may 
be  expressed  as  follows : 

About  L  describe  a  circle  of  radius  e  as  small  as  we  choose. 
Then  all  the  points       a  a  a 

-^+11    -^ni+2'    -^m+3t 

fall  within  this  circle  for  some  m,  as  in  the  figure.    In  other  words, 
tliere  exists  an  index  m  such  that 

[L-A^\<e    forallw>wi.  (3 

If  the  reader  will  turn  to  16,  he  will  see  that 
this  is  a  natural  extension  of  the  term  limit  when 
the  numbers  considered  were  real. 
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We  are  now  ready  to  give  a  final  definition.     We  say  2)  holds 

when  for  each  positive  e  there  exists  an  m  such  that  3)  holds. 

This  definition  applies  to  the  limit  of  any  sequence  of  complex 

numbers  as 

c^     ,     O2     ,     Cg     ... 

To  express  that  e  is  the  limit  of  e„  we  shall  write 

€>0     ,     m     ,     |c-c„l<e     ,     n>m.  (4 

This  we  read  as  in  16,  viz.:  For  eaoh  positive  e  there  exists  an 
index  m,  such  that  |  c  —  c'„  |  <  e  for  all  n  >  m. 

Having  now  defined  the  term  limit  we  may  extend  the  terms 
convergent,  divergent,  sum,  defined  in  10,  without  further  comment 
to  the  series  1)  whose  terms  are  complex.  Thus  when  limj4„ 
exists,  we  say  A  is  convergent.  The  limit  of  A„  is  the  sum  of  1). 
If  lim  A„  does  not  exist,  A  is  divergent. 

A  number  of  results  established  in  the  last  chapter  hold  for 
series  whose  terms  are  complex.  In  fact  the  reader  will  see  that 
the  demonstration  applies  equally  well  to  complex  terms.  For 
the  convenience  of  the  reader  we  state  some  of  them  here, 

2.  Let  A  =  a-^  +  a^+  ■•■he  a  series  with  complex  terms.  Then 
A  and  the  residual  series  A„  both  converge  or  both  diverge.  If 
A  is  convergent,  A„  =  0,  also  «„  ^  0  as  w  =  qo  .  If  ^  converges, 
B  —  ka-^  +  ka^  +  •■■  converges  and  B=  kA,  k^O. 

3.  We  have  just  noted  that  when  A  is  convergent,  a„  must 
=  0.     From  this  we  draw  the  obvious  yet  important  conclusion  : 

If  A  =  aj^  +  a2+  ■••  is  convergent,  then 

\a^\<some  (?  ,     «  =  1,  2,  3,  (5 

For,  describe  a  circle  C  about  the  origin.  Then  since  «„  =  0,  all 
the  terms  a„+i,  a^-i-a  ■•■lie  within  C  for  some  definite  m.  Let  us 
now  describe  another  circle  P  about  the  origin  so  large  that  it 
contains  the  m  points  a^,  a^  —  a^  and  also  0.  If  Gf  is  the  radius 
of  D,  the  relation  5)  holds  obviously, 

4.  The  reader  should  note  that  although  the  terms  a^,  a^  ■■•  of 
the  series  1)  are  complex,  it  does  not  follow  that  they  may  not  be 
real.     The  class  of  complex  numbers  contains  the   class  of  real 
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numbers  as  a  subclass.  It  follows  therefore  thiit  any  theorem 
established  for  series  with  complex  terms  must  necessarily  hold 
when  the  terms  of  the  series  are  all  real. 

31.  Absolute  Convergence.  1.    The  terms  of  the  series 

^=«j  +  a,  +  «3+   -  (1 

being  complex,  let  us  set 

a„  =  b„  +  {c^     ,     »i  =  l,  2,  ■..  (2 

_B  =  JJ  +  S3  +  S3+ ...  (3 

(7=<;,  +  C3  +  Ca+  ...  (4 

A^  =  B,  +  iO,.  (5 

We  show  now  that : 

If  B,  C  converge,  so  does  A,  and  A  =  £  +  iO.     Conversely,  if  A 
converges,  both  B  and  Q  converge. 

For  if  B,  Q  are  convergent,  we  have  from  5) 
lim  J,„  =  lim  B^-k-i lim  C„, 
A  =  B  +  iC. 

Conversely,  let  1)  be  convergent.  Let  its 
sum  be  j4  =  ;S  +  *7'  Then  Fig.  1  shows  that 
a&  An  =  A,  then  B„  =  ^  and   C„  =  7. 

2.  As  already  remarked  the  adjoint  of  1)  is 

Sl  =  «i  +  "2  +  «3+  ■■• 

where  \a„\  =  a„.     From  Fig.  2  we  see  that 

/3.  =   1  5„  I    <    «„        ,        7~  =  kn  I    <   ««■ 

Similarly  the  adjoints  of  B  and  Care 

S  =  ^,  +  y3,+  -. 

S  =  7]  +  72+   ■■■ 
We  now  prove  the  important  theorem  : 
If  the  adjoint  of  A  converges,  A  is  convergent. 


7 1'^ 

.0 I 


Fig.  2. 
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For  obviously  ^„  ^  3l„  <  Sl^  lience  S  is  convergent,  and  there- 
fore B  converges  absolutely.  Similarly  E„<  9t„  <  St  and  hence 
C  converges  absolutely.     The  theorem  now  follows  from  i. 

3.  When  the  adjoint  of  A  converges,  we  say  A  converges 
ahaolvtely. 

The  great  importance  of  the  last  theorem  is  obvious.  It  en- 
ables us  in  nearly  every  case  in  practice  to  reduce  the  problem 
of  determining  whether  the  series  A  is  convergent  or  not  to  the 
same  problem  relative  to  tha  adjoint  series  31-  But  the  terms  of 
31  are  real  positive  numbers,  and  the  convergence,  of  such  series 
was  treated  in  the  last  chapter. 

4.  Having  established  the  last  theorem,  the  reader  will  note 
that  the  reasoning  of  18,  4  holds  for  complex  terms.  Hence  the 
theorem  : 

If  each  term  of  J.  =  aj  +  «2+  ■--  is  numerioalli/  <  the  corresponding 
term  of  the  convergent  positive  term  series  B— 6^  +  52+  ■■■  then,  A  is 
absolutely  convergent  and        \  a  \  <■  v 

6.  Returning  to  2,  let  us  note  that  the  reasoning  there  shows 
that: 

For  1)  to  converge  absolutely,  it  is  necessary  and  sufficient  that 
the  two  real  series  8),  4)  converge  absolutely. 

32.  Addition  and  Subtraction.    From  the  two  series 

A  =  «j  +  «2  +  *3  +  ■■■ 
B=h^  +  b^  +  h^+  ■■■ 
let  us  form  the  aeries 

0=(a^  +  b,)  +  (a^  +  b^-)  +  (a^  +  b^)+  - 

We  now  show  that: 

If  A,  B  are  convergent,  0  is  convergent  and  its  sum  is  A+  B. 

C„=(ai  +  5,)+  ■-  +(a„  +  SO 
=  A^+  B,. 

MmA^^A     ,     limB.^B. 
C=lim  C„  =  A  +  B. 


For 


Now 
Hence 
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Similarly  we  prove : 

a.  series  j,  =  (.^  _  {^)  +  (,,  _  6,)  +  ... 

converges  if  A,  £  etmverge  and  D  =  A  —  B. 

33.  Multiplicatioa.     1.   Suppose  we  have  Uvo  pnlyiioniials 
i'  =  yi  +  yj+  ...  +y. -ift, 

C=«i+  JsH h  ?.  =  ^?,.. 

Then  from  algebra  we,  know  thai 

PQ  -  ?iy,  +  i/iPs  +  ...  +?,?„ 
+  %Pi  +  ?!P«  +  ■■■  +  <hP-' 


The  general  term  of  the  product  is  Piq^.     We  may  thu.s  write 

Instead  of  two  polynomials  JP,  Q  let  us  take  two  infinite  series 

^  =  (fj  +  Oj  +  ■-     ,     ^  =  5j  +  ^2  +  ■■■  (2 

and  from  them  form  the  series 

which  contains  all  possible  terms  «(&,-  without  repetition.  We 
prove  now  the  theorem  : 

If  the  series  A,  B  are  absolutely  convergent,  so  is  0  and  0=A  ■  B. 

We  begin  by  considering  the  adjoint  series 

Let  us  look  at  the  product  %^^ ;  it  contains  all  terms  ajS,- 
whose  indices  i,  j  are  both  <  m.  Let  us  now  take  n  so  large  that 
the  sum  of  the  first  n  terms  of  E,  that  is  S„,  contains  all  the  terms 
of  3[„,Si^.       In  general  @„  contains  other  terms  of  the  type  k^A 
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where  r,  s  are  net  both  <  m.  On  the  ether  hand  let  no  term  ct^^, 
have  an  index  >  v.     Th{Mi 

6.  -  a.i8..  <  »,0.4,  +  «,;3.^,  +  •■•  +  «,/3, 
+  «3/3,^,  +  «,/3,^s  +  .■•  +  B,,3, 
+      ■•■ 

+  «./3.„i  +  «.;3„  +  •••  +  «A 

+  ft».^,  +  ft«,„j  +  •.. +  /3,«, 
+       ... 

+  An,*,  +  A»,.n  +  -  +  A",. 

For  every  possible  term  0^/3,  which  S„  —  2U?)„  can  contain  is  to  be 
found  among  the  terms  on  the  right.  Moreover  all  the  terms 
involved  are  positive  numbers. 

Now  the  first  row  on  the  right  gives 

"iCA+i  +  /3.^,  +  ...  +  A)  <  «iS., 

and  a  similar  relation  holds  for  the  other  rows.     Thus 

6.  -  a.S,  <  «,8.,+  ... +  «^. 


+  /3,S.  +  -  +  Ai. 

<  («i  +  ...  +«,)S.+  {ft  +  - 

■+A)a, 

<  as..  +  aa... 

Let  now  m  i  «.     Then  I.,  i  0,  g.  i  0  by  17,  • 

1.     Thus  the  left 

side  =  0.     But 

lim  a.S.  =  lim  a„  lim  s.  =  a . «. 

Hence  S  is  convergent  and 

e  =  a .  a. 

This  shows  that  the  Q  series  is  absolutely  convergent.       To 
show  that  C=  J.-5,  let  m,  v,  have  the  same  meaning  as  before 
only  now  referred  to  the  A,  B,  C  series.     Then 
0^  —  A^B^  is  numerically  <  the  sum  of  the  corresponding  terms 
in  @„  -  3t„S8,„.     Hence 

I  (7„  -  A^B„  I  <  e„  -  3I„,^^. 
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Now  when  m=  aa,  the  riglit  side  =  0.     Thus 

lim((7„~^„SJ  =0. 
As  lim  A^B^  =  A£,  this  gives  0  =  AB. 

2,  In  forming  the  product  series  3)  it  is  well  to  have  a  definite 
law  in  order  that  no  term  afbj  is  omitted,  and  no  term  is  repeated. 
Such  a  law  is  expressed  as  follows  : 

0=  a^h^  +  (a^Sg  +  «a&j)  +  («^  +  a^b^  +  a^b^') 

+  («i*4  +  <^l>z  +  «3*2  +  "A)  +  ■■■  *-* 

We  notice  that  the  sum  of  the  indices  i  +j  is  2  in  the  first  term, 
it  is  3  in  the  second  term,  4  in  the  third  term,  etc.  Also  in  each 
term  the  index  i  increases  while  j  decreases.  In  this  way  it  is 
possible  to  form  .  all  the  terms  afij  in  3)  without  repetition  or 
omission.  Of  course  there  are  many  other  simple  ways  of  doing 
this,  but  this  is  in  general  the  most  convenient. 

34.  Cauchy's  Paradox.  1.  At  this  point  we  are  face  to  face 
irvith  a  paradox.  One  would  expect  that  if  the  series  A  and  B 
converge,  the  series  C  in  33,  4)  would  converge  and  have  as  sum 
A  ■  B.  In  case  that  A,  B  converge  absolutely,  we  have  just  seen 
that  this  is  indeed  true.  We  now  exhibit  an  example  due  to 
Gavchy  which  shows  that  if  A^  B  are  convergent  but  not  abso- 
lutely convergent,  then  the  series  Cmay  not  even  converge. 

In  fact,  let  1  1  -)  -i 

A-X-\^^ i=+  - 

VI      VI      V3      V4 

Vl      V2      V3      V4 
The  series  A  being  an  alternating  series,  is  convergent  by  15,  1. 
Its  adjoint  is  divergent  by  14  since  bere  s  =  \. 
Let  us  now  form  the  series  (7  in  33,  4) . 
We  have  ^_    i     i        ,     ^        ;     '     ^  ^ 

VI VI     WTV2     V2  Vl/ 

VVI VS     V2  V2     V3  vv 
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Here 

VI V^":^!     V2V«^^  V^T^n    VI     '^"'"^' 

Now  from  algebra  we  have 

Vm(w  -  m)  <  Jk     ,     »i>m>0. 

Hence  1  ^2  ^  2(n-l) 

Vm(w  -  m)      w  M 

Thus  O  is  divergent  since  <!„  does  not  =  0,  as  it  must  if  O  were 
convergent,  by  17,  l. 

2.  The  foregoing  paradox  arises  from  the  (acii  assumption  tha.t 
the  earlier  mathematicians  made  and  which  students  to-day  are 
too  prone  to  mate ;  viz.  that  infinite  series  have  the  properties  of 
finite  sums.  The  sum  of  an  infinite  series  is  the  limit  of  a  sum 
of  a  finite  number  of  terras,  in  symbols 


Now  it  does  not  follow  that  the  properties  which  eacli  A„  may 
possess  also  hold  in  the  limit.  In  other  words  we  must  learn 
to  discredit  the  dictum :  what  is  true  of  the  variable  is  true  of 
the  limit.  In  general  this  dictum  is  valid ;  there  are,  however, 
countless  cases  where  it  is  not.  In  particular  it  is  true  that 
infinite  series  have  many  properties  in  common  with  finite  sums, 
but  they  do  not  have  all  their  properties,  witness  the  foregoing 
paradox.  It  is  helpful  indeed  in  our  reasoning  to  remember  that 
in  general  infinite  series  do  behave  as  finite  sums.  It  is  also 
extremely  helpful  to  remember  that  very  often  what  is  true  of 
the  variable  is  true  of  the  limit.  Such  partial  truths  are  of  great 
value  in  exploring  the  way  and  in  seeking  for  proofs  that  are 
really  rigorous.  Their  value  is  heuristie  and  every  student 
should  employ  them  freely.  He  must,  however,  learn  to  replace 
reasoning  founded  upon  them  by  proofs  of  a  more  binding 
character. 

3.  Let  us  note  a  few  cases  where  the  student  is  apt  to  go 
astray  unless  warned. 
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Example  1.  Let  us  plot  a  finite  number  of  real  positive  num- 
bers, ttj,  a^  •■•  a„,  no  two  of  which  are  equal.  Then  there  is 
always  one  point  which  is  nearest  the  origin.  This  is  true  for 
any  m.     Is  it  true  for  an  infinite  sequence  of  such  numbers 

Not  always,  as  the  sequence 

1  .  -i  .  }  .  i  - 

shows.     Obviously  there  is  no  (f,  =  -  which  is  nearest  the  origin. 

For  a,.,  = is  nearer  0  than  a,. 

'^^      s  +  1 

Example  S.     Similarly  in   any  finite  set  of  different  numbers 

there  is  always  one  which    is   greatest.     In  an  infinite  set  this 

is  not  always  true.     Thus  the  set 


ole  S.  In  the  interval  (0,  1)  formed  of  the  point  x  such 
that  0  <  a;  <  1  there  is  a  first  point  x=0  and  a  last  point  x=l. 
On  the  other  hand,  in  the  set  of  points  x  such  that 

0<2:<1 
there  is  no  first  point,  and  no  last  point. 

35.  Associative  and  Commutative  Properties.    In  any  sum  of  a 

finite  number  of  terms  as 

S=a  +  (b  +  o-)+d  +  e,  (1 

we  may  leave  out  parentheses  or  put  them  in  wherever  we  choose. 
This  is  called  the  associative  property  of  sums.  Thus  the  sum  1) 
may  be  written  „ 

=  a  +  h  +  <!-\-id-\-e% 

etc.  Also  the  value  of  1)  is  not  changed  when  its  terms  are 
rearranged  in  any  way.     Thus 

S^h  +  a  +  d-k-e  +  e 
=  e  +  f:  +  d+a  +  b. 
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etc.  This  is  called  the  eommutative  property.  The  student  is  so 
used  to  making  these  transformations  that  he  does  it  almost  with- 
out thought.  It  is  natural  for  him  to  extend  these  properties  to 
infinite  series.  Yet  simple  examples  will  show  him  that  this  is 
not  always  permissible. 

Example  1,     Let 

A^i+(i-i)+a-i)+(i-i)+-         (2 

=  «j  +  a2  +  a3  +  «4+  ■■■ 

==1  + (1-1)+  ■■■+(1-1)     ,     «  terms 
=  1. 


Hence 


lim  A„ 


Thus  2)  is  convergent  and  its  sura  is  1. 

If  we  remove  the  parentheses  from  2),  we  get  the  series 

if  =  l  +  l -1  +  1-1  +  1-1+.. ■ 
=  ^1  +  63  +  63+  ■■• 

Hence  lim  B„  does  not  exist  and  £  is  not  convergent. 

Example  2.     (^Dirichlet.')      Let 

A=l-|+J-1+...  (3 

This  we  saw  is  convergent.  Wc  shall  show  directly  that  we 
may  group  the  terms  of  A  by  twos  or  by  fours  without  changing 
its  value.     Let  us  admit  this  fact  for  a  moment.     Then  we  have 


^-(l-i)+(i-i)+rt-i)+- 

(4 

=(l-i+J~l)+(i-i+{-i)+- 

(5 

From  4)  we  have 

|^-G-i)+(i-j)+(-,V-TW+- 

Adding  this  to  5)  gives 

■|4  =  (l+i-|)  +  (i  +  |-i)+... 

(S 
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We  shall  show  directly  that  it  is  perraisaible  to  remove  the 
parentheses  in  6)  without  changing  the  value  of  the  series.    Thus 

Let  us  now  compare  the  two  series  3)  and  7).  We  notice  that 
7)  is  obtained  from  3)  by  taking  two  positive  terms  of  3)  to  one 
negative.  Each  terra  of  3)  is  to  be  found  somewhere  in  7)  and 
no  term  is  repeated.  Thus  the  saries  7)  is  merely  a  rearrange- 
ment of  3).  If  now  all  infinite  series  enjoyed  the  commutative 
property,  the  rearrangement  of  the  terms  nf  3)  would  not  affect 
its  value.  But  the  left  side  of  7)  shows  that  the  sum  of  7)  is  | 
times  greater  than  the  sum  of  3).  Thus  not  all  infinite  series 
are  commutative. 

36.  Since  it  is  often  convenient  to  put  in  or  to  leave  out  paren- 
theses in  a  series  and  also  to  rearrange  its  terms,  it  becomes  neces- 
sary to  ascertain  when  this  is  permissible.  To  this  end  we  estab- 
lish the  following  theorems  : 

1.  Absolutely  convergent  series  are  commutative.      For  let 

be  absolutely  convergent.     Let 

be  a  series  obtained  from  A  by  rearranging  its  terms.     We  wish 
to  show  that  B  is  convergent  and  that  its  sum  is  A. 
Since  the  adjoint  series 


is  convergent,  we  may  take  m  so  large  that 


We  may  then  take  n  so  large  that  B„  contains  all  the  terms  of 
A.„i,  and  v  so  large  that  A,  contains  all  the  terms  of  B^. 

"^^  A.-B.  (2 
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contains  no  term  of  index  <  m  and  the  terms  of  the  sum  2),  each 
taken  in  absolute  value,  lie  among  the  terms  of  the  residual  series 

or.UBingl),  ^, 

Thus  B  is  convergent  and  , .     ji  _  a 

2.  Let  us  now  turn  to  the  msociative  property.  We  begin  by 
showing  that  we  may  insert  parentheses  at  pleasure  in  any  con- 
vergent series,  a  fact  we  embody  in  the  following  theorem  : 

Let  ^  =  «j  -H  Oj  +  Kg  +  ■■■  he  convergent.     Let 

il^a^-\ |-a„,     ,     h^=  a^^^-\-  ■.■  +  a^^    ,     ... 

Then  the  series 

=  h+h^  - 
is  convergent  and  A  =  B.     Moreover  the  number  of  terms  which  h„ 
emhraees  may  increase  indefinitely  with  n. 

B.  =  A„^.  (3 


For 


Since  A  is  convergent,        ,.      j 

Thus  passing  to  tlie  limit  n=  mm  3)  gives 
B=A. 

3.  The  next  theorem  relates  to  removing  parentheses  from  a 
series.     Thus  if  we  remove  the  parentheses  from  the  series 

B  =  (a^^a^^  -  +  «„,)  + («„,+!+  ■■•+„,)+... 

we  get  the  series  ^  =  a^+ o^  +  ^g  +  ...  (5 

We  show  now  that  in  the  following  three  cases  the  parentheses 
may  be  removed  from  the  series  4). 

1°  If  A  is  convergent,  B  converges  and  A  =  B. 
2°  If  A  is  a  positive  term  series  and  B  converges,  then  A  is 
convergent  and  A  —  B. 
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3°  If  the  number  of  terms  in  each  parenthesis  in  4)  is  <  a  fixed 
number  p,  and  if  a„  =  0,  then  A  converges  i£  B  does  and 
A=B. 
For  on  the  1°  hypothesis,  we   have  only  to  apply  2  to  show  thab 
B  converges  a,ndL  A  —  B. 

On  the  2°  hypothesis,  we  have 

e<Q     ,     m     ,     B„<e,     n>m.  (6 

If  now  we  take  s  >  ra„,  B  —  A,  will  contain  only  terms  in  the 
residual  series  B^.     As  the  terms  «„  are  positive,  we  have  from  6) 

B-A,<  e. 

'^^'^  A,=  BovA  =  B. 

On  the  3°  hypothesis,  we  note  that  the  terms  of  A^  will  embrace 
a  certain  number  of  terras  of  B,  say  S^,  and  in  general  a  part  of 
the  next  term  of  B.     We  may  therefoi'e  write 

A,=  B^  +  h'^^^,  (7 

where  6'„+i  is  a  part  of  6^^,.     Since  i„+i  contains  at  most  p  terms 
a„  and  aa  by  hypothesis  a„  =  0,  we  see  that 

i;„  =  0. 
Passing  to  the  limit  in  7)  we  see  that 


4.  Let  us  now  return  to  verify  the  statements  made  in  35,  Ex,  2. 

Since  the  series  3)  in  that  article  is  convergent,  we  may  indeed 
group  its  terms  by  twos  or  by  fours  without  changing  its  value. 
In  the  series  6)  we  see  that  ^  =  3  and  that  in  3) 

Hence  this  series  falls  under  the  3°  ease  of  the  theorem  3  above. 
Hence  if  we  remove  the  parentheses  from  6),  the  resulting  series 
7)  has  the  same  value  aa  6).  Thus  the  series  3)  is  not  commuta- 
tive. It  is  also  not  absolutely  convergent  and  the  theorem  1  does 
not  apjjly. 


y  Google 


SEUIES    WITH    COMPLEX    TERMS  63 

37.  Riemann  on  Simply  COEvergent  Series.  1.  It  will  interest 
the  reader  to  see  that  a  simply  convergent  real  term  sei'ies  may  be 
rearranged  so  as  to  give  a  series  whose  sum  is  any  desired  real 
number. 

Let  the  given  series  be 

A  =  a^  +  a^  +  a^  +  :.  (1 

Let  B  =  bi  +  h^  +  b^+.:  (2 

be  the  series  formed  of  the  positive  terms  of  1),  keeping  their 
relative  order  in  1).     Let 

0=c,  +  e^  +  c,+  ...  (3 

be  the  negative  terms  of  1)  with  their  signs  all  changed.     We 
begin  by  establishing  the  following  theorem  : 

^  A  is  a  real  term  simply  eonvergent  series,  hofk  B  and  C  are 
diverffent,  i.e. 

For  in  the  first  place  B  and  C  must  both  have  an  infinite 
number  of  terms.  Otherwise  some  residual  series  A^  would  have 
terms  with  only  one  sign.  As  A  is  convergent,  .4^  would  con- 
verge absolutely.  Hence  A  would  be  absolutely  convergent, 
which  is  contrary  to  hypothesis. 

Let  us  thus  suppose  that  A^  contains  r  terms  of  B  and  s  terms 
of  0.     Then 

'^,  =  B,  +  0,     ,     7i  =  r+s. 

If  now  B  and  0  converge,  we  see  that  3t  also  converges  and  thus 
A  is  absolutely  convergent.     On  the  other  hand 


shows  that  if  iJ  or  C  were  convergent,  both  would  converge,  since 
A„=!Ahy  hypothesis. 

2.  We  can  now  establish 

BiemamCs  Theorem.  If  A  is  a  simply  convergent  series  with  real 
terms,  it  is  possible  to  rearrange  the  terms  of  A  forming  a  series  S 
for  which  Urn  iS„  is  any  prescribed  nwmber  /,  or  ±  oo. 
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To  fix  the  ideas  let  ^  be  a  positive  number;  the  demonstration 
of  the  otlier  eases  is  similar.  Since  by  1,  £„^  +  oo,  tliere  exists 
an  m  such  that 

Let   mj   be    tlic    least    index   for   which   4)    holds.     Since   also 
C„  =  +  oo,  tliore  exists  an  index  m  sueli  that 

(&1  +  ■■■+i,0-('.'i+-+0<^-  (5 

Let  JMg  be  the  least  index  for  which  5)  holds.     Continuing,  we 
take  just  enough  terms,  say  m^  terms,  of  B  so  that 

In  this  way  we  may  form  the  series 

T=(i,+  ...+6.,)-(c,+  ... +«.,)  +  (      )-(       )+•■• 

It  is  easy  now  to  show  that 

lim  ?„=  l. 

For  since  A   is   convergent,    a^  =  0.     Moreover    we   choose   our 
terms  in  T  so  that  T„  differs  from  I  by  an  amount  <  .^ome  a,  of  A. 


Let  now  S  be  the  series  2*  with  the  parentheses  removed.  Since 
the  terms  in  the  parenthesis  are  positive,  the  series  S  is  con- 
vergent and  has  Tas  sum. 

3.  The  foregoing  theorem  shows  that  Dirichlet's  example  con- 
sidered in  35  does  not  illustrate  an  exceptional  case,  but  the  rule. 
This  remarkable  behavior  of  n  on -absolutely  convergent  series 
should  make  the  reader  more  careful  in  dealing  with  infinite 
series.  On  the  other  hand,  it  would  be  a  great  misfortune  if  he 
became  afraid  of  them.  Let  him  consider  infinite  series  just  as  if 
they  were  finite  sums  when  striving  to  prove  a  theorem  or  solve  a 
problem.  Only  lie  must  not  neglect  at  the  end  to  go  back  over 
his  steps  and  justify  them  carefully. 
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4.  Let  us  make  an  obvious  extension  of  the  foregoing  result  to 
series  whose  terms  are  complex.     If 

A  =  a^  +  a^  +  a^+  - 

^^^'^  a.  =  h.  +  ic„. 

we  saw  in  31,  I  that       .  _  ft  a-  if 

when  A  is  eonvergent ;  while  we  saw  in  31,  5  that  if  A  does  not 
eonvei-ge  absolutely,  at  least  one  of  the  series  B,  Ois  not  abso- 
lutely convergent. 

Suppose  the  series  B  is  simply  convergent,  then  B  is  not  com- 
mutative. Hence  A  cannot  be  commutative.  Thus  we  have  the 
theorem  : 

No  simply  eonvergent  series  of  complex  terms  ean  enjoy  the  com- 
mutative J. 


Poiwr  Series 
38.  The  series     .  ,  ,        2  ,        ■!  ,  ri 

is  a  power  series.  Here  the  coefficients  Og,  oij,  a^  ■■■  and  z  may  be 
complex  numbers.  Such  series  are  of  utmost  importance  in  the 
function  theory.  Indeed  one  is  tempted  to  say  they  form  the 
most  important  class  of  series.  Special  eases  of  such  series 
are  the  series  afforded  by  Taylor's  development  in  the  calculus. 
In  fact  Taylor's  series 

is  only  a  power  series  as  is  seen  by  setting 

„.=/(0)    ,     ».-^. 

Thus  the  developments  of  sin  x,  cos  x,  e',  etc, ,  given  in  9  are  power 
aeries.     The  variable  x  is  there  real,  of  course. 
A  slightly  more  general  form  of  1)  is 

a,  +  a,(z  -a)+  a,(z  -  af  +  a/z  -  af  +  .-  (2 

Since  the  series  2)  goes  over  into  1)  on  replacing  z  —  «  by  z  we 
may  reason  on  1)  without  loss  of  generality. 
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39.  Circle  of  Convergence.  1.   A  fundatneutal   theorem   in   the 
tlieory  of  powor  series  is  the  following  : 

Let  the  series  A  =  a^  +  a^^^  +  a^z"^  +  ■■.  (1 

converge  for  z=h.  Then  it  converges  absolutely  for  any  c  mthin  the 
circle  Kihrough  b  with  the  origin  as  center.  W -^  divergesfor  z=b, 
it  diverges  for  any  point  d  without  K. 

For  the  adjoint  series  corresponding  to  s  =  e  is 

3t  =  «o  +  «i7  +  «a'P+--  (2 

where    a„  =  [  a„  | ,    y  =  \c\.     To   show   that 
this  converges  we  observe  that  by  hypothesis 

converges.     Thus  by  30,  s, 


are  all  <  some  g.     We  now  write  ?{  thus  : 
Comparing  this  with  the  convergent  geometric  scries 

we  see  each  term  of  4)  is  <  the  corresponding  terra  of  5).     Thus 
2)  is  convergent  and  A  converges  absolutely  for  z  =  c. 

Suppose  now  A  diverges  for  z  =  b.  Then  it  diverges  at  any 
point  d  without  K.  For  if  it  converges  at  d^  it  must  converge, 
as  we  have  just  seen,  at  all  points  within  a  circle  ^  passing 
through  d  and  having  0  as  center.  Thus  A  would  converge  at 
3  =  6,  which  is  contrary  to  hypothesis. 

2.  If  the  circle  C  whose  center  is  z=  0  and  whose  radius  is  It  is 
such  that  1)  converges  for  every  point  within  C  and  diverges  for 
every  point  without  C,  this  circle  is  called  the  circle  of  convergence 
of  the  power  series  1). 

Nothing  is  said  about  the  convergence  of  1)  at  points  on  0.  It 
may  or  may  not  converge  at  a  given  point  on  0, 
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3.  Let  us  note  before  passing  on  that  the  series  4),  5)  enable 
us  to  give  a  rough  estimate  of  the  numerical  value  of  tho  series  1) 
at  a  point  3  =  c.     For  let  A^  denote  the  sura  of  1)  for  the  point 

by  31,  4,     But  we  saw  that  31,  or  what  is  the  same  the  sum  of  4), 
is  less  than  the  sura  of  5),     But  the  sum  of  this  series  is 

which  is  the  relation  we  had  in  view. 

4.  Let  us  find  the  circle  of  convergence  of  certain  series  which 
we  shall  employ  later.  The  value  of  the  radius  Jt  is  placed  at 
the  right. 

1)  •-i  +  f!+lT  +  ll  +  -  *-" 

2)  ''"^  ^  =  ■'■  ~  It + IT —  -S  =  =o 

3)  .i„.=_t„|i+|i-...  jj=. 

6')  5inli2=.z  +  |i  +  |^+  ■■■  _B==o 

8)     J'(.,A7,z)-l  +  ^ 


Sh2  = 

^'  +  1^ 

+  P+' 

_R  = 

+r 

■7 

1.2.7 

/3.^  +  l, 
•7+1     ■ 

!»+.. 

.   M- 

'' 

z< 

2(2. 

»  +  2)'  2.4(2, 

..+  2)(2« 

+  4) 
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For  convenience  of  reference  we  have  added  on  the  left  side 
their  values  as  functions  of  the  complex  variable  z.  For  the 
present  the  reader  should  consider  the  seiies  on  the  right  merely 
as  series  whose  circles  of  convergence  are  to  be  found.  Since  these 
circles  all  have  s  =  0  as  center,  it  is  the  radius  R  which  we  seek. 

Suppose  now  that  the  adjoint  of  one  of  these  series,  call  it  J.,  con- 
verges for  I  3  I  =  7.  Tlien  Jl  is  certainly  as  great  as  y.  If,  on  the 
other  hand,  A  diverges  for  \z\=f{,  R  is  certainly  no  greater 
than  7.  Finally,  if  A  converges  for  |  a;  |  <  7  while  it  diverges 
for  I  a;  !>  7,  then  the  radius  of  convergence  ii  is  =7. 

Now  the  series  1"),  2),  3),  4),  5),  8)  we  have  already  considered 
for  real  values  of  z.  In  21,  Ex.  2,  we  saw  that  1)  converges  for 
any  real  z.    Thus  for  this  series  R=x. 

Similarly  21,  Ex.  3,  shows  that  R  =  cc  for  the  series  2),  3). 

In  28  we  saw  that  4)  converges  for  real  x  such  that  |  x  |  <  1  and 
diverges  when  |  a;  |  >  1.     Thus  R  =  1  for  this  series. 

Similarly  21,  Ex.  4,  shows  that  S  =  1  for  the  series  5). 

Finally  in  29  we  saw  that  8)  converges  for  real  x  such  that 
I  a;  I  <  1  and  diverges  for  |  a;  |  >  1.     Thus  B  =  1  for  this  series. 

Thus  there  remain  only  the  series  6),  7),  9).  The  first  two  are 
at  once  disposed  of.  For  the  terms  of  their  adjoint  series  form 
a  part  of  the  adjoint  series  of  1).    Thus  R^  ao  for  both  6)  and  7). 

As  to  9).  the  ratio  of  two  successive  terms  of  its  adjoint  is 

for  any  given  ^.     Thus  R  —  <x>  for  this  series. 
5.  The  following  development  we  shall  use  later 

_i_=^fi4.!^+firJiY+...l  (10 


valid  for  \z~a\<\u-a\. 
To  prove  it  we  note  that 

=(.-»)ji- 


y  Google 


POWEE   SERIES 


76 
(11 


gives  10)  Oil  using  11). 

40.  Two-way  Series.    1.    In   the  series   considered    up   to    the 
present  .         ,        . 

^  rtl  +  tfg    +((3    •)-     ■■-     =^«, 

the  index  takes  on  only  positive  values.  It  is  sometiines  conven- 
ient to  consider  series  in  which  n  takes  on  both  positive  and 
negative  values.     This  leads  to  the  symbol 

-  +«..s  +  a_3  +  a.i  +  «o  +  «i4-a2  +  a3+  —  (1 

or  2  «„. 

We  call  1)  a  two-way  series. 

Example  1.     We  shall  see  that  in  certain  cases  a  function  of 
s  can  be  developed  in  the  form 


+^+V^+- 


If  we  set  5„  =  «_„,  this  can  be  written 


2.     In  the  elliptic  functions  v 
*^^P®  1  +  qe^'  ■\-  ^e»-^^  +  fe'-^''^  +  ■- 

which  may  be  represented  by 

2.   With  the  series  1)  we  associate  the  two  series 


(2 

sider  series  of  the 
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If  these  two  series  converge,  we  say  A  is  convergent  and  its  %um 
'^  ^  =  fi  +  (7. 

1£  either  or  both  the  series  4)  are  divergent,  we  say  A  is 
divergent- 

Tlius  the  theory  of  the  two-way  series  is  made  to  depend  on 
tlie  two  one-way  series  4). 

Instead  of  the  series  4)  we  could  use  any  two  other  series  ob- 
tained from  1)  by  brealiiug  it  at  any  other  index  m.  Obviously 
the  same  results  would  be  obtained  with  these  as  with  the  series  4). 

If  the  adjoint  series 

converges,  we  say  that  A  converges  ab&olutely.  Thus  if  B  and  C 
converge  absolutely,  A  is  also  absolutely  convergent. 

S.  Another  definition  of  convergence  and  sum  of  the  series  1) 
is  the  following.     Let 

J.™.„  =  a_^  +  a_,„+i-t-  -■  -l-a-i+«o+"i+  ■■■  +  «-■  (5 

Suppose  that  as  m,  m  =  oo  independently  of  each  other,  A^^  „ 
converges  to  some  fixed  number  which  we  denote  by 

lim  A^^„  (6 

or  more  briefly  by  I ;  that  is,  suppose  that  for  each  e  >  0  there 
exists  an  r  such  that  -4„^„  differs  from  I  by  an  amount  <  e  for  all 
m  and  n>  r.  In  this  case  we  say  that  A  is  convergent  and  its 
sura  is  tlie  limit  6).  This  definition  leads  to  that  given  in  2,  but 
we  do  not  wish  to  urge  this  point. 

4.  As  an  example  let  us  show  that  3)  converges  absolutely  for 
any  given  s  =  x-\-iy  when  ?'=|5|  <  1.  For,  assuming  for  the 
moment  that 

we  have  ^^^^^  ^  ^3„i^_  e"'""". 

Hence  r   j^,-^  ,  _  „-2tw 

The  adjoints  of  the  B  and  C  scries  defined  in  4)  are  here 
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The  ratio  of  two  siiccessive  terms  in  ®  is 


^"+ 


^^.+ 


as  «  =(».     Thus  B  converges  absolutely ;  similarly  0  also. 

5,   Two-way  Power  Series.     Let  ns  consider  the  series 

^  +  ^  +  't+-  <J 

If  we  set  _  1 

w 
it  becomes  w^  -i-  ,7  i/3  -t- 

If  this  series  convergea  for  m  =  c,  it  converges  absolutely  for  all 
I  M  I  <  I  e  |.  Hence  if  7)  converges  for  z  —  b,  it  converges  abso- 
lutely for  all  I  ^  I  >  I  &  I . 

Let  <7  be  a  circle  about  the  origin  such  that  7)  converges  for 
every  s  without  C  and  diverges  for  every  z  within  0.  Then  Cis 
called  the  circle  of  convergence  of  7). 

Let  us  now  consider  the  two-way  series 


+  "l  +  '^  +  ...=p+<j,  I." 

where  P  is  the  series  in  the  first  line.     If   C  is  the  circle  of  con- 
yergeuee  of  P,  and  D  that  of  Q,  the  ring  R=C  —  D  lying  between 
these  two  circles  is  called  the  ri7ig  of  convergence  of  8. 
The  radius  of  0  may  be  infinite. 

41.  Double  Series.  1.  A  point  whose  coordinates  x,  y  are  in- 
tegers or  zero  is  called  a  lattice  point.  Any  set  of  such  points  is  a 
lattice  set.  Let  a^^„  be  given  numbers,  the  indices  m,  n  corre- 
sponding to  points  of  some  lattice  set.     The  symbol 

A^la^^^  (1 

is  called  a  double  series.     Witli  1)  wc  may  associate  a  series 
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where  h,  is  some  term  (r^_„  of  1)  and  where  each  term  ffp^^  of  1) 
is  some  h,  of  2).  If  2)  converges  absolutely,  all  these  B 
series,  being  merely  rearrangements  of  one  of  them,  have  the 
same  sum.  In  this  case  we  say  1)  is  convergent  and  its  sum  is 
that  of  2).  As  heretofore  it  is  often  convenient  to  denote  the 
sum  of  the  series  A  when  convergent  by  the  same  letter.  When 
the  series  2)  does  not  converge  absolutely,  we  shall  say  1)  is 
divergent. 
The  series  a  =  2^  ,,    ,     „,.,.=  |„.,. 

is  called  the  adjoint  of  1).     From  our  definition  of  convergence 
it  follows  that  SI  converges  when  A  does,  and  conversely, 

2.  Let  us  note  that  tlie  multiplication  o£  two  simple  series 

^  =  2«„     .     B  =  lh„ 

leads  to  double  series.     In  fact  let  us  set 


Then  C=2i.v„  (3 

is  a  double  series,  and  when  A  and  £  are  absolutely  convergent, 
we  saw  that  Cis  convergent  and  A  ■  B  =  O.  In  the  series  55)  the 
indices  m,  n  range  over  the  lattice  points  in  the  first  quadrant, 
excluding  those  on  the  x  or  y  axes  as  for  these  m  or  m  would  have 
the  value  0. 

S.  We  have  seen  that 

~-  =  l  +  a  +  «2-f-...     ,     |a|<l, 

-^=\+h-^h^+...     ,     \h\<l. 
Thus  „         1         _^    i    a™6''=2.,„  (4 

where  m,  n  range  over  all  lattice  points  in  the  first  quadrant, 
including  those  which  lie  on  the  x  and  t/  axes. 
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4.  In  studying  the  double  series  1)  it  is  often  convenient  to 
suppose  the  terras  a^„  placed  at  the  lattice  points  m,  n.  From  this 
point  of  view  any  simple  series 


may  be  converted  into  a  double  series  as  follows.  Choose  aii 
infinite  lattice  set  ?  at  pleasure,  e.g.  the  points  in  the  first 
quadrant.  Put  each  term  a^  at  some  lattice  point  r,  s,  so  that 
each  point  of  2  bears  one  term  of  A.  If  a„  lies  at  the  point  r,  s, 
we  may  denote  it  by  Sr,«  so  that  J^,j  is  only  another  symbol  for  a„. 
In  this  way  we  get  a  double  series 

-3  =  26,,,. 

5.  Example.  Let  a,  b  be  any  two  complex  numbers,  such  that 
the  three  points  0,  a,  b  are  not  coUinear.  If  m,  n  range  over  all 
lattice  points,  the  origin  excluded, 

ma  +  nb 

will  be  the  vertices  of  a  set  of  congruent  parallelograms,  as  in  the 
figure,  which  completely  cover  the  plane. 
The  series  -, 

"  ^  (ma  +  nby  *■ 

is  important  in  the  elliptic  functions  and  will  be  employed  later, 
We  now  establish  the  theorem : 

The  series  6)  converges 
when  p  >  2  and  diverges 
when  p  <2. 

For  brevity  let  us  set 


The  adjoint  of  5)  is  thus 

Then  by  definition  5)  and 
6)  converge  simultaneously. 
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We  replace  6)  by  the  simple  series 

»  =  2^„ 
where  0^  denotes  the  sum  of  the  terms  of  6)  whose  indices  m,  n 
correspond  to  points  on  the  first  parallelogram  Pj  whose  center  is 
the  origin  0;  /J^  is  the  sum  of  the  terms  of  6)  whose  indices  He 
on  the  second  parallelogram  -P^  ahout  0,  etc. 

Let  d  and  D  be  the  least  and  greatest  distances  of  the  sides  of 
Pj  from  0.      Then  each  of  the  8  numbers  a)^,„  whicli  lie  on  J*, 

satisfv  the  relation 

d<\<o„,\<J>. 

Similarly  each  of  the  2  ■  8  numbers  (t>^„  which  lie  on  P^  satisfy 
the  relation 

2  t;  <  I  «)„J  <  2  i>,  etc. 

Thus  A<s  <1 

_2_-l_  <  fl  <  .!:_§_,  etc. 


Jly  _.L<(8<lyJ_. 

si 


converges  when  p>2  and  diverges  when  p<%  the  theorem  is 
proved. 

42.  Row  and  Columa  Series.    1.     Let  us  consider   the  double 
aeries  . 


The  m"'  row  of  .d^gives  a  series 
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and  from  these  we  can  form  a  series 

B  =  r^  +  r^-\-  -  =lr„  (8 

putting  in  the  value  of  r„  as  given  by  2).  We  say  the  series  R  is 
obtained  by  iumming  V)  by  rows. 

Similarly  the  n"'  eelnniii  of  A  gives  a  series 

<-„=2a„,„  =  ai,  +  «a„+  ...  (4 

and  from  these  we  can  form  a  series 

=^  i  «„,,,..  (5 

We  say  the  series  0  is  obtained  by  summing  1)  hi/  columns. 

2.  To  sum  a  double  series  A  which  is  known  to  be  convergent, 
we  may  often  use  the  following  theoi'eni  with  advantage  : 

^  A  is  convergent,  each  series  r,„^  t'„  is  absolutely  convergent.  The 
series  R  and  O  both  converge  absolutely  and 

A=  n^o.  (6 

l^or  let  T,      I    ,   I     .  VI  /-T 

B  =  b-^  +  b2+  ■■■  =  2.h,  (7 

be  one  of  the  simple  series  associated  with  the  double  series  A. 
Since  A  is  convergent,  B  converges  absolutely  by  definition,  and 
A  =  B.     I-et  j a,„„\=  «„„.     The  adjoint  of  A  is 

Let  us  denote  the  series  formed  from  St  itnalogoua  to 

To  show  that  r„  is  absolutely  convergent  we  observe  that  we 
can  take  S  so  large  that  each  tcsrm  of 
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lies  in  58,.     Hence  p^,^<58,<5S. 

Tills  T„  ^  m 

Hence  the  series  p„  is  convergent  and  r„  is  therefore  absolutely 
convergent.     The  same  holds  for  c„. 

To  show  that  R  is  absolutely  convergent  let  us  consider 


^=p^  +  p^+  ■■.  =  lim3t„ 

=  1™*!  +  ?!+  ■■•+(>■)• 

But 

Pm  =  "ml  +  "ma  H 

=  lim  f),„  „  =  lira  («mi  +  «m3  +  ■  ■ 

■•+«..)• 

If  tlierefore 

we  set 

SI.,.  =  «„  +  «„ +■••+«,. 
+  «ai  +  «,!  +  -+«a. 
+ 

+  «ml+«m3+    ■■■   «m.J 

we  get 

lima„  =  i)!„ 

.„d  hence 

9t=  lim  lim  ?(.,.. 

Now  let  us  take  s  so  large  that  each  tenn  of  9I„,  „  lies  in  ©,.    Then 
a™„<58,<i8. 

Passing  to  the  limit  n='x>  gives 


ising  to  the  limit  m  =<xi  shows  that  3f  <  S9.     Hence  iK  is  con- 
vergent.   As  each  .     ,  ^ 

we  see  that  R  is  absolutely  convergent. 

To  show  that  ^  =  ^4.  we  begin  by  taking  e  so  large  that 
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Next  we  take  p,  q  so  large  that  every  term  tif  31  not  in  3lp, ,  lies 
in  S..      Then  ^  _  ^^^ 

contains  only  terms  of  ^^  when  m  >  y,  ra  >  q.     Thus 

®  -  2t™„  <  e. 

Now  the  numerical  value  of  B  —  A^^  is  <  the  sum  of  the  nu- 
merical values  of  the  terms  of  this  series.     Thus 

|i?-^™|<^-?U<e- 

Letting  now  »i  =  co,  we  got 

Letting  m=  ^,  we  get      [_g  _  ^j  <  g_ 

As  e  >  0  is  small  at  pleasure,  this  gives 

B  =  R.     .-.A^R.  Q.E.D. 

Similarly  we  show  that  Cis  ahsolutely  convergent  and  A  =  O. 

3.  Let  us  now  show  conversely  : 

^  the  di  or  the  S  series  eonverffes,  A  is  convergent. 
Let  us  suppose  that  31  is  convergent.     Taking  s  at  pleasure,  we 
may  take  m,  n  so  large  that  the  terms  of  S5j  lie  in  3t„^.     Hence 

a.  <  3U«  <  9f.  <  9f- 
Thus  ©  is  convergent  by  1 3, 2,    Hence  A  is  convergent  by  definition. 

4,  The  following  example  will  show  that  double  series  cannot 
be  treated  as  if  they  were  finite  sums.  They  are  the  limits  of 
such  sums  and  often  illustrate  the  fact  that  what  is  true  of  the 
variable  is  not  necessarily  true  of  the  limit.     Consider  the  series 

"'  =  '-"  +  21-31  +  - 

+  l_2,  +  (|f-(|f*+... 


+  1- 


af_ 


2  !  3  ! 

+ 

where  K  >  0. 
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The  m"  row  has  here  the  sum 

Thus  summing  A  by  rows  we  get 

-B  =  rj  +  )-2+  - 

-  «-"  +  ^-^  +  e-^=  +  ... 

This  is  a  geometric  series  and  converges  absolutely  since  a  >  0. 
We  cannot  infer,  however,  that  A  is  convergent  or  that  if  it  were 
its  sum  =  R.  In  fact  A  is  divergent.  For  if  it  were  convergent 
each  c,  series  must  be  convergent  by  2.     This  is  not  so,  for 

is  divergent. 

43.  Application  to  Power  Series.  We  wish  to  apply  the  fore- 
going theorem  to  obtain  a  result  which  we  shall  use  later.  Let 
the  power  series     „  „ 

have  G  as  a  circle  of  convergence.     About  any  point  z  within  S 
let  us  describe  a  circle  c  of  radius  p  which  al 
lies  within  S.     The  point  z  +  h  will  lie  in  e  if 
\h\  <p.     Hence  the  series  1)   converges   abso- 
lutely when  we  replace  z  by  z  +  h\  that  is 


P(3  +  A)  =  «o  +  «,(z  +  A)  +  a^(z  +  hy  ■ 


(2 


is  an  absolutely  convergent  series.    Let  us  expand 
the  terms  of  2)  and  write  the  result  as  a  double  se 

^  =  ((g+  0  +  0  -f-  0+  .- 

+  a^z'^  +  2  a^h  +  a^h^  +  0  +  .. . 
+  a^z^  +  3  a„zVi  +  3  a^zh^  +  h^  +  .. 


We  get 


If  we  sum  3)  by  rows,  we  get  the  absolutely  convergent  series  2). 
From  this  we  cannot  infer  that  3)  is  convergent  as  we  saw 
in  42,  4 
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The  series  A  is,  however,  convergent,  as  we  may  easily  see  as 
ollows.  Let  us  set  |  3  |  =  r.  Then  1)  converges  absolutely  for 
;  —  r  +  p  since  this  point  lies  within  (S,.     Thus 


(4) 


-%  +  «!?■  +  «iP+  a^r^  +  2  a^rp  +  a^p^  +  — 

is  convergent.     Thus  the  simple  series 

5  =  ftp  +  fljS  +  (tjA  +  fljZ^  +  2  a^sh  +  a^h'^  +  ■■■ 

is  absolutely  convergent  since  each  of  its  terms  is  numerically  >^ 
the  corresponding  term  of  4).  Thus  A  is  convergent  and  we  can 
sum  it  hy  rows  or  by  columns.     Summing  by  rows  gives 

A  =  P(z  +  h). 

Summing  by  columns  we  get,  since  the  result  is  the  same  as  before, 

^2a^z  +  iia^z  +  ... 
^2=  2a^+-2-8agZ+  B-ia^z^+  — 
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CHAPTER   IV 

THE   ELEMENTARY   FUNCTIOIfS 

44.  1.  The  functions  employed  in  ol(3meutary  msithem-aties  are 
the  following  : 

Integral  rational  functions.  Exponential  functions. 

Rational  functions.  Hyperbolic  functione. 

Algebraic  functions.  Inverse  circular  functions. 

Circular  functions.  Logarithmic  functions. 

Except  in  case  of  the  algebraic  functions  the  mdependent  vari- 
able X  is  usually  real. 

We  propose  in  this  chapter  to  define  these  functions  for  complex 
values  of  the  variable,  and  to  study  a  few  of  their  simplest  and 
most  useful  properties. 

2.  The  reader  is  perfectly  familiar  with  all  these  functions,  the 
variable  being  real,  except  possibly  the  liyperbolic  functions.  For 
such  as  have  not  used  these  functions  in  the  calciihis  we  add  the 
following.     They  are  defined  by 

cosh  X  =  - — - —      ,      sinh  x  = —  -  (1 

The  left  sides  are  read  "  hyperbolic  cosine  of  x  "  and  "  hyperbolic 
sine  of  x."  We  see  that  they  are  merely  linear  combinations  of 
e'  and  er". 

These  functions  have  been  computed  and  tabulated,  so  that  one 
is  as  free  to  use  them  as  sin  x,  cos  x.  The  reader  is  referred  for 
example  to 

B,  O.  Peiree,  A  Short  Table  of  Integrals. 

Ginn  and  Company,  Boston,  1899. 
Jahnke  and  Emde.     Funktionentafeln. 
Teubner,  Leipzig,  1909. 
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By  means  of  these  tablfis  we  mny  draw  the  graph  of  the 
tions  which  we  herewith  give.  The  graph  of  cosh  x  is  the 
catenary,  that  is,  the  form 
of  a  chain  supported  at 
two  points  on  the  same 
level.  It  is  important  to 
note  that : 

cosh  X  never  vanishes^ 
while  sink  x  vanishes  just 
onee,  viz :  for  a;  =  0. 

We  note  also  that  cosh  x 
is  symmetric  with  respect 
to  the  ^-axis,  and  sinha;  with  respect  to  the  origin. 

If  we  express  e*,  e'"  as  series  we  find 


se  func- 
familiar 


=1+1 


HfT  +  - 


From  1)  we  find  at  once  that 

cosh^  X  —  sinli^  x=\.  (4 

45.  The  Integral  Rational  Function.    These  functions  have  the 
form 

where  the  coefficients  a^,  u^,  ■--  a^  are  any  given  complex  num- 
bers and  the  independent  variable  s  is  free  to  take  on  all  complex 
values,  or  as  we  say  is  free  to  range  over  the  whole  z-plane. 
The  exponent  m  is  an  integer  >  0,  and  is  called  the  degree  of  1). 
Such  functions  are  called  polynomials  in  algebra.  Since  1) 
involves  only  the  operations  of  addition  and  multiplication  of 
complex  numbers,  its  value  can  he  calculated  for  any  given 
value  of  z. 

In  algebra  we  learn  that  1)  vanishes  for  just  m  values  of  2,  say 
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some  of  which  however  may  be  equal.  We  call  2)  the  roots  ot 
zeros  of  1).  Knowing  the  roots  2)  and  denoting  the  expression 
1)  by  w,  it  is  shown  in  algebra  that 

„.a.(2-2l)(2-2,)...  (2-0-  (3 

The  theorem  which  states  that ; 

Every  polynomial  of  degree  m  has  m  roots 
is  called  the  fundamental  theorem  of  algebra.  As  often  given 
in  algebras,  its  demonstration  is  long  and  difficult.  Few  students 
really  comprehend  it.  It  is  a  luxury  which  most  students  are 
willing  to  dispense  with.  And  quite  rightly,  for  it  is  far  beyond 
their  powers  at  that  time.  Later  we  shall  give  two  proofs  of  this 
important  theorem  which  the  student  will  eomprehend ;  one  is  so 
simple  that  he  will  not  need  to  set  pen  to  paper  to  follow  it, 

46.  Rational  Functions-  The  quotient  of  two  integral  rational 
functions  of  s  is  a  rational  function.  Such  functions  have  the 
form 

(1 


■--  +a^^ 


hf,  +  h^z+  —  +M'' 

where  the  coefficients  a^,  a^  ■■■  fig,  Sj  ■■■  are  constants  and  m, 
n  are  integers  >_  0.  The  expression  1)  involves  division  by 
0  for  those  values  of  z  for  which  the  denominator  vanishes.     Let 


these  fc 


(2 


For  any  value  of  the  complex  variable  z  not  included  in  2)  the 
value  of  the  expression  1)  may  be  computed  by  rational  opera- 
tions. These  values  of  z  form  the  domain  of  definition  of  the 
expression  1).     We  may  thus  state  : 

The  domain  of  definition  of  a  rational  function  of  z  is  the  whole 
z-flane  exoepting  the  zeros  of  the  denominator. 

The  degree  of  1)  is  the  greater  of  the  two  exponents  m,  n,  sup- 
posing of  course  that  «„,  b„  are  ^  0, 

When  1)  is  of  the  first  degree,  it  is  said  to  be  linear.     The  type 
of  a  linear  rational  function  of  z  is  therefore 

a  +  bz  ,(, 
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The  rational  functions  include  the  integral  rational  functions  as 
a  aubclaas.  In  fact  let  the  numerator  of  1)  be  exactly  divisible 
by  the  denominator;  then  1)  reduces  to  a  polynomial.  This 
takes  place  in  particular  when  the  denominator  reduces  to  a  con- 
stant, that  is  when  n  =  0. 

47.  Algebraic  Functions.  1.  We  say  w  is  an  algebraic  function 
of  z  when  it  Siitisfies  an  equation  of  the  type 

w  +  R.izyjf-^  +  E^iz)tv''-' +  ...  +R,(z)^Q,  (1 

where  tlie  coefficients  iJ^  R^  ""  ^'^'^  given  rational  functions  of 
3,  and  M  is  a  positive  integer.     The  degree  of  w  is  n. 

Let  us  give  to  2  a  definite  value,  real  or  complex,  say  z  =  «.  If 
d  is  a  zero  for  one  of  the  denominators  of  the  coefficients,  we 
shall  say  that  the  point  corresponding  to  this  value  of  «  is  an 
exceptional  point.  Obviously  1)  has  no  meaning  at  such  a  point- 
Suppose  now  that  a  is  not  such  a  point.  Then  all  the  coefficients 
in  1)  can  be  calculated,  and  1)  reduces  to  an  equation  with  constant 
coefficients.  But  such  an  equation  admits  n  roots,  which  in  general 
are  unequal,  „,,„,,     ...     «,..  (2 

Tlius  the  equation  1)  defines  an  n-valued  function  w  of  z  for  all 
values  of  z  not  included  among  the  exceptional  points  of  the  coeiifi- 
cients.  These  values  of  3,  or.  using  our  geometric  language,  the 
points  in  the  z-plane  corresponding  to  these  non-exceptional  points, 
constitute  the  domain  of  definition  of  the  algebraic  function  w. 

The  number  of  exceptional  points  ts  finite.  For  the  highest  de- 
gree of  any  coefficient  iij,  .fij  ■■■  being  say  k,  no  coefficient  has 
more  than  h  exceptional  points.  As  there  are  only  n  coefficients, 
there  are  at  most  hn  exceptional  points.     Hence ; 

The  domain  of  definition  of  an  algehraio  function  of  z  embraces 
the  whole  z-plan^,  excepting  possibly  a  finite  number  of  points. 

2.  Let  us  note  in  passing  that  the  class  of  algebraic  functions 
embraces  the  rational  functions  as  a  subclass. 

For  let  n  =  1  in  1)  ;  it  reduces  to 

w  +  iJi(z)  =  0, 
or  w=  —  U-yiz),  ii  rational  function. 
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3.  We  have  said  that  the  roots  2).are  in  general  unequal.  Let 
us  denote  the  equation  1)  by  l'(w,e)=0.  If  we  eli.uinate  w 
from  the  two  relations  „ 

we  will  get  an  algebraic  equatiou  in  s,  say 

(?(»)  =  0,  (3 

of  degree  m,  let  us  say.  It  is  shown  ]iow  in  algebra  that  the 
roots  2)  are  ail  distinct  at  a  point  3  =  c  when  e  is  not  a  root  of 
3).  We  may  call  the  roots  of  3)  critical  points;  they  are  finite 
in  number.  The  exceptional  and  critical  points  together  may 
be  called  singular  points.  All  the  other  points  may  be  called 
ordinary. 

48.  Explicit  Algebraic  Functions.  I.  The  two  roots  of  the  alge- 
braiceq„,tiou  ^  +  ^_(,)„  +  ^f^(,)  =  „,  (i 

where  fl^,  S^  are  rational  functions  of  e,  are 


Since  2)  satisfies  1),  it  is  an  algebraic  function  of  z.     To  calculate 
this  function  we  have  to  perform,  besides  the  rational  operations, 
the  operation  of  extracting  a  square  root  of  a  known  quantity. 
2.  The  three  roots  of  the  algebraic  equation 

u^  +  Rj(z)w  +  R^(z)=  0,  (3 

where  ^j,  B^  are  rational  functions  of  z,  are  given  by 


Since  4)  satisfies  3)  it  is  an  algebraic  function  of  z.  The  right 
side  of  4)  exhibits  this  function  by  means  of  roots  of  quantities 
which  can  be  successively  calculated  by  rational  operations.  We 
say  2)  and  4)  are  explicit  algebraic  functions  of  s. 

In  general  we  say  w  is  an  explicit  algebraic  function  of  2) 
when  its  expression  involves  the  extraction  of  roots  of  rational 
functions  of  s,  or  the  extraction  of  roots  of  such  roots,  or  the 


y  Google 


THE    ELEMENTAKY    FUNCTION'S  91 

rational  operations  on  such  roots,  each  operation  performed  only  a 
finite  number  of  times.  This  definition  is  clumsy,  but  its  idea  is 
very  simple.  The  expressions  2)  and  4)  will  serve  as  illustra- 
tions. 

3.  It  is  shown  in  algebra  that  every  explicit  algebraic  function 
of  3  is  a  root  of  an  equation  of  the  type  47, 1).  The  demonstration 
is  simple  but  will  not  be  given  here. 

On  the  other  hand  it  is  not  true  that  every  algebraic  function 
of  2  is  an  explicit  algebraic  function.  The  demonstration  of  this 
fact  is  anything  bat  siinple.  The  solution  of  the  cubic  and  bi- 
quadratic equations  was  effected  by  the  Italian  algebraists  in  the 
Jirst  half  of  the  sixteenth  century.  The  algebraic  solution  of  the 
quintic  was  then  sought.  This  became  one  of  the  celebrated 
problems  of  the  seventeenth  and  eighteenth  centuries.  The  great- 
est mathematicians  of  their  time  sought  its  solution,  hut  in  vain. 
At  last  Abel  in  182(j  demonstrated  that  the  roots  of  the  general 
equation  of  the  fifth  and  higher  degrees  cannot  he  expressed  as 
explicit  algebraic  functions  of  their  coefficients,  in  other  words 
that  these  equations  do  not  admit  an  algebraic  solution. 

If  then  the  roots  of  the  general  equation  of  fifth  degree  cannot 
be  expressed  in  terms  of  radicals,  in  terms  of  what  functions  can 
they  be  expressed?  In  1858  the  illustrious  French  mathemati- 
cian Kermite  showed  that  these  roots  may  be  expressed  in  terms 
of  the  elliptic  modular  functions.  This  will  be  referred  to  again 
when  we  take  up  the  study  of  elliptic  functions. 

49.  Study  of  Vz.  1.  Let  z=  r  (cos  (f)  +  *  sin  ^),  then  as  we  saw 
in  7,  8  the  two  values  of  Vs  are 

w^=Vr(cos|  +  ^sm|)     ,     w^=  -  w^.  (1 

If  we  let  3  describe  a  curve  in  the  s-plane,  the  two  roots  w^,  w^ 
will  describe  curves  in  the  w-plane. 

For  example,  let  z  describe  a  circle  S  of  radius  r  as  in  Fig.  1, 
When  z  is  at  A,  <^  —  0,  hence  tv^  =  Vr,  w^~  —  Vj-.  Thus  Wj  is  at 
a  and  w^  is  at  S.  Let  z  describe  the  quadrant  AB.  Then  ^ 
increases  from  0°  to  90°  while  r  remains  constant.  From  1)  we 
see  that  the  argument  \  ^  of  w-^  increases  only  lialf  as  fast  while 
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its  modulus  Vr  remains  constant.  Thus  when  z  describes  t!ie 
quadrant  J.5,  w^  describes  tlie  octant  «/3,  Since  w^=  —  Wj,  we 
see  that  at  the  same  time  w^  describes  the  octant  5e.  Let  now  z 
describe  the  second  quadrant  S(/.    At  C,  ^=180°,  hence  ^0  =  90°. 


.  Thus  when  a  lias  reached  (7,  w^  has  arrived  at  7,  while  Wj  has  got 
to  f.  Continuing,  we  see  that  when  z  has  gone  all  around  the 
circle,  (^  =  360°,  hence  ^^=180°,  aaid  hence  Wy  is  at  S.  Meantime 
Wj  has  moved  from  f  to  «.  Now  when  we  began,  wij  was  at  «, 
and  w^  at  8,  After  the  circuit,  Wj  is  at  S  and  w^  at  a.  The  two 
roots  have  been  interchanged. 

2.  We  will  now  let  z  describe  any  closed  curve  $t  about  the 
origin  as  in  Fig.  2, 

To  any  point  P  on  ^  whose  polar  coordinates  are  »■,  0  will  cor- 
respond a  value  of  -Wy  given  by  1),  and  the  point  in  the  w-plane 
corresponding  to  this  value  Wj  has  the  polar  coordinates  Vr,  \  <f). 


As  z  describes  ^  starting  from  A,  (j)  will  increase  steadily  from 
0  =  0°  to  <f>  =  3t)0°  when  s  will  have  returned  to  A.  The 
modulus  r  varies  continuously  from  its  original  value,  say  r  =  a, 
sometimes  inci'easing,  sometimes  decreasing,  but  finally  returning 
to  its  original  value  a.  From  this  we  see  that  the  argument  10 
of  Wj  will  increase  steadily  from  0"  to  180°  while  the  modulus  Vr 
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will  vary  continuously.  Thus  w-^  will  describe  a  continuous  curve 
as  in  Fig,  3,  whose  end  points  A-^,  B-^  lie  on  the  re^l  axis  at  the 
distance  Va  from  the  origin  in  the  j^-plane.  Moreover,  as 
w^  =  —  w^  we  see  that  w^  will  describe  a  symmetric  curve  on  the 
other  side  of  the  origin.  Hence  when  z  has  completed  its  circuit 
about  the  origin  of  the  z-plane,  w^  and  w^  have  interchanged  posi- 
tions in  the  w-plane. 

Thus  we  see  that  this  more  general  case  behaves  in  an  entirely 
analogous  manner  to  the  simple  case  considered  in  1.  The  main 
facts  to  remember  are  these  : 

1°  When  z  describes  a  circuit  about  the  origin,  w-^  and  w^  each 
describes  a  curve,  hut  not  a  closed  curve, 

2°  At  the  end  of  the  circuit,  Wj  and  w^  have  interchanged 
values.  In  other  words,  a  circuit  about  the  origin  effects  the 
substitution  , 


this  reason  the  point  3  =  0  is  called  a  branch  point. 


For 

3.  Let  now  z  describe  a  closed  curve, 
as  in  Fig,  4,  which  does  not  enclose  the 
origin  0.     Let  the  polar  coordinates  of 

A         B         0        I>        E 
^®      a,  «;    S, /3;      c,  7  ;     t7,  5  ;     e,  e. 


The  value  oiw-^^  at  the  point  A  is  th,«s,  by  1), 

Wi=Va(cosi«  +  »8in|«). 

The  point  A-^  in  Fig.  5,  corresponding 

to    this,    has    the    polar    coordinates 

Va,  ^  a.     Let  now  z  move  along  the 

arc  ABQ ■■■ .    Its  argument^ 

increases  till  the  radius  vector  b 

tangent  to  the  curve  at  M\  that  is  ^ 

increases  from  <j>=  a  to  (f>  =  e.     Thus  the  argument  ^  <j>  of  w-^ 

steadily  increases  from  i«  to  le,  as  w^  moves  from  A^^  to  U^  in 

Fig.  5.     The  modulus  ?■  of  2  increases  from  r  =  a  to  r  =  c?  as  it 

moves  from  j1  to  a  point  D  in  Fig,  4,  when  it  begins  to  decrease. 


y  Google 


94 


FUNCTIONS   OF   A   COMPLEX  VARIABLES 


Similarly,  if  to  fix  the  ideas  we  suppose  r  >  1,  the  modulus  Vr 
of  Mij  will  increase  from  V«  to  V^  as  Wj  moves  from  A^  to  a  point 
D-^  in  Fig.  5.  As  z  moves  from  E  back  to  A  and  so  completes  the 
circuit,  0  decreases  from  e  back  to  its  original  value  «.  The  mod- 
ulus r  also  assumes  its  original  value  r  =  a,  at  the  close  of  the  cir- 
cuit.   Thus  w^  also  comes  back  to  its  point  of  departure  A^.   Hence : 

When  z  describes  a  closed  curve  not  including  the  origin,  tv^ 
describes  a  closed  curve  also. 

Since  w^  =  —  te^  we  see  that  w^  will  describe  a  symmetric  closed 
curve  on  the  other  side  of  the  origin. 

4.  When  z  describes  a  circuit  about  s  =  0  we  have  seen  that  the 
two  values  of  mi  =  Va  are  permuted  ;  on  the  other  hand,  we  have 
seen  that  if  z  describes  a  circuit  about  any  other  point,  which  does 
not  include  the  origin,  the  two  values  of  w  are  unaltered  at  the 
end  of  this  circuit.  -.We  therefore  say  that  z=0  is  the  only 
branch  point  of  w 


50. 


Study  oiw  =  V(2 


Let 


~a)(s-6).     1.  Let 

a  =  «(cos  0  +  i  sin  ^), 

2  —  6  =  ^(co8<^  +  8  sin  0), 

Mj  =  V« (cos  ^  8  +  i  sin  ^  0}     ,     Mj 

yj  =  V/3  (cos  1 1^  +  i  sin  ^  ^)     ,     4 


=  -«!, 


Then  the  two  values  of  w  a 


We  note  that  the  expressions  1), 
2)  defining  m^,  Vj  have  precisely  the 
same  form  as  that  defining  mI|  in  49. 
From  this  it  follows  that  when  z 
describes  a  circuit  3(  about  a,  w^ 
will  go  over  into  u^~—  Mj.  Or  the 
other  hand  the  curve  %  lies  outside 
of  b,  and  hence  by  49,  3,  when  s  de- 
scribes 21,  Vj  returns  to  its  original  value  at  the  close.  Thus  v^  is 
unchanged.     Hence  the  effect  of  the  circuit  31  on  Wj  is  to  change 
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it  into  —  MjK,  or  Wj-  As  Wg  =  —  mI[,  we  see  that  the  same  cireuifc 
converts  w^  into  Wy  Tluis  -a  circuit  of  z  about  a  effects  the  sub- 
stitution /,„    ^„  •, 

C:  ::)• 

Similarly  if  z  describes  a  circuit  S  aboiit  i,  but  excluding  a,  the 
roots  W|,  w^  are  also  permuted. 

For  this  reason  the  points  z  =  a,  z=b  are  called  branch  points. 

The  same  reasoning  shows  that  if  z  describes  a  circuit  about  a 
or  h,  but  in  the  opposite  direction,  the  two  roots  w^,  w^  are  per- 
muted also. 

Next  let  z  describe  a  closed  curve  IS  which  does  not  include 
either  a  or  6.  Then  49  shows  that  both  m^  v-^  return  after  the 
circuit  to  their  original  values  and  hence  w-^:=u^v^  also  returns  to 
its  original  value. 

2,  Let  z  move  from  c  to  d  over  the  path  S.  If  it  describes  the 
same  path  in  the  opposite  direction,  i.e.  from  d  to  o,  we  may  denote 
it  by  8"'.  Let  ffiU  denote  tlie  otfier  path  from  c  to  rf  as  in  the 
figure.  Then  Wl'^  will  denote  the  closed 
curve  from  e  over  ^  to  d  and  back  to  e 
over  the  curve  2rt.  ^ 

At  each  point  z,  the  algebraic  function 

has  two  values.  The  values  of  w  for  s  =  e 
let  us  call  7  and  —  7.  When  z  ranges  over  the  curve  8,  the  differ- 
ent values  that  w  has  group  themselves  into  two  curves  or  hranehes 
which  we  may  call  i^  and  L^-  An  end  point  of  one  of  these  curves, 
say  Zp  is  y.  Let  S  he  the  other  end  point  of  ij.  If  8  does  not 
pass  through  one  of  the  branch  points  z  =  a,  z  —  h,  the  two  values 
that  w  has  for  each  value  of  z  are  distinct.  In  this  case  the  two 
branches  X^,  L^  have  no  point  in  common.  We  may  thus  distin- 
guish the  two  branches  ij,  ij  by  giving  one  of  their  points.  Thus 
the  branch  L^  is  determined  by  the  fact  that  it  passes  through  7, 
or  through  8. 

Suppose  now  we  allow  z  to  range  from  e  to  d  over  §.  If  we 
start  with  w  =  y,  what  value  will  we  have  when  a  reaches  d  if,  as 
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we  pass  over  S?,  we  always  choose  that  determination  of  w  which 
will  form  a  continuous  set  of  values  ?  Now  at  3  =  <2,  w  has  two 
values  w  =  S,  and  w  —  —  ^.  From  the  foregoing  the  value  we 
must  choose  is  obviously  w  =  S.  Let  us  indicate  this  by  the 
notation  .s 

whereby  we  mean  that  if  we  start  from  z  =  c  with  that  value  of  w 
which  is  =  7  and  allow  z  to  range  over  the  patli  8,  the  value  that 
V)  has  at  the  other  end  of  2  is  S. 

Suppose  that  we  next  allow  a  to  move  from  c  to  c^  over  the  path 
2R.     We  prove  now  the  important  fact : 

Z/'  8,  Sli  rfo  not  paBs  through  or  enclose  a  branch  pointy 

^S  =  Tgji  =  2. 

In  other  words,  if  we  start  with  the  same  determination  of  w  at 
z  =  c  we  arrive  at  the  same  value  of  w  at  z  =  i^,  whatever  path  we 
choose,  provided  no  two  paths  pass  through  or  enclose  a  branch 
point. 

The  proof  is  very  simple.     For  by  1, 

Hence  _ 

But 

Hence 

3.  Suppose  we  start  a,t  z=o  with  the  determination  of  w  =  7. 
We  allow  e  to  describe  the  circle  S  as  in  the  figure.  We  ask  what 
is  the  value  of  w  when  z  returns  to  c  ?  As  w  has  only  two  values 
at  0  we  have 

7ii  =  7  01'  7(i  =  -  7- 

To  determine  which,  we  introduce  the  paths 

do  and  oe. 
Then 

7E=Tcd.d...c- 

As  the  two  paths  de  and  de  ■  ce  do  not  include  a  branch  point. 
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Now  cd-do  is  a  circuit  about  the 
branch  point  a  =  a.     Hence 


and  thus   , 


E  =  (-7)... 


Also  ce  ■  ec  is  a  circuit  about  the 
branch  point  3  =  6.     Hence 

Thus  finally      ^^  _  ^_ 

51.  The  Elliptic  Radicals.    1.  When  we  take  up  the  elliptic  func- 
tions, we  shall  find  that  two  radicals 


and 


=  ^liz-e{)(iz-e^~)iz-e^~) 


figure  very  prominently.      Let  us  consider  first  1). 

s  —  «„  =  »*„(cos  6^  +  i  sin  6^) 
and  I — ,       ,  a     ,    ■    ■     \  a  •. 

U^  =  Vj-„(COS  ^tl^  +  l  SHI  ^  0^), 

the  two  values  of  w  in  1)  are 


(1 

C2 


If  we  set 
m  =  1,  2,  3, 


Now  the  radicals  m„  =  Vs  —  e„  have  the  same  form  as  those  con- 
sidered in  50  aiid  we  may  therefore  conclude  at  once  : 

The  branch  "points  of  1)  are  e^,  e^,  e^.  When  z  describes  a  circuit 
about  one  of  them,  w,  and  w^  are  interchanged.  A  circuit  which  in- 
cludes two  of  the  branchpoints  leaves  w^ ,  w^  unchanged  ;  a  circuit  which 
includes  all  three  branch  points  interchanges  w^,  w^-  Finally  a  cir- 
cuit which  includes  none  of  the  branch  points  leaves  ic^,  w^  unaltered. 

2.  Let  us  now  turn  to  the  radical  2).     Since 

(i-z')a-w)=i'(2-i)C2+i)(^z-i)(^s+l), 


i  —  1  =  ?-j(cos  Bj  +  i  sin  ^^) 


8+1  = 


■^(cQS^^-l-isin^a), 
•^(cos  ^^-^-^  sin  0^}. 
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Finally  we  set  ,— ,        ,  .        -   ■     ,  ,i  ^ 

■'  M„  =  Vr„(cos|^„  +  ism  ^d^),         m  = 

Then  tlie  two  values  of  w  in  2)  are 

From  this  we  conclude  : 

The  branchpoints  of  the  radical  2)  are  1,  ~  1'  >;•  ~  7  ■  TFAen  3^ 
describes  a  circuit  which  includes  no  branch  point  or  an  even  number 
of  them,  the  values  of  Wy,w^  are  each  the  same  at  the  end  of  the  circuit 
as  at  the  start.  Tf  the  elreuit  contains  an  odd  number  of  the  branch 
points,  the  values  ofw^,  w^  are  interchanged  after  the  circuit. 

52.   Study  of  w  =  v J-     The  method  we  adopt  to  study  this 

radical  is  the  same  as  that  employed  in  49,  50,  and  51.     We  set 
3  —  a  =  a(cos  6  +  i  sin  0)     ,     z  —  h  =  ^(cos  ^  + 1  sin  0) 

and  introduce  the  cube  root  of  unity 

27r  ,    -    .     Stt 
6,  =  eos  — +isin  — . 

We  also  set 

Mj=%/,^(co«-+isin-)     ,     M2  =  ««i     '     %  =  a>^i. 


- -v''^  cos^ 


Then  the  three  values  of  w  are 

«.,  =  ¥»  ,  „,_„a 

Let  now  z  describe  a  circle  G  about 
s  =  a,  as  in  the  figure.  Then  8  in- 
creases from  say  0  =  t  to  6  =  t-\-'2,-7r, 
while  ^  returns  to  its  original  value. 
At  the  beginning  of  the  circuit 

Mj  =  ■s/a(cos  I  (  +  z  sin  ^  f).       (2 
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At  the  end  of  the  circuit,  Wj  has  acquired  the  value 
()tj) c  =  -v^(cos  |((  +  2  tt)  J  sin -^(t  +  2  tt)  ) 

=  (DMj. 
Thus  (Ma)  c  =  (b(Wi)  ,;  =  -»%!  =  %, 

(Mg)p  =  w^K)o  =  «X  =  %■ 

The  effect  of  C  is  to  convert 

into  Mg     ,     Mg     ,     M^, 

As  Wj  remains  unaltered  by  the  circuit  (7,  the  relation  1)  shows 
that  after  the  circuit 

go  over  into  w^     ,     „^     ,     w,. 

The  circuit  thus  effects  the  substitution 


Let  z  now  describe  a  circle  I>  about  z  =  h  in  the  positive  direction. 
The  same  considerations  show  that  <f)  increases  from  say  4>  =  P 
to  (f)  =p  +  2  TT.  On  the  other  hand,  0  returns  to  its  original  value. 
Thus  at  the  beginning  of  the  circuit  D, 

)!j  =  y 0  (cos  -Jjo  +  i  sin  \f) , 

At  the  end  of  7>,  v^  has  acquired  the  value 

(y,)^  -  ^^(cos  Kp  +  2  tt)  +  i  sin  {{p  +  ^  tt)) 


As  Wj  remains  unaltered  by  the  circuit  D  we  have 
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Similarly  w^  goes  over  into  w-^  and  w^  into  w^  after  D.  Thus  the 
circuit  I)  effects  the  substitution 

We  notice  ^^  =  5 ;  tliat  is,  going  around  z  =  a  twice  in  the 
positive  direction  produces  the  substitution  B.  If  we  go  around 
a  three  times,  Wj  w^  w'3  take  on  their  original  values,  or 


A  substitution  which  effects  no  change  in  the  roots  is  called  the 
identical  substitation  and  is  denoted  by  1.     Thus 

Let  us  now  see  what  happens  when  z  describes  the  circuit  C  in 
the  negative  direction.  This  path  according  to  our  agreement  is 
represented  by  0~^.  In  this  case  6  decreases  from  say  9=t  to 
d  =  t  —  2-7r.  At  the  end  of  the  circuit  0~\  Mj  as  given  by  2)  has 
acquired  the  value 

(Wj)p_,  =  -^«(cos  i(t  ~2ir)  +  i  sin  i-((  -  2  tt)) 

Similarly  ^^-j^__  ^  ^^     ^^^^     ,-„^-, ^^  _  ^_ 

As  Vi  is  unaltered  by  this  circuit,  we  see  that  C~^  produces  the 
substitution  ,  ^ 

Since  the  circuit  0"^  just  undoes  what  0  does,  we  should  have 
AA~^  =  1  and  this  we  see  is  indeed  so. 

Similarly  the  circuit  -Z)~^  produces  the  substitution  S~^  =  A. 

We  notice  that  A,  B  combine  as  products. 

63.  1.  One  and  Many  Valued  Functions.  The  integral  rational 
function,  j.  „  ,  4.        -1-  /.  s™ 

assigns  for  each  value  of  z,  a  single  value  to  w.     It  is  a  <yne-valued 
function  of  z.      Lot  w=h  for  z  —  a.     If  we  allow  z  to  describe 
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r.ome   curve  in  the  s-plane   returning   to  its  point  of   departure 
z  =  a,  w  will  describe  a  curve  in  the  w-plane  which  starts  from 
w  =  h,  and  returns  to  this  point. 
2.  On  the  other  hand  the  function 

w  =  Vs  —  a 

assigns  to  w  two  values  for  eacli  value  of  z  except  z  =  a  where  w 
has  only  one  value  w  =  0.     This  function  is  a  tivo-valued  function. 
For  a  similar  reason  ; 


is  a  three-valued  function. 

3.   Since  the  equation 

W  +  fliw"-!  +  -  ■  +  A  =  0  (1 

considered  in  47  has  in  general  n  distinct  roots,  the  function  w  of 
z  defined  by  this  relation  is  called  an  n-valued  function. 

Let  z=a  he  an  ordinary  point  [47,  3].  Jf  now  s  describes  a 
curve  0  which  does  not  pass  through  a  singular  point,  the  n 
values  which  w  has  at  each  point  of   0  can  be  grouped  together 


so  as  to  form  n  curves  or  branches.  If  w  =  a  is  one  of  the  roots 
of  1)  for  z  =  a,  one  and  only  one  of  these  branches  will  pass 
through  the  point  w  =  «.  It  thus  serves  to  characterize  this 
branch. 

Now  when  dealing  with  many-valued  functions  we  very  often 
have  to  solve  this  problem  : 

We  take  one  of  the  values  as  w  =  a  which  w  has  at  the  ordi- 
nary point  e  =  a  and  ask  what  value  of  w  do  we  get  when  z 
describes  some  curve  0  leading  to  2  =  J  and  avoiding  all  singular 
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points.  The  many  values  which  w  has  for  the  points  of  0  will 
be  distributed  over  certain  continuous  curves  or  branches  and 
the  value  of  w  we  always  want  is  that  value  of  w  for  3=,h  which 
lies  on  the  brancli  passing  through  the  point  w  =  a. 

This  general  problem  we  have  studied  in  several  simple  cases 
in  49-52. 

If  this  value  oi  w  is,  w  =  0,  we  say  tliat  branch  of  iv  which 
takes  on  the  value  mj  =  «  for  z  =  a,  has  the  value  w—^  at  s  =  S, 
when  2  describes  the  curve  0.     We  have  used  the  notation 

to  denote  this  fact. 

If  3  describes  some  other  curve  D  not  passing  through  a  singu- 
lar point  and  leading  from  z  =  a  io  z  =  h,  the  end  value  of  this 
branch  will  not  be  in  general  0.  In  any  case  it  must  be  one  of 
the  many  values  which  w  takes  ou  for  z  =  6. 

The  Exponential  Fmiction 

54.  Addition  Theorem.  1.  In  the  foregoing  articles  we  have 
considered  the  algebraic  functions  which  include  as  special  eases 
the  rational  and  the  integral  rational  functions.  All  functions 
which  are  not  algebraic  are  called  transcendental.  The  first  such 
function  we  shall  study  is  the  exponential  function. 

It  is  defined  by  the  series 

111   8U,  A  we  saw  that  this  converges   ahtjolutely  for  every  z. 
Thns  it  deRnes  a  function  of  z  which  is  denoted  by  the  symbol 
e=     01-     Exp  z. 

The  domain  of  definition  of  this  function  is  the  whole  z-plane. 
When  z  has  a  real  value  x,  1)  reduces  to  the  well-known  expo- 
nential function  3        g 

''"  =  l  +  fi  +  l!+l!+- 
studied  in  algebra  and  the  calculus. 

A  most  important  property  of  e^  is  the  addition  theorem^  as  it 
is  called,  viz. ;  „i„„  _  ^i^+v 
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Let  us  show  that  the  relation  holds  for  complex  values.     Let  u, 
V  be  complex  mimbers.      Then  by  definition 


If  we  multiply  these  absolutely  c{>nvergent  t 
33,  2,  we  get 


Thus  ^„^„  ^  ^,H.,-  (2 

holds  for  .iny  complex  numbers  u  v. 

2.   From  the  addition  theorem  we  can  show  how  to  calculate  e' 

for  any 

z  =  x+ii/     .     T,.;^  real 

by  using  our  ordinary  logarithmic  tables.     Wo  have  in  fact 

«■=.■+"  =  •■«•'■  (3 

1!2!3! 

21      41 

^  \V,      31^6!  ) 

"^"**  e}^  =  cos  2/  +  *  sill  y-  (4 

Tims  from  3)  we  h»v8  ^.  ^  ^.(^„^  y  ^  ;  ^i„  y^  (5 
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The  relation  5)  is  an  expression  of  the  complex  nnmber  e',  which  is 
nothingbut  the  sumoftheseriesl),  in  its  polar  form  r(^cosd+ism8). 
Thus  tlie  modulus  of  e'  is  e',  and  its  argument  is  y.    In  symbols 


Li'g  e 


Thus  to  plot  the  value  of 
we  first  describe  a  circle  of 
unit  radius  about  the  origin 
of  the  w-plane  and  then 
lay  off  on  this  an  arc  of 
length  =  ^  as  in  the  figure. 
On  a  radius  through  the 
end  of  this  arc  we  now  lay 
off  a  length  =  e''.  The  end 
point  of  this  segment  is  w. 
To  calculate  e'  by  the  tables 


/c  first  compute 


Then  we   convert  the  arc  ^  into  degrees,  getting   an   angle   0. 
w  =  e'  =  r  (cos  0  +  t  sin  0}.  (7 

If  we  wish  to  reduce  w  to  the  rectangular  form 
w  —  u  +  iv 
we  have,  comparing  with  7), 

u  =  rCAme     ,     v  =  r  sin  &.  (8 

Let  us  note  in  passing  the  important  theorem  : 

The  exponential  function  e  vani»he»  for  no  value,  of  z. 
For  e'  cannot  =  0  unless  its  modulus  e'  =  0.     But  e"  vanishes 
for  no  real  x. 

3.  As  an  example  let  us  compute  w  =  e'  for 
2  =  -  1.6  -  2  ■  8  i. 
a:  =  -1.6,     y  =  -2-8. 


Here 
H 


encie 
Let  us  set 
then 


log  s  =  1.6  log  e  =  t,  say. 
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Here  the  symbol  log  stands  for  the  logarithm  whose  base  is  10. 
log  e  -  0.43429 
log  (log  e)  -  9.68778 
log  1.6  -  0.20412 
log  (  »  9.84190 
log  «  -  0.69487 
Ugr=  9.30513,  r  =  .20190 

We  now  convert  ^  into  degrees.     From  our  tables  we  have 
2'«'  =  114°  35'  30" 
0.8'?  =    46   60   12 
Honoo  g__  jgj„  25,  ^2:i_ 

or  adding  360»  9  =  199°  34' 18". 

To  simplify  otir  calculation  let  us  take 
S  =  199°  34' 
log  (- cos  «)=  9.97417 
log  (- sin  fl)=  9.52492 
log  !•  =  9.30513 
log(-«)=  9.27930     »=-. 19024 
log  (-V)  =8.83005     v  = 


i  a  che^Jc  for  our  work  we  should  have 

tan  9  = 

u' 

It 

log-  = 

9.56076 

e  = 

199°  34' 

before. 

Asa 

final  result  we  have  therefore 

«=.-. 19024 

-.  06762  i 

I' 

» 1  = .20190     : 

,     Arg  w  = 

199° 

34'. 

4.  Since  the  function  e"  for  real  x  often  occurs  in  calculations, 
taMes  of  this  function  have  been  prepared.  We  mention  those  of 
B.  0.  Peirco  and  those  of  Jahnke  and  Enide  already  referred  to 
in  44. 
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From  Peirce's  Tables,  p.  114,  we  have 
loge-i  =9.56571 
!oge-6   =  9.73942. 
Hence  loge-i«  =  9.30513     ,     e^^-^  =  .20190, 

which  agrees  with  its  value  obtained  in  3.  In  the  Tables  of 
Jahnke  and  Emcle  we  may  take  out  the  value  of  e~^-^  directly  from 
the  table  on  p.  6. 

S5.   1.  Euler's  Formula.     Let  us  suppose  the  real   single  0  is 
expressed  in  circular  measure.     Then  54,  4),  gives  Euler's  cele- 
brated formula  a  ,       ■   ■     ,  ^i 
«■*  =T  cos  9  +  ^  sill  0,                                              (1 

which  we  referred  to  in  1,  3).  The  point  in  the  2-plane  as- 
sociated with  this  number  lies  on  the  unit  circle,  i.e.  a  circle  about 
the  origin  of  unit  radius.  It  lies  on  the  radius  making  an  angle 
<^  with  the  real  axis.  Since  every  complex  number  can  be  ex- 
pressed ill  polar  form 

s  =  r  (cos  i|)  -|-  »  sin  i^),  (% 

we  have,  using  1)         z  =  re^K  (3 

We  call  this  the  exponential  form  of  z.     Thus  we  have  three  ways 
of  representing  a  complex  number :    the  rectangular  ^ovvax+iy, 
the  polar  form  given  by  2),  and  the  exjjonential  form  given  by  3). 
Each  way  of  expressing  z  is  useful  at  times. 
From  1)  we  have 

J'=i     ,     ,.'  =  -t     ,     e''  =  -i     ,     .>-'  =  l.  (4 

The  n  roots  of  unity  arc  represciited  by 


Tlie  n  roots  of  f        a  ,    ■    ■     ii\ 

Of  if  <o  is  the  first  imaginary  n"'  root  in  5) 
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2.  In  plane  trigonometry  the  two  lormulae 

cos  (^  +  0)  =  cos  0  cos  ^  —  sin  $  sin  (f>  (8 

sin  Qd  +  <})')=  sin  0  cos  ^  +  cos  0  sin  ^  (9 

are  of  fundamenta,!  importance.     They  express  the  addition  theorem 

of  the  cosine  and  sine  functions.     Let  us  show  how  they  may  be 

derived  from  Euler's  formula. 

From  1")  we  have         .j,  .       ■   ■     -  ^i  /i 

■"  e""*  =  cos  0  —  I  sin  0.  (10 

From  1),  10),  we  have,  adding  and  subtracting, 

cos*=J(«»  +  «-»)  (11 

■"■i  sm*.i(.«-,-»).  (12 

These  last  two  formulae  expressing  the  cosine   and  sine  as  ex- 
ponentials are  often  useful. 
Let  us  now  multiply  1)  hy 

e>*  —  cos  d  +  i  sin  0. 
We  get 

gisgij.  =  gi(«+*}  =  cos  (^  +  0)  -I-  *  sin  (0  +  0)  (13 

=  cos  0  cos  0  —  sin  0  sin  0  +  i(eos  ^  sin  0  +  sin  0  cos  0). 

Equating  the  real  and  imaginary  parts  of  this  equation  gives  8) 
and  9)  at  once. 

3.  Let  us  show  how  the  powers  of  sin  0,  cos  0  may  be  expressed 
in  terms  of  the  sine  and  cosine  of  multi2:)le  angles.     To  this  end  we 

set  _  i*  _  -# 

Then  11)  and  12)  give 

(2  cos  <i>r =iu  +  vr = u-  4-  (7)«'""''' + (■'a)""*-''''  +  - 

■)mV+...  (14 

Now 
Also 


&' 
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Thus  14)  gives  for  m  =  2,  3,  ■-. 

2  eos^  1^  =  cos  2  0  +  1 

4  eos^  (^  =  C03  3  0  +  3  cos  ^  (15 

8  cos*  <|.  =  cos  4  0  +  4  cos  2  ^  +  3 


Similarly  ^^  ■  ^-^  ^^„  ^  ^^  _  ^-jm 

^i'^es  -2sin20  =  cos20-l 

—  4  sin^  (ff  =  sill  3  0  —  3  sin  0 

+  8  sin*  0  =  cos  4  (fi  -  4  cos  2  0  +  3  (16 


56.    Period  of  e^-     We  are  familiar  with  the  fact  that 
sin(a:+2  7r)=sin^ 
for  any  real  x.     We  say  sin  x  is  periodic  and  has  the  period  2  tt. 
It  is  easy  to  show  that  e"  admits  the  period  2  tti,  that  is, 

for  aU  values  of  s.     For    e'-"^'  =  e'  ■  e^*    by  54,  S) 

In  the  same  way  we  see  that  e'  admits  2  mm  as  period,  where 
m  is  an  integer. 

We  say  any  complex  number  «  is  a  period  of  e'  when 

«"-.«■  (1 

holds  for  all  values  of  z.     Let  us  show  that  e'  has  only  the  periods 
2  mTTi  just  given. 

For  let  a  =  a  +  ih  be  a  period.     Then   1),  holding  for  every 
value  of  s,  will  hold  for  a  =  0,  and  we  have 

e"  =  e"  ^  1, 
or  putting  in  the  value  of  a. 

gi-nb  _  1  ^  e"e*^ 

Tlius  €"=1,   b  =  2kw,  k  an  integer. 

Hence  a  =  0.     Thus  any  period  must  have  the  form  2  k-rri.     But 
these  we  have  already  seen  are  periods. 

We  call  2  Tri  the  primitive  period  of  e',  since  all  its  periods  can 
be  expressed  as  multiples  of  this  period. 
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57.  1.  Graphical  Study  of  e*.  In  the  ealculua  the  student  has 
become  thoroughly  faQiiliar  with  the  notion  of  the  graph  of  a 
function,  and  has  seen  on  many  occasions  how  useful  it  may  be. 
In  the  function  theory  of  a  complex  variable,  the  graph  of  a  func- 
tion is  also  most  serviceable  at  times.     Let  us  study  the  graph  of 

w  ^  e'  =  e^e'"  =  e-'Ceos  ^  +  i  sin  «/)  (1 


We  have  seen  that  when  the  variable  s  describes  some  curve  0  in 
the  3-plane  w  will  describe  a  curve  S  in  the  w-plano,  and  we  call 
©  the  image  of  O. 

Let  z  range  over  a  line  parallel  to  the  a^-axis.  Then  2  =  a^  +  ib, 
where  x  ranges  from  —  qo  to  +  cc,  and  i  is  constant.  Let  us  call 
this  parallel  I.     The  value  of  w  corresponding  to  such  a  z  is,  by  1), 


Arg.  w  =  6, 


as  moreover 


lim  e'  =  0,    lim 


we  see  that  w  describes  a  straight  line  or  ray  r  issuing  from 
«f  =  0,  and  making  the  angle  h  with  the  real  axis  in  the  w-plane. 
Thus  to  each  point  on  I  corresponds  some  point  on  r.  As  h  in- 
creases from  0  to  2  w,  that  is,  as  I  moves  parallel  to  itself  through 
the  distance  2  tt,  the  corresponding  r  rotates  through  an  angle  2  tt. 
Let  3  now  range  over  a  parallel  X  to  the  j/-axis.  Then  z^  a-^iy, 
where  a  is  constant  and  y  ranges  from   —  oo  to   +  co.     From  1) 
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the  vahie  of  w  corresponding  to  audi  a  a  is 

As  w^e"     ,     Arg.  w  =  1/ 

we  see  that  the  corresponding  points  in  the  w-plane  lie  on  a 
circle  c-  When  z  moves  over  a  segment  of  length  2  tt  on  the 
line  X,  2/  moves  over  an  angle  of  2  tt,  and  hence  w  goes  once 
around  the  circle  c- 

The  parallels  I,  X  divide  the  2-plane  into  a  set  of  rectangles  It. 
To  each  such  R^  corresponds  in  the  mi -plane  a  curvilinear 
rectangle  9?„  bounded  by  the  rays  r  and  the  circles  c-  When 
s  lies  in  JJ„,  the  corresponding  value  of  w  lies  in  9J„.  In  this 
way  the  relation  between  2  and  the  corresponding  value  of  w  is 
roughly  given.  The  smaller  we  take  the  rectangles  It  the  more 
accurately  we  will  know  the  value  of  w  corresponding  to  a  given  z. 

Suppose  now  that  2  describes  a  curve  O.  To  find  approximately 
the  curve  E  wliich  w  describes  we  have  only  to  note  the  points 
«!,  fflg  ■"  where  2  enters  and  leaves  the  rectangles  iJ,  Then  Swill 
enter  and  leave  the  corresponding  rectangles  9?  at  points  which 
may  be  estimated  roughly  by  proportion.  The  smaller  we  take 
the  It,  the  more  accurately  we  will  be  able  to  plot  S. 

2.   Let  us  draw  the  lines 

!/  =  2m7r     ,     m=  ±1,  ±2,  ■■■ 

parallel  to  the  a;-axis.      This  divides  the 
z-plano  into  a  system  of  bands  B,  B^,  ^-it 

^2,   -B_2-- 

If  we  take  a  point  z  =  x  +  i^  in  B,  the 

point  z„  —  z  +  2  miri  will  have  the  same  position  relative  to  B^ 

as  2  does  to  B.     We  say  2^  is  congruent  to  s.     On  account  of  the 

periodicity  of  e'  „    . 

t^  ■'  e'"  =  e'-f-s™"'  —  e'. 

Thus  w  has  the  same  value  at  z„  as  it  has  at  z.  For  this  reason 
we  call  these  bands,  hands  0/  periodieiti/. 

All  the  values  that  w  can  take  on  at  any  point,  it  takes  on  in 
any  one  of  those  bands  as  £.     Let  us  show  that  r 

The  function  w  =  e'  does  not  take  on  the  same  value  twice  in  B. 
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ire  two  points  in  B  for  winch  e='  =e's. 
Then  „+,(,       ,4(a 


or 


This  requires  that 
ilso  that 


(!« =  e"     or     a  =  a; 

t  ^  ^  +  2  JHTT. 

As  2j,  ^2  both  lie  in  B  we  must  take  m  =  0.     Tims  5  =  /3.     Henee 


Thus  to  each  point  a  in  S  correaponds  one  point  in  the  M-piane, 
and  conversely  to  each  point  w  in  the  w-plane  corresponds  just  one 
point  in  B,  if  we  agree  to  reckon  only  one  of  its  two  edges  as  be- 
longing to  B. 

For  this  reason  B  is  called  a  fundamental  domain  of  e',  that  is,  a 
domain  in  which  e'  takes  on  every  value  it  can  take  on,  once  and 
only  once. 

Tlie  Circular  Fmictions 

58.  1.  Addition  Theorem.  We  wish  now  to  extend  the  definition 
of  the  circular  functions  to  complex  values.  In  the  calculus  we 
learn  that  the  developments 


1 !      3  15: 

ai'e  valid  for  all  real  x.  If  we  replace  x  by  the  complex  variable  2, 
the  series  on  the  right  converge  absolutely  for  every  value  of  z,  as 
we  saw  in  39,  i. 

This  affords  a  natural  extension  of  tlie  circular  functions  when 
we  wish  to  pass  from  the  domain  of  real  to  complex  numbers. 
We  thus  set  g      j 

cos  2=  1  — 57  +  77 (1 
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The  domain  of  definition  of  these  functions  is  the  whole  s-plane. 
When  z  becomes  real,  cos  z,  sin  z  reduce  to  the  familiar  cos  x,  sin  x. 
For  real  values  of  z  therefore,  cos  z,  sin  z  have  the  properties  of 
cos  X,  sin  X. 

We  wish  now  to  show  that  these  properties  still  hold  for  com- 
plex 2.     The  most  important  of  all  these  is  the  addition  theorem 

sin  (w  +  u)  =  sin  u  cos  v  +  cos  u  sin  v,  (3 

cos  (u  +  v')='  cos  u  cos  V  —  sin  M  sin  v.  (4 

Here  u,  v  are  any  complex  nmmbers.     Let  us  establish  <S).     The 
reader  may  prove  4)  in  the  same  way  as  an  exercise. 
From  1),  2)  we  have  on  multiplying 


_f.'      jA^       Al     j»i_V 
V7  !      6  1  2  !      3  !  4  !      1 !  6  ly 

-(fi  +  lrj+l 

—  f—         "^^ 

\T.     512]' 


\1\  '  5!  2!   '   3l  4!      1!  6!y 


Adding  we  get 

sin  U(iosv  +  cos  u  sin  v^(u  +  v)-  -^^  (u  +  v'f  +  >-j(«  +  v'f 

=  sin(M+*;) 
which  is  3). 

2.  Since  we  have  now  defined 

e'     ,     cos  z     ,     sin  z 

for   all  values  of  z,   let  us  note  that  the   relation  54,  4)  holds 
whether  y  is  real  or  not.     We  therefore  have 

e'"  =  cos  u-\-i  sin  u  (^5 

for  any  complex  u.     Henci!  also 

gu+iv  _  e^^cos  V  +i  sin  v)  (6 

holds  for  all  complex  u  and  v. 
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We  note  that  5)  is  a  generalization  of  Euler's  Formula,  55,  1). 
Since  5)  holds  for  complex  m,  we  see  that  we  may  also  generalize 
55, 11),  12).     We  thus  have 


and  these  relations  hold  for  any  complex  i 
Let  us  set  M  =  s  +  77  in  8)  ;  then 


■(-8=1^1'*^""^-'"*^"'^) 


=  l(_e*'  +  e-'%     by  55,  4) 
=  co9  3,     by  7). 
'■'^^^^  siJz  + 1)=  cos  z     ,     Hin(3  +  tt)  =  -  sin  z.  (9 

etc.,  as  for  real  values  of  z. 

3.   From  the  addition  theorem  we  can  show  how  to  calculate 
cos  2,  sin  3  for  any  complex  ,   ■ 

by  using  ordinary  logarithmic  tables.     We  have  in  fact  from  3) 

sin  2  =  sin(3;  +  iy)  =  sin  x  cos  iy  +  cos  x  sin  iy  (10 

Now 


Thus 
Similarly 


cosiy 

=  l-iH)? 

:,iMl^ 

-1  +  ^  + 

S- 

=  cosh  y    \ 

by  44,  2). 

cosjy 

=  cosh  y 

siniy 

1!        3!          5! 

-ifi  +  i! 

:-!?+•■•: 

=  i.mliy, 

by  44,  3) 

sill  iy 

=  i  oiuh  y. 

(11 


C12 
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Putting  11),  12)  in  10)  we  get 

sin  z  =  sin  (a;  +  ly'y  =  sin  x  cosh  y  +  i  cos  x  sinh  y.  (13 

Similarly  we  get 

cos  3  =  cos  (a;  + 1^)  =  cos  a;  eosh  j)  —  i  sin  a:  ainh  y.  (14 

The  formulte  IS)  14)  express  sins,  coss  in  the  rectangular  form 
«+  iw,  where  u,  v  are  known. 

4.   As  an  example  let  us  compute 

w  =  cos  z  =  u+iv 
for  z  =  -1.6002-2.8i. 

Here  ^  =  -1.6002     ,     j/  =  -2.8. 

We  first  reduce  a:  to  degrees.     From  our  tables  we  have 
l^f  =  57M7'45" 
.6002  =  34    23   20 
—  x=  91°  41'     approximately, 
log  I  cos  a;  I  =  8.4680 


Thus 


log  I  sin  X  ^=  9. 

log  cosh^  =  0. 

log  I  sinh  ^  ]  =  0. 


).9166 
).9134 

•  -  -  .2424 
logf  =0  9132    »=  8.188 

.  -  .2424  +  8.188  i,     approx. 
5.  As  an  exercise  in  multiplying  series,  let  us  show  that 

sin^  3  +  eos^  2  =  1.  (15 

From  1)  and  2)  we  have 


Hence 


<3- 

-i-> 

-a 

-hh-h 

<l 

-hi- 

-f 

A-^>- 

<f 

-h> 

<} 

-U-h. 

<l 

-hh 

-h 

h-i-;) 

\.8!6!2!4!4I6!2!8!/ 
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Now  from  elementary  algebra  we  have  for  a  positive  integer  m 
If  we  set  iiere  ii=  1,  ^  =  —  I,  it  gives 

This  relation  showa  that  all  the  \  ■•■  J  in  16)  vanish.     Thus  the 
right  side  of  16)  reduces  to  its  lirst  term,  and  establishes  15). 

6.  When  a  function /fs)  is  such  that 

/(-')=-/(')  (19 

for  all  values  of  s  for  which /(z)  is  defined  we  say/  is  an  odd 
function  of  z.     Similarly  if 

/(-2)=/(z)  (20 

we  say/is  an  even/unction. 

Since  1)  involves  only  even  powers,  and  2)  involves  only  odd 
powers,  we  have : 

The  function  cos  z  is  an  even  function,  aud  sin  z  is  an  odd  func- 
tion of  z. 

7.  Let  us  now  define  the  other  circular  functions  for  complex  z. 
This  we  do  as  in  trigonometry.     We  set 

sin  z  .         cos  z  1  1 

tan  z  = ,     cot  2  = ,     sec  z  = ■     ,     cosec  z  =  -; — i-  • 

C0S2  sin  z  cos  z  sin  z 

These  functions  are  defined  for  all  values  of  z  for  wiiieh  their 
respective  denominators  do  nut  vanish. 
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59.  Zeros  and  Periodicity.    1.  Leb  us  tiud  for  what  values 

sin  z  =  0.  (1 

We  already  know  that  such  values  are 

2  =  m7r     ,     m  =  0     ,     ±1     ,     ±2     ,     ....  (2 

We  show  that  there  are  no  others.     Suppose  in  fact  that 

sin  (a  +  ib')=  0. 
Then  by  the  addition  theorem  58,  13) 

sin  a  cosh  b  +  i  cos  a  sinh  J  =  0. 
H™«e  sinaoosIiJ-O,  (3 

COS  ffl  sinh  5=0.  (4 

Now  when  a  product  uff  =  0,  either  w  or  0  must  =  0.  Thus  in 
3)  since  cosh  5  does  not  vanish  at  iill  [44,  2],  we  must  have 
sin  a  =  0.     Thus  a  =  rmv.     Putting  this  value  of  a  in  4)  it  gives 

sinh  6=0, 

But  this  requires  [44,  2]  that  5  =  0.  We  thus  get  the  important 
result  : 

The  function  sin  s  has  the  same  zeros  as  the  real  function  sin  x  ; 
they  are  given  hy  2). 

From  58,  9)  we  see  that  the  zeros  of  cow  a  are 

J+MTT     ,     m  =  0     ,     ±1     ,     ±2... 
as  for  real  cos  x. 

2.   Let  us  now  investigate  the  periodicity  of 

Prom  58,  9)  we  have 

ain  (a  +  2  mTr)  =  sin  z     ,     m  =  ±l     ,     ±2     ,     ... 

Thus  2  mw  are  periods.     Let  us  show  that  there  are  no  others. 

For  say  a  +  ib  were  a  period.     Then  for  all  values  of  z  we  would 

have  .     ,  .,,        ■ 

sin  (z  +  a  +  iO)=  sm  z. 
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In  this  relation  set  s  =  0 ;  it  givos 

sin  («  +  ib)  =  0. 
But  tliis  equation  is  satisfied,  as  we  saw  in  1,  only  when 

a  =  mr     ,     5  =  0. 
Thus  all  the  periods  of  sin  z  must  be  included  among  the  numbers 
mtt.     But  among  tliese  we  know  only  those  are  periods  for  which 
n  is  even,  orn  =  2  m.     We  have  thus  established : 

The  periods  of  sin  z  are  2  jmtt.     m=  ±1,  ±  2,  ■■• 

Since  all  of  these  are  multiples  of  2  tt,  this  is  called  the  primi- 
tive period. 

60.  Graphical  Study  of  w  —  siaz.     hat,  z  ilesnrihe  a  parallel  I 
to  the  3;-axis.      Then  z  —  x+ib  where  b  is  constant.      Tlien 
w  =  aiti(a:  +  i6)  =  sin  x  cosh  b  +  i  cos  x  sinh  b 
=  M  +  iv. 
Thus  to  the  point  s  whose  coordinates  are  x,  b  corresponds  in 
the  w-plane  a  point  whose  coordinates  are 

u  =  sin  X  cosh  S,     v  =  cos  x  sinli  b.  (1 


Thus  the  image  e  of  the  lino  I  is  the  curve  whose  equations  in 
parameter  form  are  1).  As  sin  a:,  cos  a:  have  the  period  2  tt,  we 
see  that  when  z  describes  a  segment  of  I  of  length  2  tt,  w  comes 
back  to  its  original  position  in  the  w-plane.  The  curve  1)  is 
thus  closed.     It  is  in  fact  an  ellipse.     For 


cosli^  b      sinh^  b 


-  sin^  x  +  a 
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Next  we   let  s  range  over   a  parallel  X.  to  tlie  i/-axis.     Theii 
=  «  + ij/,  where  a  is  constant.     As  before  we  have 

y)  =  Miii(a  +  iy)  =  sin  a  cosh  ^  +  i  cos  «  siiih  y 


As  2   ranges  over  X, 
metric  equations  are  3). 


M=  sin  a  cosh  y, 
V  =  cos  a  sinii  ^. 

w  will   descrihe  a   curve  f)   whoso   para- 
As  before  we  have 


jb^  a' 


:  cogh^ 


„i,-. 


0 


,nLl  hem 


=  1,    by  44,  4). 

Thus  ^  is  a  hyperbola. 

The  ellipses  2)  and  the  hyperbolas  4)  are  confocal 
cut  each  other  orthogonally. 

The  parallels  I,  X  divide  the  z  plane  into  a  set  of  reetaugles  R, 
to  which  corresponds  a  set  of  curvilinear  rectangles  9?.  When 
3  lies  in  some  R^,  the  corresponding  value  of  w  will  He  in  the 
image  9J„  of  R^.  Thus  the  smaller  the  rectangles  R  are  taken 
the  smaller  the  rectangles  9t  become  and  therefore  the  more  accu- 
rate is  our  knowledge  of  the  true  value  of  w. 


The  Hyperbolic  Functions 


61.    For  any  complex  z  we  define 
,.„=!,  ,  _  e'  +  e-'  _  1  _ 


(1 
(2 


From  these  we  further  defim 


1 
cosh  2 


(3 

(■1 
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We  saw  in  39,  4  that  the  aeries  1),  2)  converge  absolutely  for 
every  value  of  z.  The  domain  of  definition  of  sinhe,  cosh  a  is 
therefore  the  whole  z-plane.  That  of  the  four  functions  S)  4)  is 
the  Vi'hole  z-plane  except  those  points  for  which  their  respective 
denominators  vanish. 

Since  we  have  now  defined 

sinz     ,     COM  2     ,     si  II  h  2     ,     cosli  2 

for  all  values  of  2,  the  relations  68,  11),  12)  are  not  restricted  to 
real  t/  as  we  easily  see,  but  hold  for  any  complex  value. 

We  have  therefore  the  important  relations  connecting  the  cir- 
cular and  hyperbolic  functions,  viz.  : 

cos  iz  =  cosh  z,  (5 

tan  iz  =  *  l.uili  z,  titc.  (7 

These  relations  show   that   all   the  analytical   properties  of   the 
hyperbolic   functions   may  be   deduced   from   the  corresponding 
relations  between  tlie  circular  functions. 
Thus  the  iiddition  tlieorem 

sin  (u  +  v)=  sin  u  uo.-i  u  +  cos  u  sin  v 
^^"^^  sin  iiu  +  v)=i  sinh  (m  +  v) 

=  sin  iu  cos  tv  +  cos  iu  sin  iv 

=  I  sinh  «  cosh  v-i-i  cosh  u  sinh  v, 
or  dividing  by  i, 

sinh  (m  +  !i)  =  sinh  u  cosh  v  +  cosh  u  sinh  v.  (8 

bimilarly       ^^^  (^  +  w)  =  cos  m  ens  w  —  sin  w  sin  v 

S^^^^  cosh  (u  +  v')=  cosh  M  cosh  v  +  sinh  u  sinh  v.  (9 

The  formulse  8),  9)  express  the  adiUtion  theorem  of  the  sinh  and 
cosh  functions. 

Again  the  relation     ^^^3  ^  ^  ^^^^^  ^^  ^  ^ 

becomes  on  replacing  u  hy  iu 

sin^  iu  +  cos^  iu  =  1, 
»'■  eosh^M-sinhSw^l,  (10 

and  so  on. 
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In  a  similar  manner,  when  we  have  considered  differentiation 
and  integration,  we  shall  see  that  all  formulae  involving  these 
operations  on  circular  functions  go  over  into  corresponding  for- 
mulae for  the  hyperbolic  functions  on  using  the  relations  5),  6). 

A  student  of  a  new  subject  is  naturally  eager  to  see  its  use- 
fulness made  manifest  as  soon  as  possible.  We  submit  the  results 
just  obtained  as  an  example.  As  another  example  we  recall  the 
treatment  of  analytic  trigonometry  founded  on  Euler's  formula 
which  we  indicated  in  55.  We  adduce  also  the  elegant  manner 
of  establishing  the  formulfe  of  6.  Other  examples  will  occur  as 
we  advance. 

Lofjariih'ins 
62.   1.   In  the  equation  w^~  /i 

let  us  find  the  values  of  W  eorrcBponding  to  a  given  z.      We  set 

w  =  u  +  iv     ,     3  =  rpJt  (2 

Here  r,  0  are  known,  and  we  are  to  find  m,  v.     Putting  2)  in  1} 
gives  ,.  ,., 

Equating  moduli,  we  have  e"  —  r,  whence 

u  =  log  T.  (4 

Equating  arguments  in  3)  gives 

v=  0  +^  ivm     ,     m  an  integer.  (5 

This  shows  that  all  values  of  w  which  satisfy  1)  must  have  the 

*'''™  w  =  \ogr  +  ie  +  ^miri.  ((i 

If  we  set  these  values  of  tv  in  1)  wo  sec  that  they  do  in  fact  satisfy 

it.     Thus  6)  is  the  solution  of  1).     We  call  it  th^  logarithm  of 

z,  and  write  ,  ,- 

w  =  log  z.  (7 

There  is  a  slight  ambiguity  which  custom  and  usefulness  sanction. 
In  6)  the  symbol  log  r  means  the  logarithm  of  algebra.     For  each 
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positive  r,  log  r  has  one  and  only  one  value.  On  the  other  hand 
tlie  symbol  logz  has  an  infinity  of  values,  viz.  those  given  in  6). 
As  the  reader  is  never  seriously  in  doubt  which  of  the  two  mean- 
ings the  symbol  log  has,  there  is  no  need  of  denoting  w  by  a  new- 
symbol,  as  Log  z  for  example. 

2.    In  algebra  y  =  log  x  is  defined  by 


But  here  x  is  restricted  to  positive  values.  By  enlarging  our 
number  system,  the  equation  8)  admits  a  solution  whatever  value 
X  has,  the  value  x=  0  excepted.  In  doing  this  we  find,  however, 
not  one  but  an  infinity  of  solutions  as  given  in  6).  If  we  allow 
z  to  range  over  a  curve,  the  corresponding  values  of  w  will  trace 
out  an  infinity  of  congruent  curves  or  branches.  Each  value  of 
m  =  0,  ±1,  ±2,  ■•■  in  6)  will  give  one  of  these  branches.  The 
branch  corresponding  to  m  =  0  we  will  call  the  prineipal  branch. 
The  branch  belonging  to  a  special  value  of  m  as  n,  say,  we  may 
denote  by  log„  z. 

"T^"^  w„  =  log„  s  =  log  r  +  ^■£'  +  2  nm.  (9 

3.  The  relation         \ogxy  =  \ogx  +  \agy  (10 

established  in  algebra  for  positive  x,  y  is  called  the  addition 
theorem  of  logarithms.     It  is  an  immediate  consequence  of 

A  similar  relation  holds  in  the  complex  domain.     For  let 

Then  ^^  ^  rse'«+*'. 

Hence  by  2)  and  6) 

log  iiv  =  log  (ri)  +  iie  +  0)  +  2  niri  (11 

=  (log  r  +  i8  +  1  n'-ni)  +  (log  8  +  1^  +  2  n"m) 

when  Ji',  n"  are  any  two  integers  such  that 

n'  -i-n"  =  n. 

Thus  11)  may  be  written,  using  9) 

log.(«t,)  =  log,«  +  l„g,.,.  (12 
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If  we  leave  the  symbol  log  undetermined,  we  may  write  11) 

log  uv  =  log  u  +  log  V.  (13 

The  relations  12),  13)  express  the  addition  theorem  of  the 
logarithm  in  the  complex  domain.  Tliey  are  the  genei'alization 
of  10). 

4.   Let  ns  find  the  zeros  of  log  z.     If  we  set 
w  =  log  3  =  M  +  Z);, 


=  VlogV +  (9  +  2  miry. 
This  being  tlie  sum  of  two  squares  cannot  vanisli  unless 

log>-  =  0     ,     «  +  2«>7r=0, 
■"""I"'''  r=l     ,     9  =  ~2m,r, 

that  is,  z=\. 

Since  log  1  =  0  this  shows  that :  — 

The  funetion  log  Z  has  one  and  only  one  zero,  viz. :  z  =  1, 

5.  Branch  Points.  Let  z  describe  in  the  positive  direction  a 
circle  of  radius  r  about  the  origin.  Then  r  in  2)  remains  constant 
while  d  increases  from  say  ^  =  ^q  to  ^  =  ^^  +  2  tt.  If  we  start 
with  the  value  of  w  corresponding  to  6=0^  in  9),  w„  will  acquire 
at  the  end  of  the  circuit  the  value 

w„=\og  r-\-i(B^  +2  7r)+  2  niri 
=  logr  +  *^o  +  2C«  +  l)7r* 

Thus  a  circuit  about  the  origin  in  the  positive  direction  converts 
each  branch  w^  into  w„+j. 

Suppose  now  that  z  passes  around  O  in  the  negative  direction. 
Then  6  decreases  from  say  ^  =  ^^  to  ^  =  ^^  —  2  tt.  Thus  v>^  will 
have  at  the  end  of  the  circuit  the  value 

«.„=logr  +  z(^„-2x)  +  2n,rz- 
=  log  ?■  +  i^u  +  2(«  -  1)  iri 
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Thus  a  circuit  about  the  origin  in  the  negative  direction  converts 
each  branch  w„  into  w„_j. 

Finally,  let  z  describe  a  closed  curve  E  which  does  not  include  the 
origin  as  in  the  Figure.  In  this  case  both  r  and  8  vary  as  s  moves 
over  6.     But  if  z  starts   from    the  point  ^ 

z  =  z^  for  which  r=rj„  8=di,  as  in  the 
Figure,  obviously  r  anil  0  acquire  these 
same  values  when  z  has  returned  to  z„. 
Thus  if  we  start  out  with  the  value  of  w 
corresponding  to  r  =  r^,  8  =  ^t,  in  9),  w„ 
will  have  this  same  value  when  z  has 
returned  to  z^.  Hence  each  wi„  remains 
unaltered  when  z  describes  a  closed  curve  which  does  not  enclose 
the  origin  z  =  0. 

Since  the  branches  w„  permute  when  z  describes  a  circuit  about 
the  origin  2  =  0,  this  point  is  called  a  branch  point.  There  is  no 
other  point  in  the  2-plane  having  this  property ;  that  is,  s  =  0  is 
the  only  branch  point  of  the  logarithmic  function  w  =  log  z. 

Since  log  x  in  the  real  domain  is  not  defined  for  a:  =  0,  it 
follows  that  the  formula  6^  has  no  meaning  for  y  =  0 ;  that  is, 
when  2  =  0.  Thus  the  domain  of  definition  of  w  is  the  whole 
3-plane  excepting  2  =  0. 


63.  The  Fuactioo  2". 

we  define  the  svmbol 


Letting  fi  denote  any  complex  number, 
2(1  by  2^  =  e'''"^'  (1 


Let  _ 

^  log  z  =  log  »•  +  i'l^  +  2  STj-j,        s  an  integer. 

Hence  1)  gives  ^^  ^  ^^io^r^i^^^,^.i_  C2 

Let  ns  consider  special  eases  of  the  exponent  /*. 
1°   ^  a  positive 


2)  becomes 

But  by  algebra, 
Hence 

which  agrees  with  4,  4). 
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2°   fj.  a  negative  integer.     Let  ;*=  —  «..     Then  we  find 


as  in  algebra. 

3°   /J.  =  —  ,  a  fraction.    Here 


an  n'"  root  of  unity  by  55,  5). 

Hence  2"  =  -C/^- w  ■  e^*  *■* 

as  in  algebra.     Here  the  radicial 

has  the  value  heretofore  assigaed  to  it ;  that  is,  it  is  tlie  positive 
real  root  of  the  positive  real  number  r™.  One  often  denotes  the 
right  side  of  4')  by  „  — 

i°   /i  a  real  number  not  a  fraction,  and  z  real  and  positive. 

Let  us  denote  this  value  of  z  by  a.     Here  ^^  =  0,  r  =  a.     Then 


as  is  shown  in  algebra.     Then  2)  gives 

z"  ^  a^e^i^^i     ,     s  ==  0,  ±  1,  ±  2  —        (5 

This  shows  that  in  this  case   e^   has  an  infinity  of   values,  each 
differing  from  the  others  by  a  factor  of  the  form 

For  8=0     ,     3"  =  a". 

2.  From  the  foregoing  it  follows  that  the  function  1)  is  in 
general  infinite-valued,  as  the  logarithm  is.  If  we  give  to  log  s  a 
definite  one  of  its  many  values,  the  exponent  on  the  right  side  of 
1)  takes  on  a  definite  value,  as  ii,  say.  Then  1)  gives  2^  as  the 
absolutely  convergent  series 

^1!^2!^3!^ 
Its  value  is  thus  completely  determined. 
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3,  Suppose  fj-  is  not  a  positive  or  negative  integer  or  0,  Then 
z  =  0  is  a  branch  point  of  a".  For  if  we  start  s,t  z  =  a  with  one  of 
the  many  values  of  w  =  z^,  w  will  not  have  this  value  when  s 
describes  a  circuit  about  the  origin. 

Since  s  =  0  is  the  only  branch  point  of  log  z,  the  only  branch 
point  of  w  is  also  z  =  0.  That  is  to  say,  if  we  start  at  a  =  a  with 
one  of  the  many  values  of  v>,  as  w^'  *nd  allow  s  to  describe  a  closed 
curve,  which  does  not  enclose  the  origin,  w  will  return  to  its 
original  value  w^  when  3  returns  la  z~  a. 


Inverse  Circular  Functions 

64.  1.  In  trigonometry  we  learn  that  the  equation 

sin  y  =  x  (1 

has  two  sets  of  solutions  y  when  0<  ar  <  1,     If  ^  =  ?/q  is  one  solu- 
tion of  1),  all  solutions  are  given  by 

^=.^,+  2m.,  ^,„^o,  ±1,±2,...  (2 

y  =  TT  -  2/o  +  2  nTT, 

Thus  1)  defines  an  infinite- valued  function  which  is  denoted  by 

y  =  sin~^  or  y  =  arc  sin  x. 

Of  these  two,  we  shall  employ  tlie  latter  only. 

Let  us  now  pass  to  the  domain  of  complex  numbers.     We  seek 

the  solution  w  oi  .  ,„ 

sm  MP  =  3  (d 

where  z  is  any  given  complex  number. 
Now  by  58,  8)  .„_  _;„ 

sin  w  =  -■■-■-. — • 


This  in  3)  gives  2f„  _ 

or  setting 

we  get  ^s  _ 

Solving  this  for  t,  we  get 
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where  the  radical  may  have  either  of  its  two  values.  From  4)  we 
have,  taking  the  logarithm  of  both  sides, 

As  the  log  is  infinite-valued  and  as  the  radical  may  have  either 
sign,  we  see  that  3)  admits  a  twofold  infinity  of  solutions.  If  we 
denote  these  solutions  by  are  sin  z,  we  have 


2,   Let  us  show  that   the   relations   2)  still  hold  for   complex 
values.     Let  us  set 

is  one  of  the  determinations  of  log  Zj,  all  the  otlier  determina- 
tions of  log  2j  arc  given  by 

i^  4-  2  m-n-i, 
as  we  saw  in  62,     Thus  if 

u  =  l  logAiz  +Vl^^z^l  -  ]  log  ^1 

is  one  of  the  values  of  5)  when  the  radical  is  taken  with  the  posi- 
tive sign,  all  the  other  values  of  5)  for  this  determination  of  the 
radical  are  given  by 

u  +  2  mi7     ,     m  an  integer.  (7 

-  Vr^r^^S^liog^, 

is  one  of  the  values  of  5)  when  the  radical  has  the  negative  sign, 
all  the  other  values  of  5)  for  this  determination  of  the  radical  are 
given  by 

V  -f-  Im-TT     ,     m  an  integer.  (8 

Now 


.  log  Z,Z^,  (9 
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the  logarithm  on  the  right  being  properly  determined.      But 

^"*^  log(-l)=7ri  +  2n7ri. 

Thus  9)  gives  M  +  V  =  TT  +  2  «7T, 

*^^  v  =  Tr  -u  +  a  multiple  of  2  •jr. 

Putting  this  value  of  v  in  8)  It  becomes 

TT  —  M  +  2  STT     ,     s  an  integer.  (10 

Thus  all  the  values  6),  that  is,  of  arc  sin  2,  are  given  by  7)  and 
10).     We  have  therefore  shown  : 

If  w  =  w^is  a  solution  of  3),  all  solutions  of  3)  are  given  by 

W  =  w^-\-^mir     ,     w  =  7r-«^„  +  2m7r,  (11 

where  m  =  0     ,     ±  1,  ±  2  ... 

S.    Since  3  =  1,  3  =  —  1  are  branch  points  of 


Vr^r^=  V- (3  -  1)(3  + 1), 

we  see  that  when  z  describes  a  small  circuit  O  about  one  of  them, 
Z-^  and  Z^  permute.  Thus  if  at  z=  3g  we  start  out  with  one  of  the 
values  of  w  at  this  point,  say  w  =  w^,  and  allow  s  to  pass  around  C, 
w  will  ni)t  return  to  its  original  value  Wg  when  z  returns  to  Sq. 
Thus  s  =  1,  and  z  =  —  1  are  branch  points  of  w. 

Let  us  see  if  there  are  any  other  branch  points  for  w  =  arc 
.   sin  z.     Since  z  =  1,  ^  =  —  1  are  the  only  branch  points  of 

Z=:iz+V\^^\ 

the  only  other  branch  points  of  w  must  be  branch  points  of  log  Z, 
that  is,  points  s  =  a  f or  which  Z=Q.     But  the  relation 

la  +  VT^T^  =  0 
gives  —  o?  =  l  ~  cfl, 

or  1  =  0, 

which  is  absurd.     We  have  thus  shown  that : 
The  branch  points  of  the  function 

w  =  arc  sin  z 
are  the  points  s  =  1,  z  =  —  1,  and  only  these. 
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4,   In  a  precisely  similar  manner  wis  msiy  define  and  study  the 
other  inverse  circular  functions 

are  cos  z    ,     arc  tan  z     ,     etc. 

We  will  not  take  space  to  do  this,  as  it  is  all  too  obvious.     We 
note,  however,  that  the  solution  of  the  equation 

tan  w  =  z  (12 

'^  fv  =  —  log  ^  tH  =  arc  tan  z.  (13 

Its  branch  points  are 

3  =  4  and  2  =  —  I. 
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CHAPTER  V 
REAL  VARIABLES 

65.  Many  readers  of  this  book  have  studied  the  calculus  chiefly 
with  the  view  of  learning  its  technique  and  of  applying  it  to 
geometry,  mechanics,  physics,  etc.  Such  students  have  little  time 
to  spend  on  demonstrations,  and  it  ia  natural  that  their  ideas  of 
the  limiting  pi'ocesses  which  lie  at  the  base  of  all  the  principles 
and  method  of  the  calculus  are  often  vague.  It  seems  best,  there- 
fore, to  insert  a  chapter  at  this  point  whose  object  is  to  briefly 
treat  such  topics  of  the  calculus  as  we  shall  need  in  the  course  of 
this  work.  It  will  be  our  purpose  rather  to  refresh  the  reader's 
memory  and  to  illuminate  the  subject  than  to  repeat  demonstra- 
tions or  to  discuss  delicate  points.  One  may  therefoi'e,  turn  over 
the  following  pages,  reading  such  parts  as  are  not  quite  familiar ; 
or  he  may  pass  at  once  to  the  next  chapter  and  return  to  this  one 
when  further  explanations  are  necessary. 

66.  Notion  of  a  Function.  1.  The  functions  used  in  the  calculus 
are  usually  made  up  of  simple  combinations  of  the  elementary 
functions,  as 

!/  =  sm a;  +  ■    - ,  (1 

loga; 

(2 


Or   they   are   defined   implicitly   by   equations   between   such 
functions,  as  for  example, 


The  equation  1)  defines  y  as  a  function  of  the  independent  varia- 
ble X.     But  when  a:  <  0,  log  x  has  no  sense,  the  variables  being 
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real.  Also  Vl  — ar*  is  not  real  when  a^  >  1 .  Finally,  when  x=l, 
]ogx~0^  and  the  denominator  in  1)  vanishes.  Thus  1)  defines 
p  only  for  0  <  «  <  1.  These  values  of  x  form  the  domain  of  defi- 
nition oi  y. 

2.  Let  us  turn  now  to  2).  This  relation,  defines  m  as  a  function 
of  two  variables  x,  y.  We  note  that  the  denominator  either  =  0 
or  is  not  defined  when  the  point  «,  y  lies  on  one  of  the  lines, 

x  +  y  =  m-'^,        m  =  0,  ±1,  ±2...  (4 

Also  the  radical  Vsin  y  is  not  real  when  &\s\y  is  negative,  that  is, 

^^^'^  (2«-l)7r<*/<2K7r,  «  =  0,  ±  1,  ±  2  ...  (5 

The  domain  of  definition  of  u  embraces  thus  that  part  of  se,  y  plane 
after  removing  the  lines  4)  and  the  bands  5)  which  are  parallel 
to  the  avaxis  and  of  width  tt. 

3.  It  is  convenient  to  generalize  our  definition  of  a  function. 
To  fix  the  ideas,  let  us  take  a  single  independent  variable  x.  Let 
us  mark  a  certain  set  of  points  on  the  3;-asis  and  denote  them  by 
%.  At  each  value  of  x  in  3[.  let  us  assign  to  y  one  or  more  values 
according  to  some  law.  Then  we  call  y  a  function  of  x,  and  we 
call  St  its  domain  of  definition. 

To  illustrate  this  let  ua  take  the  function  1).  For  the  point 
set  21  we  take  the  values  of  x  such  that  0  <  a;  <  1,  that  is,  the 
interval  (0,  1)  except  the  end  points.  The  value  we  assign  to  y 
for  a  given  a;  in  31  is  the  value  that  the  right  side  of  1)  has  for 
this  value  of  x. 

Another  illustration  would  be  the  temperature  gi  at  a  given 
place  at  a  given  time  x.  If  we  were  concerned  only  with  tem- 
peratures from  the  time  x  —  a,  to  the  time  a;  —  6,  these  would 
define  j/  as  a  function  of  x  in  the  interval  3I=:((t,  J),  and  this 
would  be  its  domain  of  definition.  This  would  be  an  example  of 
a  function  which  is  not  defined  by  an  analytic  expression  as  in  1). 

As  an  illustration  of  a  function  of  two  variables  not  defined  by 
an  analytic  expression  we  may  take  the  following.  Let  x  denote 
the  latitude  and  y  the  longitude  expressed  in  circular  measure  of 
a  point  on  the   earth's  surface.     Let  u  denote  the  temperature 
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at  the  earth's  surface  aL  one  and  the  same  instant.  As  the  lati- 
tude is  restricted  to  lie  between  —~  and  ~,  and  the  longitude 
between  —  tt  and  tt,  we  see  the  domain  of  definition  of  v,  is  the 
rectangle  -^  ^      ^-^  ^      ^ 

67.  Limits.  1.  We  have  ah'eady  discussed  the  notion  of  a 
limit  of  a  sequence  of  numbers 

«„  ih.  a„  -  (1 

when  studying  series.  In  the  calculus  we  use  the  notion  of  limit 
also  in  another  way.  Thus  in  delining  the  derivative  of  a  func- 
tion y  =f{p)  we  form  the  difPerenoe  quotient 

^y^f(x  +  }i)-f(x)  ,2 

£^x  h  ^ 

and  allow  the  increment  h  =  Ax  to  converge  to  0  by  passing  over 
all  values  near  h  =  0.  The  value  A  =  0  is  excluded,  since  this 
would  make  the  denominator  in  2)  vanish.  What  do  we  mean 
by  the  limit  of  2)  as  A  =  0  ?  The  value  of  x  being  fixed,  the 
quotient  2)  is  a  function  of  h;  let  us  denote  this  by  qQt).  If 
now  q(li)  converges  to  some  fixed  value  i  as  A  =  0,  we  mean  that 
q  may  be  made  to  differ  from  I  by  an  amount  as  small  as  we 
please,  say  by  <  e,  provided  k  remains  numerically  <  some  posi- 
tive number  S. 

Graphically  we  may  state  this  as  fol-      — j | i 

lows.     Let  us  plot   the   values  of  q  ■  for 

values  of  h  near  ^  =  0,  on  an  axis  which „__^ ',^  •   !'' 

we  may  call  the  q-a,xis.    With  Z  as  a  center 

we  may  lay  off  aii  interval  of  length  2  e.  Then  if  q  =  l  as  A  =  0, 
there  must  exist  an  interval  (—5,  S)  on  the  A-axis  such  that  q 
falls  within  the  e  interval  when  h^O  is  restricted  to  lie  within 
the  S  interval. 

This  graphical  formulation  of  the  notion  of  a  limit  may  be  put 
in  analytic  form.  By  the  phrase  q(K)  =  l  as  ^=  0  we  mean  that 
for  each  e  >  0,  there  exists  a  S  >  0  such  that 

provided  0  <  |  A  |  <  S. 
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The  reader  should  think  this  over  carefully  and  see  that  this 
analytic  formulation  exactly  represents  the  above  graphical  for- 
mulation. 

2.  This  notion  of  the  limit  is  used  in  many  other  parts  of  the 
calculus.     We  will  therefore  state  the  definition  quite  generally. 

Let  the  function  y  =f(x)  be  one-valued  about  the  point  x  =  a. 
When  we  s^j  f(x')  =  l  as  »==a  or  otherwise  expressed  that  the 
limit  oif(x)  =  I  for  x=  a,in  symbols 

\\mfix')=l,  (3 

we  mean  this ; 

For  each  e  >  0  there  exists  a  S  >  0  such  that  ]f  (x')  —  l\<e  pro- 
vided 0  <  \x-a\<  B. 

The  last  sentence  will  be  expressed  more  briefly  by  a  line  of 
symbols, 

e>0     ,     S>0     ,     \f(x')-l\<e    ,     0<]x-a\<S,        (4 

and  such  a  line  of  symbols  is  to  be  read  as  the  sentence  above  in 
italics. 

3.  The  reader  will  note  the  similarity  ot  this  definition  and 
that  employed  in  16. 

Almost  all  students  dislike  this  e  form  of  the  definition  when 
first  presented  to  them.  It  seems  so  much  easier  to  think  oif(x) 
converging  to  i  as  a:  converges  to  a.  Why  bother  about  these 
e's  and  S's  ?  In  reply  we  refer  the  student  to  the  remarks  made 
in  16.  Fortunately  the  intuitive  form  of  the  definition  of  /  con- 
verging to  its  limit  is  usually  quite  sufficient,  and  we  shall  avoid 
the  e's  as  much  as  possible.  When  we  do  employ  them,  it  will  be 
to  aid  clear  thinking.  When  the  reader  can  think  clearly  with- 
out the  e's,  let  him  do  without  them. 

4.  The  reader  should  note  that  when  the  limit  3)  exists, 
/(a;)=?when  x  converges  to  a  from  the  right  side,  or  when  it 
converges  to  a  from  the  left.  For  by  the  definition  given  in  2, 
the  only  restriction  on  x  is  to  remain  in  the  B  interval,  excluding, 
of  course,  the  value  x  =  a.  It  can  therefore  approach  a  from 
either  side,  and/(a^)  must  ^  I  in  either  case. 
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5.  From  tlio  definition  o£  a  limit  we  conclude  that  when  3) 
holds,  we  may  write 

/W=Ue'  (6 

and  know  that  |e'[  <  e  provided  x  lies  in  some  B  iutervaL     We 
may  also  say  in  this  case  that  e'  =0  a.s  x  =  a. 

68.  Limits  for  Two  Variables.  Let  us  now  consider  limits  of  a 
function  of  two  variables.  Suppose  the  one-valued  function  is 
defined  in  a  certain  domain  31.  Let  x  =  a,  i/  =  bhe  a,  point  «  of  S 
Then  w(«,  i)  is  the  value  of  u  at  the  point  «.  More  briefly  we 
may  denote  this  value  by  «(«). 

Let  us  describe  a  circle  of  radius  S  about  a.  The  points  x,  y 
within  this  circle  may  be  called  the  domain  of  this  point  of  norm  S, 
and  denoted  by  any  one  of  the  symbols 

i)j(a,  h)     ,     _»(«,  5)     ,     -Z>3(«)     :     -Z*(«)- 

The  simpler  forms  may  be  used  when  no  ambiguity  can  arise. 

When  the  center  «  of  this  domain  is  excluded,  we  indicate  this 
fact  by  a  star,  thus  S*. 

What  now  do  we  mean  when  we  say :  m  converges  to  I  as  the 
point  ^='X,  y  converges  to  a  =  a,  fe  V     In  symbols 

u  =  l     ,     as  I  =  «. 

We  mean  just  this:    Let  us  plot  the  values 

of  It  on  an  axis,  the  «-axia.    With  Z  as  a  center 

we  lay  off  the  e  inteiwal  as  in  the  figure. 

About  the  point  a  =  a,  b  we  describe  the  5 

circle  in  the  x,  y  plane  of  radius  S  as  in  the 

figure.    Then  for  each  e  interval  there  must  ^ls.ias    ^       i-^  \  i+t" 

exist  a  S  circle  such  that  m  remains  within 

this  interval  when  the  point  x,  y  remains  within  this  circle,  the 

center  a,  6  excluded. 

Analytically  we  may  formulate  this  as  follows: 

The  limit  of  u(^x,  y}  for  x  =  a.  y  =  b  is  I,  or  in  symbols, 

lim  u(x,  y')  =  I 
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when  for  eacL  e  >  0,  tliere  exists  a  5  >  0  such  that 

\u(x,y)-l\<t 
when  X,  y  lies  in  I>^*(a,  b). 

The  reader  will  note  that  the  definition  of  a  limit  for  a 
variable  is  a  special  case  of  the  one  just  given,  the  domain 
point  «=a,  5  reducing  to  an  interval. 

He  should  also  notice  that  in  passing  to  the  limit  the  poi 
is  never  allowed  to  become  a  —  a,i;  tliat  is,  x,  y  ranges  in 
and  not  in  i>(«). 

69.  Continuity-  1-  Let  y=f(x')  be  a  one-valued  function  i 
interval  31  =  {p,  q)  whose  graph  is  given  in  Fig.  1.  The  f 
shows  that  y  is  continuous  in  31 
except  at  the  point  x  =b.  Let  us 
formulate  the  notion  of  continuity 
analytically.  To  this  end  we  note 
how /'(a:)  behaves  at  a  point  of  con- 
tinuity as  x=  a,  and  about  the  point 
of  discontinuity  x—b. 

Let /■(»;)  have  the  value  a  ^t  x  —  a. 
Then  as  x=  a,  we  see  that  y  =  a;  in  symbols 

On  the  other  hand,  at  the  point  x—b,  the  ordinate  does  not  eon- 
verge  to  a  definite  value.  For  when  x  —  b  on  the  left  y  =  ^'; 
when  x  =  bon  the  right,  y  =  ^".  Uut  if  the  reader  will  turn  back 
to  67,  4,  he  will  soe  that  when 

Im/fr) 

exists,  f{x)  must  converge  to  the  same 
value  whether  x^b  on  one  side  or  on  the 
other. 

Another  case   of   discontinuity  is   illus- 
trated by  Fig.  2.     Here  y  —fix)  is  a  one- 
valued   function   whose   value  at  x=  a  is 
defined  to  be  y=(t.    The  figure  shows  that 
lim/W_a'. 
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Here  the  limit  exists,  but  its  value  is  not  the  value  that /(a;) 
has  assigned  to  it  at  this  point  which  is  «. 

These  considerations  lead  us  to  say  : 

The  function /(x")  is  continuous  at  x  =  a  when  and  only  whenf{x) 
converges  to  the  value  off  at  «,  that  is,  when 
lim/(«)=Aa). 

Therefore  if  lini  f(x')  does  not  exist  3,i  x  =  a,  or  if  it  exists  but 
has  a  value  different  from  the  value /(((),  then  we  must  say  that 
/  is  diaeontinuous  at  a:  =  a.  If  /(j^)  is  continuous  at  each  point  of 
an  interval  3t=  (p,  5)  we  say/ is  Gontimwus  in  31. 

2.  When  /(«)  is  continuous  at  x  =  a,  we  know  that  the  value 
of/(x)  differs  from  its  value  at  x=a  by  an  amount  as  small  as  we 
please  if  x  is  only  kept  sufficiently  near  a.     In  symbols 

/«=/(«)  +  «'  (1 


where  e 


iCla 


i'i<^ 


This  is  the  same  as  saying  that 
providing  \x~a\<  some  B. 


(2 


3.  Letf(x)  be  continuous  in  St  =  (^,  j).     Let  us  takee>0  at 
pleasure  and  fix  it.     At  any  point  x=a  we  lay  off  the  S  interval 

about  a  as  in  Fig.  3  such  that  the  e'  ^ ^ 

in  1)  satisfies  the  inequality  2).  Let 
us  pass  to  another  point  b  in  31  and 
lay  off  the  corresponding  8  interval 
about  h,  such  that  e'  again  satisfies 
2).  At  the  point  x  =  b  the  curve  is 
steeper  than  at  a,  and  therefore  the 
8  interval  at  h  is  shorter  than  at  a, 
that  is,  the  value  of  S  at  i  is  less 
than  at  a.  The  reader  will  note,  how- 
ever, that  as  a  ranges  fi-om  ptoq  the 
value  of  B  corresponding  to  the  dif-  ''^"' "' 

ferent  values  of  a  will  never  sink  below  some  positive  number  i}. 
In  other  words,  for  the  value  of  e  that  we  have  been  using,  there 
exists  an  jj  >  0  such  that /(a:)  differs  from  /(a)  by  an  amount  <e 
when  I  s;  —  a  I  <  tj  ;  and  here  a  is  any  point  in  H. 
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If  we  expressed  this  in  symbols,  we  would  say  that  for  each 

€>0,  and  for  any  and  all  points  a  In  31,  there  exists  a  fixed  jj>0 

such  that 

|/(^)-/(«)|  <€     ,     provided  1 3;- a  |<7,.  (:5 


Or  what  is  tlie  same, 
where 


f'l<' 


provided      \x  —  a  \<rj. 


(i 


This  important  property  of  a  continuous  function  in  an  interval 
%  is  expressed  by  saying  that  /(»)  converges  uniformly  to  f(a) 
in  H  ;  or  in  symbols 

/(x)  =  f(a')  uniformly  in  31. 

The  reader  should  remember  that  here  a  is  a  variable  point  in  the 
interval  St. 

4.  When  /(a:)   has  a   point   of   dis- 
cbntinuity  in  91  =  (y,  5)  as  at  a;  =  e  in 
Fig.  4,  the  reader  will  see  at  once  that 
tailing   €  >  0   small   enough    and    then 
fixing    it,    there    is    no    con-esponding 
J)  >  0  such  that  3)  or  4)  holds  wher- 
ever a  is  taken  in  ti.    To  make  this  perfectly  clear  we  have  taken 
€  as  in  Fig.  4,  and  laid  off  the  corresponding  S  interval  at  a  point  a. 
The  refider  will  see  at  once  that  for  a 
point  h  very  near  «,  the  length  of  the  S 
interval  will  be  determined  by  the  fact 
tl^at  it  cannot  contain  tlie  point   x  =  e. 
J>Dr  in  any'interval  containing  this  point 
f(x)  could  differ  from/(5)  by  an  amount 
far  greater  than  the  small  quantity  e,  as  pi, 
Fig.  5  shows. 

5.  Finally  let  us  consider  the  function 

f{x)  =  tan  X. 
This  is  defined  for  all  x  not  included  in  the  point  set 
,  TT  ,3  ,5 
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Let  X  range   over  the  point  set  3t  <leflned  by  0^»<— ■      This 
may  be  denoted  by  [O,  ^    ),  the  star  *  indicating  that  the  end 
point  —  is  omitted.     We  call  sueli  a  set  an  mcomplete  interval. 
Obviously  /(«)  is  continuous  at  each  point  x  =  a  oi  %  for 
lim  tan  x  =  tan  a. 

It  is  not  uniformly  continuous  in  H.  For  in  the  relation  2)  we 
see  that  S  must  =  0  as  the  point  a  approaches  -.  There  exists 
therefore  no  i)>0  such  that  3)  or  4)  holds. 

6.  The  analytic  definition  of  continuity  can  be  extended  at  once 
to  functions  of  any  number  of  variables.  For  clearness  let  us 
take  two. 

Let  the  one-valued  function  u(^x,  y)  be  defined  in  some  domain 
D  about  the  point  x  =  a^  y  —  ^-  Then  u  is  continuous  at  this 
point  when  u(x^  y')  converges  to  m(o;,  J)  as  the  point  x,  y  con- 
verges to  the  point  a,h;  in  symbols  when 

Jim^u(x,y-)^uia,h). 

If  u(x^  y)  is  continuous  at  each  point  belonging  to  some  point  set 
31,  we  say  m  is  continuous  in  31. 

7.  Let  m(^x,  y')  be  continuous  at  the  point  a,  b.     If 

there  exists  a  domain  -Z)j(«,  6)  about  «,  h  such  that  in  it  u(x,  y)  has 
the  same  sign  as  c. 
..For  since  u  is  continuous  at  a,  i  there  exists  a  S  >  0  suoli  that 

|«(«,S)~.|<c  (5 

when  a,  y  is  restricted  to  D^(a,h').     But  5)  is  equivalent  to 

«-.<«(«,  y)«!  +  ..  (6 

Obviously  as  c  is  ^  0  we  may  make  e  >  0  so  small  that  c  —  e  and 
c  +  e  have  the  same  sign  as  c. 
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8.    If  M(ir,  y)  is  continuous  at  a,  b 

\uix,  y')\<mm&  G  (7 

in  7)^(a.  ti)  for  a  sufficiently  small  S  >  0. 
Tljis  follows  at  once  from  6). 

70.  Geometric  Terms.  1.  At  this  point  it  will  be  convenient  to 
introduce  some  geometric  terms  which  we  shall  need  constantly. 
We  begin  by  considering  the  point  set  3[  formed  of  the  points 
within  a  circle  ^,  tiiat  is,  in  the  interior  of  ^,  Any  point  a  of  31  is 
such  that  we  may  describe  a  circle  c  about  it  as  center,  and  all 
the  points  within  e  form  a  part  of  ?[.  In  other  words,  ST  is  such 
that  any  point  a  of  it  is  surrounded  by  some  domain  i)s(a)  which 
also  lies  in  §!•  As  a  approaches  S,  S  =  0,  But  for  each  given  a, 
Sis  >0. 

We  may  now  generalize.  Let  21  denote  any  set  of  points  in  the 
plane.  If  2t  is  such  that  each  of  its  points  a  has  a  domain  DC^a) 
which  also  lies  in  %,  we  call  the  point  set  31  a  region. 

For  example,  the  two  curves  Cj,  O^  in  Fig.  1 
define  a  ring  9t  whose  boundary  or  edge  @  is 
formed  by  them.  The  set  of  points  31  in  the  ring 
3t  but  not  on  its  edge  @  form  a  region. 

Let  us  look  at  the  set  of  points  id  formed  of  31 
and  the  curve  Cy  in  symbols  the  point  set 

®  =  H  +  Cj. 

The  set  ^  is  not  a  region.  For  let  e  be  a  point  of  t\  -is  in  Fig.  2. 
Then  however  c  is  taken  it  will  contain  points  of  33  and  points  not 
inSS. 

As  another  example  of  a  region,  let  31  be  the 
point  set  formed  of  all  the  points  of  the  x,  y 
plane  except  the  points  lying  on  a  finite  num- 
ber of  ordinary  cui-vea,  and  also  a  finite  number 
of  isolated  points.     Obviously  ?[  is  a  region. 

We  say  a  region  SI  ia  connected  when  any  two  of  its  points  can 
be  joined  by  a  curve  lying  in  St. 

If  tlie  boundary  of  a  connected  region  is  a  closed  curve  without 
double  point,  we  call  it  a  simple  region. 
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2.  Let  SI  be  a  connected  region  whose  boundary  or  edge  fS  is 
formed  of  a  finite  Jiuniber  of  ordinary  closed  curves  or  points. 
Tiie  point  aet  S  formed  of  31  and  S,  that  is,  S  =  St  +  @,  we  call  a 
eonnex.  If  SI  is  a  simple  region,  the  corresponding  connex  S  is 
called  simple  also, 

8.  The  reader  will  note  that  the  definition  of  continuity  given 
in  69,  6  requires  that  if  u(x,  y')  is  continuous  in  a  connex  @,  it  must 
be  continuous  at  each  point  of  its  edge,  and  this  requires  that  wis 
defined  as  a  one-valued  function  for  all  points  in  some  IKji)  of  e. 

4.  Let  SI  be  a  connex  or  a  connected  region.  Let  P  be  any 
point;  it  may  or  may  not  lie  in  §1.  Let  r  be  the  radius  vector 
joining  i*  to  a  point  z  of  SI.  If  z  can  d 
continuous  curve  lying  in  31  such  that  r 
a  complete  revolution  about  P,  we  say  that  3 
cyelie  relative  to  P,  otherwise  acyclic 

Thus  in  Fig.  3  let  31  be  the  ring-shaped  figure 
bounded  by  (7j,  Cg.  Then  31  is  cyclic  relative  to 
L  and  M,  but  acyclic  relative  to  N. 

71.  Uniform  Continuity.  Let  us  now  show  that  if  u(x,  y)  is 
continuous  in  a  connex  @  it  is  uniformly  continuous.  By  this 
we  mean  the  following.  Since  u  is  continuous  at  a  point  a,  h  of 
31  we  have 


uix,y 


=  u(a,  b)  +  €' 


1^:  <^ 


if  only  X,  y  lies  in  some  domain  i)^(«,  S)  of  the  point  a,  h.  We 
say  now  that  the  point  set  S  being  a  connex,  S  cannot  sink  be- 
low some  minimum  value  jj  >  0,  as  the  point  a,  J  ranges  over  E. 
For  say  that  as  a,  i  converges  to  some  point  «,  yS  of  S,  S  =  0. 
Since  m  is  continuous  at  a,  /3, 

if  X,  y  lies  in  some  -D„(a,  ff). 

But  then  S  cannot  =  0,  for  as  the  point  «,  h 
converges  to  the  point  a,  /3,  the  figure  shows 
S=i7,  and  not  to  0.  Since  therefore  S  cannot 
=  0  as  d,  J  T'anges  over  E,  it  follows  that  there 
exists  an  jj  >  0  such  that 

«(a:,  */)=  m(«,  i)  +  e'l     ,     e'  |  <  £         (2 
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wherever  the  point  a,  h  is  taken  in  (§.,  provided  x,  y  lies  in 
I>^(a,  b'),  the  norm  i?  being  the  same  wherever  a,  b  may  be  in  IS. 

We  may  thus  state  the  following  theorem,  which  for  our  fur- 
ther development  is  of  utmost  importance  : 

If  u(x,  y)  i%  continuous  in  a  eonnex  E,  *(  is  uniformly  continuous 
in  £;  or  in  other  words  the  relation  2)  holds  in  S- 

72.  Differentiation,  1,  We  touched  on  this  subject  by  way  of 
illustration  in  67,  We  wish  now  to  discuss  it  more  fully.  Let 
y  ^f{x')  be  a  one-valued  function  in  the 
interval  91  =  (a,  S)  whose  graph  is  given  in 
Fig.  1,    If  we  give  to  x  an  increment  h  =  Ax,  Q/' 

the  function  receives  an  increment 

Ay»/(r+4)-/(T). 

The  quotient 


is  called  the  difference  quotient.     P'roni  the  figure  we  see 

^  =  tan^.  (2 

As  Ax  =  0,  the  fiecant  PQ  converges  to  a  limiting  position, 
viz.  the  tangent  at  P. 

We  call  the  limit  of  1)  when  h=0  the  differential  coefficient  at 
the  point  x  and  write 

!i=;'(«)=lia,-a?i±Ai=A^-).  (3 

dx  A-o  h 

If/  has  a  differential  coeiHcieiit  at  each  point  of  some  interval 
A,  we  s&y.f  has  a  derivative  in  A ;  tlie  value  of  this  derivative 
at  apoint  a:  of  A  is  given  by  3). 

2.  Let  us  consider  the  function 

J/ =  (a. -1)1  (4 

The  graph  of  this  function  is  given  in  Fig.  2.     It  has  a  point 
of  inflection  with  a  vertical  tangent  at  a;=  1.     We  see  here  that 
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the  secant  PQ  converges  to  a  vertical  posi- 
tion.   The  difference  quotient 

A^/^      1 

is  always  >  0  and  increases  indefinitely  as 
Ax  =  0.    We  say  its  limit  is  +  co  and  write 


"£=/'w= 


for     1  =  1. 


s 

n 

P 

' 

J\ 

To  say  that  a  variable  q  has  the  limit  +  oo  as  x  =  a'\%  only  a 
short  way  of  saying  q  has  no  limit  at  a;  =  a,  hnt  that  it  increases 
without  limit  as  a:  =  a. 

Strictly  spealiing  the  function  4)  has  no  differential  coefficient 
at  a;  =  1.  Usage,  however,  permits  us  to  say  its  differential  coeffi- 
cient is  -!-  CO  at  this  point.  We  also  say  the  derivative  f'(x)  is 
definitely  infinite  at  this  point,  meaning  thereby  that  the  differ- 
ence quotient  does  not  change  its  sign  about  x=i. 

3.  Let  us  consider  the  function 

y=(x  —  1)*     ,     radical  with  positive  sign. 

The  graph  of  this  function,  Fig.  3,  has  a  ver- 
tical cusp  at  »;  = 


At  this  point      ^y^^^y^ 


Ax 

It  is  thus  positive  for  positive  Ax,  and  nega- 
tive when  Ax  is  negative.    Thus 


A?= 


on  the  right, 
.     ■       left. 


Here  we  cannot  say  that  the  difference  quotient  Ajz/Aa;  converges 
to  any  value,  not  even  to  an  improper  limit  as  -f-  co,  or  —  oo,  since 
it  changes  its  sign  in  any  interval  about  x=l. 

4.  Let  us  now  consider  the  differentiation  of  a  function  of 
several  variables.  For  clearness  let  us  take  a  function  u(jc,  y')  of 
two  variables  which  we  suppose  is  one-valued  in  some  domain  D 
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of  the  point  a,  b.     Then,  as  the  reader  knows, 

lim  u(a  +  h.h')-  u(a,  h)  _  ^^,  ,     ^-  _  du  ,-, 

''="  h  '^  da 

is  the  partial  differential  coefficient  of  u  with  respect  to  x  afc  tlie 

point  a,  b,  and  a  similar  definition  holds  for 

The  values  of  7)  as  the  point  a,  b  ranges  over  some  set  of  points 

31  define  the  first  partial  derivative  of  u  with  respect  to  x;  tliis 

we  denote  hy  ,.       .  ,       Bu  .r. 

<(^'  y}  or  <  or    -  ■  (8 

dx 

A  similar  definition  holds  for 

<(»;.  y)  or  «;  or  —  -  (9 

The  derivatives  8),  9)  are  also  functions  of  a:,  y  and  so  in  general 
possess  partial  derivatives 

bx^  "'      iixfiy 

5,  Suppose  tt  possesses  first  partial  derivatives  for  the  points 
a^  ^  of  some  point  set  %.     The  expression 

'6x         ay  ^ 

is  called  tlie  first  differential  of  u. 

Similarly,  if  u  has  second  partial  derivatives, 

,Pu^^K'  +  2-^U+^l'  (11 

32!^  dxdy  dy^ 

is  the  seeond  differential  of  it,  etc. 

We  note  that  the  right  side  of  11)  may  be  written  symbolically 

fiA  +  iAY».  (12 

To  deduce  11)  from  12)  we  expand  12)  as  in  algebra  and  replace 
\  —]  u  by  — ^,  etc. 
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In  general,  suppose  v,  has  all  partial  derivatives  of  order  _<  n 
for  all  points  a;,  y  in  Bome  set  3t.     Then 

d"u=(h^+k^^u,  (13 

\    Bx         byj 

when  after  expanding  the  right  side  we  replace 

\BxJ  \dy)  ■'   dx'^dy''-'" 

73.   Law  of  the  Mean.    1.  Let  the  graph  of  the  one-valued  func- 
tion y—f(x')  be  as  in  the  figure.     Let  the  secant  PQ  make  the 
angle  ^  with  the  ai-axis.    At  each  point  x 
let  us  draw  the  tangent  to  the  curve.     It 
niiikes  an  angle  8  with  the  a:-axis.    Let  now 
X  start  at  a  and  move  toward  6.     The  tan- 
gent changes  its  inclination  from  point  to 
point.    I£  the  reader  will  reflect  a  few  mo- 
ments, he  will  see  that  it  is  altogether  im-        "  <■  o 
possihle  to  pass  from  a  to  b  without  somewhere  the  tangent  being 
parallel  to  the  secant  PQ.    Let  this  be  the  case  for  x  =  e.    Now 

ax 
Since  0  =  5  at  the  point  c,  we  have,  on  equating  these  two  expres- 
Am,,  /(l)-/(a)  =  (6-oy'W     .     a<e<h. 

This  is  the  celebrated  Law  of  the  Mean.     It  is  one  of  the  most 
important  theorems  in  the  whole  calculus. 

The  foregoing  considerations  do  not  form  an  analytic  proof  of 
this  law.  They  do,  however,  make  the  reader  feel  in  the  most 
convincing  manner  that  this  taw  is  true,  and  this  is  all  that  he 
needs  at  this  stage.  On  account  of  its  importance  let  us  formulate 
it  as  follows : 

^  f(^x)  is  one-valued  and  continuous  in  the  interval  31  =(«,  &) 
and  if  f'(x)  is  finite  or  definitely  infinite  within  3t,  then  for  some 
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2.  Let  a<x<J),  f(x  +  k')-fCx)=^f.  Then  the  law  of  .the 
mean  1)  gives,  setting  h  =  Ax, 

^-/'(M)  ,      x<u<x  +  h.  (2 

Suppose  now  that /'(a;)  is  continuous  in  the  interval  SI.     Then 

/'(»)=/'&)+«'  ,  i«'i<e.  (3 

provided  |AaT|<  some  fixed  S,  wherever  the  point  x  is  chosen  in 
a.    This  in  2)  gives 

|^-/'W  +  .'  (4 

and  e'  ^  0  uniformly  in  %. 

8.  From  the  law  of  the  mean  it  is  easy  to  establish  another  very 
important  theorem,  viz.: 

Taylor's  Development  in  Finite  Form.  In  the  interval  %  =  (a,  6) 
let /(a;)  and  its  first  m  —  1  derivatives  be  continuous.  Let /'"'(a:) 
be  finite  or  definitely  infinite  within  2t.     Then  for  any  x  within  SI 

As  this  is  not  a  work  on  the  calculus  we  do  not  intend  to  prove  this 
theorem  ;  we  have  quoted  it  in  order  to  state  precisely  conditions 
for  its  validity. 

4.  From  the  law  of  the  mean  we  can  draw  an  important  con- 
clusion which  we  shall  need  later.  Suppose  uQx,  y}  has  continu- 
ous first  partial  derivatives  about  the  point  a,  b.  When  we  pass 
from  this  point  to  the  neighboring  point  a  +  h,  b  +  k,  u  receives 

the  increment 

Am  =  u(a  +  h,  o  +  k')~  u(^a,  o) . 
But  we  have 

Au=  lu(a+k.h  +  ]c)--u.(_a.  f^  +  k) \  +  lu(a,  b  +  k^-u^a,  b)\ 
=  Ai  +  A,. 
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By  the  law  of  the  mean 

Aj  =  hu'^(^c,  b  +  k')     ,     c  between  a  and  a  +  h 
Ag  =  ku'y(a,  e)     ,     e  between  6  and  b  +  k. 

But  u'j.,  u'y  being  continuous, 

where   « =  0,  /3  =  0  as   h   and   ^  —  0.     Hence  we  may  state   the 
theorem : 

Let  u(x,  y)  have  continuous  first  partial  derivatives  about  the 
point  a,  b.  Then  the  increment  Am  differs  from  the  differential  du 
by  a  quantity  of  the  form, 

where  a  and  ^  =  0  as  h  and  k  =  (l.      Thus 

Au-^h+^i  +  ^h+m- 

dx    ■      dy 

5.  Suppose  now  that  m^  and  mJ,  are  continuous  functions  of  x,  y 
in  a  eounex  E.  Then,  as  observed  in  71,  «  and  0  will  converge 
uniformly  to  0  in  S.     Hence  in  particular 


Kff 


|<e. 


provided  [  k  [  and  |  k  \  are  <  some  S.  and  here  B  is  independent  of 
the  position  of  the  point  a,  b  in  S. 

6.  Taylor's  development  5)  may  be  extended  to  a  function  of 
let  us  take  a  function 


any  number  of  variables.  For 
u{x,  y)  of  two  variables.  Suppose  u  and 
all  its  partial  derivates  of  orders  <  n  are 
continuous  in  some  domain  D  about  the 
point  «,  b.  Let  a  +  A,  6  + 1  be  any  point 
in  D.  Let  L  be  the  segment  joining  these 
two  points.  Then  any  point  x,  y  ou  L 
has  the  coordinates 

x  =  a  +  sh     ,     y  =  b  +  sk    , 
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When  8  ranges  over  the  interval  @  =  (0,  1),  the  point  a;,  y  ranges 
over  L.     Then 

is  a  function  of  s  defined  for  vaLues  of  s  lying  in  @.     But 

'^  Sx  ay 

'^       '      dx^  dxSu  o^' 


Hence  ^'(s),  ^"(s)  ■■■0'"'(s)  are  continuous  in  ©  and  we  may 
apply  2  to  the  function  0(s).  Doing  this  and  then  setting 
8  =  1,  we  get 

u(a  +  A,  6  +  i)  =  M(a,  M  +  ~j  -:««(«,  S)  +  |j  'PC't'  S)  +  - 

«! 
where  0  <  6  <  1. 

For  convenience  of  reference  we  note  that 


duia.h)  = 


-s.i^»+^> 


Integration 
74.  1.   The  integral 


i> 


may  be  defined  in  connection  with 
the  notion  of  area  as  follows.  Let 
the  graph  of  f(x)  be  as  in  Fig.  1. 
In  the  interval  of  31  =  («,  6)  we 
interpolate  the  points  flj,  a^  ■••  If 
no  interval  (a,„_j,  «„)  has  a  length 
greater  than  S,  wo  say  these  points 
effect  a  divi^n  of  3t  of  norm  B. 
We  set  a    —  n    ~  // 
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and  form  the  sum 

/(«j)  A:rj  +/(«3)  A:r,  +  ■■■  =  2/(OAa.™.  (2 

The  value  of  this  sum  is  the  aroa  of  the  shaded  rectangles  in 
the  figure.  If  now  5  =  0,  this  sum  obviously  converges  to  the 
area  under  the  curve.  Thus  when  f{x)  is  a  one-valued  con- 
tinuous function  of  x  in  the  interval  31,  the  sum  2)  has  a 
limit  as  B=(}.  This  Hmit  is  the  value  of  the  symbol  1).  This 
symbol  we  also  denote  sometimes  by 

ff(x)dx. 

2.  These  geometric  considerations 
enable  us  to  take  a  more  general 
definition  of  1).  In  the  intervals  B^ 
let  us  take  at  pleasure  a  point  o^. 
If /(«„)  =yS^,  let  us  construct  the 
rectangles  of  base  S^  and  height  j3„, 
as  in  Fig.  2.    We  now  form  the  sum 

/{«;)  Ai,  +/(«,)Aa.,  +  ...  -  S/(«,.)Ai,..  (3 

The   value   of   this   sum  is  the  area  of   the   shaded   I'eetaiiglos. 
If  now  S  =  0,  the  sum  obviously  converges  to  the  area  under  the 
curve  and  therefore  has  the  same  value  as  before. 
Let  us  state  this  in  a  theorem  : 

Iff(x)  is  continuous  in  the  interval  (a,  b), 

lini  S/(«™)A^„  (4 


eaists  and  this  limit  is  the  value  of  the 

S.  With  this  definition  we  can  es 
mental  theorem : 

In  the  interval  (ii,  5)  let  F^x)  he 
ous  derivative /(^x^-     Then 


itegral  1). 
itablish  the  following  funda- 

i-valued  and  have  the  continu- 


£■ 


/(»)<J».*(S)-F(i.). 


y  Google 


148  FUNCTIONS   OF  A  COMPLEX  VARIABLE 

For,  using  the  points  a-y,  a^---  a^-i  introduced  in  1,  we  have  b^ 
the  law  of  the  moan 

J'(a,)-y(<.)=/(«,)A»i 

where  «^  is  some  point  in  tlie  interval  Aa:^. 
Adding  these  equations  gives 

Now  by  2  the  limit  of  the  right  side  as  S  =  0  exists  and  equals 
the  integral  in  5). 

4.  Prom  the  definition  of  an  integral  given  in  1)  follows  an 
important  property  which  is  useful  in  estimating  the  numerical 
value  of  an  integral.     Since 

\l.f(a.■)^^.\<^\f(a.)\Ax., 

we  have,  on  passing  to  the  limit  S  =  0, 

\jy(x}dx'^<j\f(x)\dx     ,     a<b.  (6 

Also  let        i^^-^-j  I  <^(a;)     in  the  interval  («,  b'). 
Then  similarly  we  liave 

\rf(x)dx\<r4.ix)dx     ,     a<b.  (7 

5.  Another  property  of  importance  is  that: 

J(x')  =  I  f(x)dx    ,    a<x<b 

considered  as  a  function  of  its  upper  limit  xia  a  continuous  function 
of  X  such  that  ,  ^ 

the  integrand  f(x')  being  continuous  in  («,  &). 
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fix,  y)  be  a  one-valued  eoii-» 
bounded  by  a  finite  set  of 


75.  Surface  Integrals.  1.  Let  m 
tinuous  function  ol;  x,  y  in  a  field  %. 
ordinary  curves.  As  x,  y  ranges  over 
21,  the  end  points  of  the  ordinate 
through  X,  y  will  describe  a  surface 
*?,  while  the  points  of  the  ordinates 
will  constitute  a  solid  of  volume  V 
lying  between  S  and  the  x^  y  plane 
under  ^S". 

Let  us  draw  a  set  of  parallels  to 
the  X,  y  axes  in  the  x,  y  plane  as  in 
Fig.  1,  This  effects  a  division  of  the 
plane    into    rectangles  R.     If    their 

sides  A»,  A?/  are  all  <  B,  we  say  the  norm  of  this  division  is  S. 
Let  us  now  form  the  sum  analogous  to  74,  2), 

(1 

The  points 


2/(«„,  SO^^-'^n. 


extended  over  all  rectangles  containing  a  point  of  S 
a„,  5„  are  the  vertices  of  these  rectangles. 

The  sum  1)  is  obviously  the  volume  of  the  set  of  prisms  whose 
bases  are  the  rectangles  Ax^Ay„  and  whose  heights  are  the  ordi- 
nates of  the  surface  S  at  the  points  x  =  a„,  y  =  h„.  We  take  it  as 
geometrically  evident  that  the  sum  1)  converges  to  the  volume  V 
as  S  =  0.     This  limit  we  use  to  define  the  symbol 


(2 


2.    To  calculate  this 
iterated  integral 


/  /(^.  y)dxdy. 

integral  it  is  usual  to  express  it  as  an 

( dxff(x,y)dy.  (3 

Here  the  symbol  S  denotes  the  projection  of  the  field  SI  on  the 
a!-axis.  Let  a;  be  a  point  of  99.  The  line  through  x  parallel  to 
the  (/-axis  will  partly  lie  in  31.  This  section  we  denote  by  g^  or 
more  shortly  by  S.  Thus  to  calculate  3)  we  give  x  a  fixed  value 
in  S3  and  calculate  „ 

/  f(T.,  ,j}ds,  (4 
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tlie  field  of  integration  being  the  section  E  of  3t  corresponding  to 
tlie  value  of  x  chosen.  This  integral  itself  is  a  function  of  x. 
This  we  now  integrate  relative  to  x  over  the  field  ®,  getting  in  this 
way  3"). 

To  illustrate, 
the  field  of  integration 
%  in  2)  is  bounded  by 
the  three  outer  curves 
and  the  two  inner  curves 
of  Fig.  2.  Then  the  pro- 
jection 58  on  the  a^-axis 
consists  of  the  segments 
AB,  OB.  For  a  value 
of  X  corresponding  to 
E,  the  section  S  of  SI  is  formed  of  the  two  segments  marked  E  in 
the  figure.  At  S  the  section  S  is  made  up  of  three  segments,  also 
marked  S- 

It  is  shown  in  the  calculus  that : 

2%e  two  integrals  2)  and  S)  are  eqiiol. 

The    following    geometrical    considerations    will     make    this 
apparent : 

That  slice  of  Kwhich  lies  between  the  two  planes 


in  Fig.  3 
volume 


has  approximately  the 


as   is   seen   from   Fig.  3.     The 
sum  of  these  slices  is 

Thus  the  volume  V  is  the  limit  of  5)  or  the  iterated  integral  3 
Thus  2)  and  3)  are  equal  as  they  both  =  V. 


76.  Curvilinear  Integrals. 

ine-valued  continuous  functii 


Let  us  suppose  that  f(x,  t/')  is  a 
.1  of  X,  y  at  the  points  of  a  curve  0 
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wliose  end  points  are  a,  h,  as  in  Fig.  1. 
points  a-^,  a^,  a^  •■•  snch  that  the   arcs  ai 
length  <S,  we  say  these  points  «j,  a^  •■■ 
effect  a  division  of  norm  B. 

Let  x^,  y^  be  the  coordinates  of  a„;  let 
Aa;_  =  »-,+,  —  x^.    We  now  form  the  sum 


If  we  interpolate  a  set  of 
aa^,   MjOg.   ag«3  •■■  are   of 


2/(a^.,  yJAi.. 


(1 


If  we  let  S  i  0,  this  sum  converges  to  a 
definite  limit  which  we  denote  by 


(  /(^  y^^^  oi"  by  /  f(x,  y^dx 


(2 


and  call  it  the  x-curvilinear  integral  of /(a;,  ^). 

When  the  curve  0  reduces  to  a  segment  of  the  a^-axis,  the 
integral  1)  reduces  to  the  ordinary  integral  considered  in  74, 
since  y  is  now  constant. 

Let  us  prove  that  the  limit  of  1)  exists  for  the  simple  ease  that 
the  equation  of  C  is  ,  ,  ,  ,q 

0  being  one-valued  and  continuous,  the  end  points  of   C  corre- 
sponding to  a:  =  te,  X  =  /3.     Then 

f(x.,j)=f\_x,  .Kx)].<,(rt), 


and  1)  becomes 


2<?(»^.)Ai., 


(4 


(5 


But^(a:)  is  continuous,  hence  the  limit  of  4)  exists  and  is 
/   g(x)dx. 


Hence  the  limit  of  1)  exists  and  has  the  same  valiie.  We  note 
that  this  form  of  proof  not  only  establishes  the  existence  of  the 
limit  of  the  sum  1}  but  determines  its  value. 

Because  2)  and  5)  are  equal,  we  may  extend  the  properties  of 
ordinary  integrals  to  curvilinear  integrals.  Thns  if  c  is  some 
point  on  C  between  the  end  points  a,  b,  we  iiave 
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Let  us  return  to  the  sum  1).  The  factor /(x^,  ^„)  denotes  the 
value  of  /  at  the  end  point  of  the  arc  a,^-^a„.  The  same  geo- 
metric considerations  used  in  74,  3  would  sliow  that  1)  has  the 
same  limit  when  x^^  denote  any  ])oint  in  the  arc  ((„_i«^.  We 
shall  make  use  of  this  fact  in  3. 

2,  The  foregoing  proof  applies  to  the 
case  when  Cis  the  arc  PQ  of  the  circle  of 
radius  r  in  Fig.  2.     For  then 


=  -|-V)^  - 


=  0(^), 


C' 


the  radical  being  taken  with  the  pl\is  sign. 
It  does  nob  apply  immediately  if  0  is  the 
arc  PQS.  For  if  —  s  is  the  abscissa  of  S, 
y  is  two-valued  in  the  interval  (  — »*,  — s). 

In  this  case  we  have  only  to  break  0  into  two  ares 

Ci  =  PQR  and  C3  =  RS. 

Then  on  0^  we  have  0  determined  as  in  7),  while  on   O^  0  is 

determined  by  , 

y=-^r^-x^=  0(ic), 

the  radical  now  having  the  negative  sign. 

Corresponding  to  this  we  would  break  2)  into  two  integrals 

Xaiid  /  . 
To  each  of  these  our  proof  applies. 

3.  In  2  we  have  taken  the  equation  of  the  circle  as 

af  +  y'-,\  (8 

which  defines  y  as  a  two- valued  function  ±  Vr^  —  x^.     Instead  of 
the  equation  8)  we  may  use  the  equations  of  the  circle  in  pa- 
rameter form  .  ,„ 
x  =  r  cos  M     ,     y  =  r  sm  v,.                              (!) 

If  we  do  this,  we  can  avoid  the  radical  and  so  deal  from  the  start 
with  one-valued  functions. 
In  general,  let 


=  <K«) 


?y  =  ^{u) 


(10 


y  Google 


rSTTEUEATION  153 

be  the  parametric  equations  of  a  curve  C;  that  is,  when  «  ranges 
from  M  =  a  to  M  =  ^,  the  point  x,  y  defined  by  10)  describes  the 
curve  0.  We  suppose  of  course  tliat  0,  ■^  are  one-valued  con- 
tinuous functions  in  U  =  («,  /3),  with  continuous  first  derivatives. 

™''"  /(«, »)  =  / 1  *  («),  -K-) !  -  » (») 

is  a  continuous  function  of  u  in  U.     Let  us  effect  a  division  of  U 
of  norm  h  by  interpolating  the  points  oij,  (t^.---.     To  them  will 
correspond  certain  points  a^,  «a  ■■■  on  C 
Then  by  the  law  of  the  mean 

A».  -*(«.)-  *(«.-,)  =  ■f.'(OA«. 

where  v^  is  some  point  in  the  interval  («,„_!,  «„)■  To  this  point 
ji„  will  correspond  3;„,  y^  in  the  arc  (a^.^,  a^)  on  tlie  curve  C    Thus 

If  we  let  the  norm  S  =  0  in  this  relation,  we  get  in  the  limit 

4,    In  precisely  the  same  manner  the  ^/-curvilinear  integral  gives 
£f(.x,,')ig~£giv:)-^'i€)du.  (12 

77.  Work-  1.  Let  us  show  how  the  notion  of  curvilinear  in- 
tegrals presents  itself  naturally  in  mathematical  physics.  Suppose 
a  particle  is  acted  on  by  a  force  %  whose  com- 
ponents are  Xand  T",  as  in  Fig.  1.  The  work 
done  in  passing  from  P  to  a  point  Q  near  by 
on  the  curve  G  is 

aW^  %  cose -ds,  (1 

where  0  is  the  angle  between  %  and  the  tan-  ^^'^'  ^' 

gent  T.    If  15  makes  the  angles  a,  /3  with  the  x  and  y  axes,  and  T 
the  angles  «',  0'  with  these  axes,  we  have,  from  analytic  geometry, 
cos  6  =  cos  a  cos  a'  +  cos  0  cos  /3'.  (2 
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Now  g  cos  a  =  X    ,     J5  COS  ^  =  j; 

^  =.  cos  a' 


^  =  c 


Thus  1)  and  2)  giv 


■iW=  Xdx+  Ydy. 


Thus  the  work  done  by  tlie  particle  in  passing  from  a  to  i  along 
tlie  curve  C  is 

(4 

(6 


W=  f\xdx+  Ydy) 
=  (""Xdx  +  f'Tdy. 


It  is  therefore  the  sum  of  two  curvilinear  integrals, 

2,  The  relation  3)  may  be  obtained  more 
simply  by  referring  to  Fig.  2.  The  work  per- 
formed in  passing  from  P  to  a  point  Q  very 
near  is  in  general  the  same  as  if  the  particle 
took  the  route  PR,  RQ.  The  work  done 
along  PR  is  Xdx;  the  work  done  along  RQ 
is  Ydy.    The  total  work  dW'is  the  sum  of  these  or  3). 

78.  Potential.  1.  In  physics  we  often  deal  with  forces  %  whose 
components  are  the  partial  derivatives  of  some  one-valued  function 
V(x^  */),  that  is, 

y=-V-  (1 


dV 


dx 


'  5y' 


In  this  case  77,  3)  gives 


-  dW=-  -dz  +  ^^dy  =  dV, 
dx  dy 

and  the  element  of  work  is  the  total  differential  of  the  function 

V,  with  sign  reversed. 

Let  us  suppose  that  — ,  are  continuous.     We  can  then 

dx      dy 

show  that  the  work  done  in  passing  from  a  to  5  is  independent  of 

the  path.     For  let  us  efEeet  a  division  of  norm  S  of  (7  by  inter- 
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polating  points  a-^,  a^,  ■••  between  a  and  b.     Then  by  73,  4 


=  -  XAx  -  YAf/  +  leAa;  +  /3Ai/ 

where  «,  ^  =  0  with  A3;,  A^.     Thus  we  have 

V(a-)  -  F(«i)  -  X^Ax^  +  r"iA!/i  +  a^Ax^  +  ffAij^ 
Via,-)  -  F(«2)  -  X,Ax,  +  Y,Ay,  +  ,^Ax,  +  0Ay^ 

V{_a„_{) -  Vib)  =  XM.„  +  r;Ay„  +  a„Aa;„  +  ;3„A^„. 
Now  by  73,  5  ^^^^     ^^^^     i^^i 

are  all  <  some  e  for  all  norms  ^<  some  S^.     Thus,  adding  the 
foregoing  equations,  we  get 

r(«)  -  r(i)  =  2(jr™Aa:„  +  r,„A^«)  +  e' 

where  e'  ==  0  as  8  =  0.     Hence,  letting  8=0,  the  last  relation  gives 

W=  V{a)^  V(h}=  r{Xdx+  Ydy}.  (2 

As  V(x,  y)  is  one-valued,  the  value  of  the  work  done  by  the 
particle  in  moving  from  a  to  6  is  independent  of  the  path  taken, 
and  depends  thus  only  on  the  end  points  a,  b. 

2,  It  is  sometimes  useful  to  know  that  the  relation  2}  holds,  in 
a  certain  sense,  when  Fis  not  one-valued.  In  fact  the  foregoing 
reasoning  is  valid  if  V(x,  y')  is  only  one-valued  about  each  point 
of  the  curve  C  and  possesses  continuous  first  partial  derivatives  as 
before.  Suppose  then  that  F„  is  the  determination  of  V(x,  y) 
with  which  we  start  at  a.  If  V^  denotes  the  value  that  V, 
acquires  on  reaching  5,  passing  over  C,  we  see  that  we  may 
write  2) 

Tr=  /  {Xdx  Ar  Ydy-)  =  F.  -  F.  (3 

3.  The  simplest  case  of  a  potential  function  is  presented  by 
several  particles  of  masses  m,,  m^.  ■■■. 
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A  unit  mass  at  P  is  attracted  by  m^  by  ^(.*.y) 

a  force  wliose  components  are,  as  seen  by 
the  figure, 


Similar  forces  are  exerted  by  m^,  m^,  ■■-.     Thus  the  total  ioi 
exerted  on  a  unit  mass  at  P  has  the  components 


From 
we  have 


x-ga 


s»i 

'  r=S" 

V. 

=s^'- 

r'. 

=  ^2  +  ^2 

rdr. 

=  xdx  +  ydy, 

dr  = 

=  -dx-\-y-dy. 

(4 
(5 


Hence 

Sx 

Thus 

4©= 

Hence 

We  have  therefore 

_         HI 

(i-v-r-^-^-^-s^, 

\rj      dr\rjdx  r^ 


-  Smj 


cos  01,  _ 


and  hence  the  function  Vis  a  potential  function  for  the  force  g. 

79.  Electric  Current.  1.  Suppose  a  constant  current  of  elec- 
tricity is  passing  along  the  wire  PQ.  The  lines  of  force  gen- 
erated by  this  current  are  circles  0  as  in  Fig.  1.  The  intensity 
of  the  force  S  is  given  by 
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where  e  is  proportional  to  the  strength  of  the 
current.    We  have  here,  as  shown  in  Fig.  2, 


Suppose  a  unit  mass  of  electricity  to  describe 
the  circle  C.     Then 

x=  r  cos  0  y       y  =  r 

ix^—r  sin  6Ad    ,     dy  =  r 

The  work  is 

^iXdx+Ydy-) 

^  e  P"(8in2  f  +  cos2  8')de  =  c  C' 


=j:^- 


2.   Let  us  now  suppose  that  the  unit 
is  restricted  to  move  in  a  connes  SI  acyclic 
with  respect  to  0,  as  in  Fig.  3.     Let  us  set 

r=-c.arotani. 


Then 


ar 


^       ^_ 


-o-=T. 


4--^, 


Thus  V  is  one-valued  in  31  and  has  continu- 
ous first  partial  derivatives.    We  can  there-  ''"'■  ^- 
fore  apply  78,  2),  which  gives  as  the  work  done  by  the  unit  charge 
moving  from  a  to  6, 

W=c  \  arctg^  —  arctg^  !  (5 

I  /  y"  J 

where  x't/',  x"y"  are  the  coordinates  of  a,  i. 

The  work  TTin  moving  from  a  to  6  is  independent  of  the  path 
between  these  points,  provided  only  it  lies  in  3[. 
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3.  Let  the  convex  31  be  cyclic  with  respect  to  0  as  in  Fig.  4. 
The  origin  0  is  the  point  where  the  current  pierces  the  x,  y  plane. 
It  is  excluded  from  31  by  a  small  circle. 

The  partial  derivatives  of  V  are  one- 
valued  and  continuous  in  %  as  3),  4) 
show,  but  Fis  no  longer  one-valued  in  %. 
For  when  the  point  x,  y  makes  a  circuit 
about  0,  F  has  increased  by  —  2c7r.  Thus, 
if  F„  is  the  determination  of  V  chosen 
at  the  point  a,  after  the  circuit  V^  has 
acquired  the  value  v"  —^ 

Fra.  4. 

Thus,  if  we  apply  78,  3),  the  work  done 

by  a  unit  charge  moving'  around  the  circuit  Cis 

W='l  CTT. 

This  agrees  with  the  result  found  directly  in  1). 

80.  Stokes'  Theorem.  1.  Tiie  theorem  we  now  wish  to  prove  is 
a  special  case  of  a  theorem  due  to  Stokos  and  which  is  much  used 
in  mathematical  physics.     For  our  purposes  it  may  be  stated  thus : 

Let  F(x,  y),  G(x,  y')  he  one-valued  fwnettons  having  continuous 
first  partial  derivatives  in  a  conTiex  31  whose  edge  we  denote  by  @. 
Then 

£(M.+  a,,y=fJ?£-f)^,,.  (1 

In  calculating  the  curvilinear  integral  on  the  left  we  let  the  point 
x,  y  run  over  @  in  the  positive  sense,  that  is  so  that  the  region 
bounded  by  S  lies  to  the  left  of  the  direction  of  motion  as  in  Fig.  1. 

Let  SB  be  the  projection  of  SI  on  the  a!-axis,  and  S  the  section  of 
SI  at  a  point  x  of  99.     Then 


as  we  saw  in  75,  2. 
At  a  point  »=  a 

rdF 


£i'"'''.t'£i'"' 


f- 


%  =  (?,  -  -F,)  +  (-F,  -  -F,)  =  C-f,  -  -Pi)  +  W  -  -*i). 


y  Google 


INTEGEATIOK  15* 

where  F-^  denotes  the  value  of  F(3:,  y')  at  the  point  1,  etc.  At  t 
point  as  a;  =  /3  in  Fig.  1  the  right  side  becomes  F^  —  I',.  Thus  ir 
any  case 

JdSy 
and  hence 
pJldxdy=  C dx1(F,^^'-F,').  (2 

Jn  sy  Jm 

Let  U3  show  that  the  right  side 
is  equal  to 

-    CFdx. 

In  fact  to  calculate  3)  \ 
break  @  into  a  number  of  arcs  such  that  for  each  arc  y  is  a  one- 
valued  function  of  x.  Along  the  lower  arc  AB  of  Fig.  2  let 
y  =  ^j,  along  the  upper  are  let  y  =  y^.  Along  the  lower  arcs  OD, 
FF  let  y  =  y^,  and  along  the  upper  arcs  let  y  =  y^.    Thus 

fFd3:=  CfCx,  y^^dx 
+ j^  V(a.,  y^-ydx 
+jy(x,y^)dx 

+  I^^F(x,  y^~)dx 

+ JVca^,  y.-ydx. 
Hence 

-jFdx  =£(A  -  -^i>'^*+jf  K^a  -  F^}  +  (F,-F^')ldx+  ■.■ 
=  Cdx1(F,^,-F,)  (4 
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as  in  2).     Tlius  2),  4)  give 

C^dxdy^-   I'Fdx.  (5 

In  the  same  way  if  O  denotes  the  projection  of  SI  on  the  y-axia  and, 
B  a  section  of  31  parallel  to  the  a^-axis,  we  have 

On  the  other  hand,  taking  account  of  the  positive  direction  of  @ 
Hence  from  6),  7)  we  have 


\  " 


■  dxdy  =  C  G-dy.  (8 

On  subtracting  6)  and  8)  we  get  1). 

2.  As  a  physical  application  of  Stokes'  theorem  let  us  return  to 
our  line  integral  ,.5 

W=  i    iXdx  +  Ydy\  (9 

which  expresses  the  work  done  by  a  unit  mass  moving  £rom  a  to 
h  along  some  curve  C  in  a  field  of  force  %  whose  components  are 
X,  Y  ?&  explained  in  77. 

We  saw  that  when  g  has  a  one-valued  potential  V(x,  y)  whose 
first  partial  derivatives  are  continuous  in  some  connex  31,  the  value 
of  W  is  the  same  for  all  curves  O  in  31  leading  from  a  to  6,  This 
condition  is  sufficient  to  make  the  value  of  W  independent  of  the 
path  C. 

In  this  case  x—  —  ^-^  Y—  —  ^X  ("lO 

&x      '  Hy 

If  X^  Y  have  continuous  first  partial  derivatives,  Stokes'  theorem 
shows  that  if  Cj,  Cg  are  two  paths  leading  from  a  to  J  and  St  the 
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eonnex  they  bound,  tlio  work  done  in  running  over  the  boundary 
IS=C,  +  Cj-'ofgis 

w=  fix,b  +  rdg}=  f-  f 


=X(^~^)"- 

Now  from  10) 

dy         dx            fixdy 

Tims  11)  gives 

w=r^r=o. 

or  the  work  performed  aloiig  0^  ia  the  same  as  the  work  done 
along  Cg,  as  it  should  be.     This  gives  us  nothing  new. 

But  let  us  reverse  our  reasoning.  Let  us  suppose  that  X,  T 
have  continuous  one-valued  first  partial  derivatives  in  a  certain 
eonnex  SI.  "We  ask  what  condition  must  X,  Y  satisfy  in  order 
that  Wis  independent  of  the  path  C? 

The  answer  is  that 

must  hold  at  each  point  of  %  For  suppose  it  did  not  hold  at  a 
point  c,  in  Fig.  3.     Then  within  some  domain  2>  about  c, 

ex     dV 

Oy  dx 

being  a  continuous  function  of  x,  y,  must 
have  one  sign,  by  69,  7.  Let  7  be  a  circle 
with  center  e  and  lying  in  D.  Then  by 
Stokes'  theorem 

where  T  is  the  region  bounded  by  7,  '"■   ■ 

Now  the  right  side  cannot  =  0  since  the  integrand  has  one  sign 
in  r.     Thus  the  wort  done  in  going  around  7  is  not  0,  or 

Tf^^O.  (13 
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Let  us  now  go  from  a  to  b  along  opposite  sides  7^,  y^  of  7.     Sup- 
pose the  work  ^,^  ^^ 

for  these  two  paths  Cj,  O^  were  the  same.     Then 

Also 

which  contradicts  13). 

wliich  contradicts  13). 

Stated  in  mathematical  language  these  considerations  give  : 

Let  F,  (?  he  one-valued  fiinetione  having  continuous  Jirst  partial 
derivatives  in  the  eonnex  21.     In  order  that  the  value  of 


f 


(Fdx  +  ady) 


shall  he  the  same  for  all  paths  in  3(  leading  from  a  to  b,  it  is 
necessary  and  sufficient  that 

l^-^^ina.  (14 

oy       ox 
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CHAPTER   VI 

DIFFERENTIATION  AND  INTEGRATION 

81.  R^sumS.  Before  going  further,  let  us  take  a  look  back  and 
see  what  we  have  accomplished  so  far.  In  Chapter  I  we  have 
established  the  arithmetic  of  complex  numbers.  It  is  thus  pos- 
sible at  this  point  to  define  algebraic  functions  of  a  complex 
variable  a,  since  the  definition  involves  only  rational  operations. 
The  reader  will  recall  that  a  rational  function  of  z  is  defined  by  an 
expression  of  the  type 

mz\  =  -?fi±-5i^  +  ^':.^  'h^    ^  „  positive  integers, 

which  obviously  involves  only  rational  operations.  An  algebraic 
function  w  of  3  was  defined  by  an  equation  of  the  type 

MP"  +  R-^w"-^  +  -■■  +  R^-^i'}  +  -B«  =  0, 

where  the  coefficients  are  rational  functions  of  z.     Thus  the  defi- 
nition also  only  involves  the  rational  operations  of  addition,  sub- 
traction, multiplication,  sind  division  on  the  variable  ?. 
The  transcendental  functions 

e',      sin  2,     log  s,     sinh  3,     arc  sin  z  ■-  (I 

cannot  be  defined  in  this  simple  manner.  The  definitions  we  have 
chosen  as  the  most  direct  and  simple  employ  infinite  series.  We 
have  therefore  developed  the  subject  of  series.  Now  the  conver- 
gence of  a  given  series  A  whose  terras  are  any  real  or  complex 
numbers  is  of  prime  importance  because  divergent  series  are  not 
employed  in  elementary  mathematics.  To  test  the  convergence  of 
A  we  pass  to  the  adjoint  series  St  when  possible,  because  the  terms 
of  SE  are  real  and  positive.  Thus  we  are  led  to  consider  first  the 
theory  of  series  whose  terms  are  real,  and  especially  those  which 
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are  positive.  This  we  did  in  Chapter  II.  In  the  next  chapter  we 
studied  series  whose  terms  are  complex,  and  in  particular  the 
important  subject  of  power  series. 

Having  developed  the  theory  of  infinite  aeries  aa  much  as  need- 
ful we  were  in  position  to  study  in  Chapter  IV"  the  elementary 
transcendental  functions  1).  At  the  same  time  wo  took  a  brief 
survey  of  the  algebraic  functions. 

The  next  topic  in  order  would  be  the  ealeuliis  of  these  functions, 
that  is,  we  should  learn  to  differentiate  and  integrate  these  func- 
tions just  as  is  done  for  a  real  variable  x.  In  order  to  treat  this 
subject  clearly  we  have  inserted  a  chapter,  the  foregoing  one, 
whose  object  is  to  furbish  up  the  reader's  knowledge  of  the  cal- 
culus and  to  emphasize  certain  points  of  theory  which  are  usually 
passed  over  hurriedly  in  a  first  course.  We  also  developed  the 
notion  of  a  curvilinear  integral  which  is  the  foundation  of  the 
following  chapters. 

These  matters  having  been  looked  after,  we  are  now  in  a  posi- 
tion to  take  up  the  differentiation  and  integration  of  functions  of 
a  complex  variable  z.  But  first  let  us  define  more  explicitly  a 
function  of  s. 

82.  Definition  of  a  Function  of  z.  1,  We  have  already  defined  a 
number  of  functions  of  the  complex  variable  z,  viz.:  the  algebraic 
functions,  e*,  sin  z,  log  z,  etc.  These  we  called  the  elementary  func- 
tions.   From  these  we  can  form  more  complicated  functions  of  z  as 

«,=  ^!±i  +  sinWni:^ 

All  such  expressions  will  be  called  functions  of  z  just  as  they 
would  be  in  the  calculus  if  z  were  replaced  by  the  real  variable  x. 
Any  such  relation  establishes  a  relation  between  z  and  w  as 
follows.  For  each  value  of  z  which  belongs  to  a  set  of  points  % 
in  the  2-plane,  one  or  more  values  are  assigned  to  w.  We  now 
generalize  aa  in  66  in  this  manner.  Let  31  be  a  point  set  in  the  z- 
plane.  Let  a  law  be  given  which  assigns  to  the  variable  w  one  or 
more  values  for  each  value  of  s  in  31.  Then  we  say  w  is  a  function 
of  2  in  %  If  w  has  but  one  value  for  each  z  in  21,  w  is  a  one-valued 
function  in  3(,  otherwise  many-valued. 
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For  example,  the  reliitioii  

w  = (  i 

sins 

assigns  to  w  two  values  for  each  z  not  among 

0,    ±7r,    ±  2  7r,  -■■  (2 

except  at  2  =  ±  1,  where  w  has  but  a  single  value,  w=0.     Thus  io 

is  a  two-valued  function  in  the  point  set  31  which  embraces  the 

whole  s-plane  excluding  the  points  2). 

The  branch  points  of  this  function  are  z  =  ±1,  that  is,  when  s 

describes  a  circuit  about  one  of  these  two  points,  the  two  values  of 

w  permute.     By  means  of  this  two-valued  function  we  can  define 

a  one-valued  function  of  2.     In  fact  let  S5  be  an  acyclic  part  of  31 

relative  to  the  points  z  =  -f-  1,  and  z  =:  —  ].     For  example,  let.  SQ 

denote  the  points  of  31  which  lie  to  the  right  of  the  parallel  to  the 

y-axis,  x  =  l.     At  the  point  z  =  2,  w  has  two  valaes 

:^  and    =^. 

Sin  z  sin  2 

Each  of  these  may  be  used  to  define  a  branch  of  1)  and  this 
branch  is  a  one- valued  function  of  z  in  Sg.  If  instead  of  S  we  take 
a  cyclic  sot  S  relative  to  -f  1  or  —  1,  the  function  of  z  Just  defined, 
which  is  one-valued  in  ^,  is  two-valued  in  S. 

Thus  a  function  which  is  one-valued  relative  to  one  domain 
may  be  many-valued  in  some  other.  Conversely  by  taking  on  a 
part  58  of  the  domain  of  definition  ^  of  a  many-valued  function 
we  may  employ  one  of  its  branches  to  define  a  one-valued  function 
of  z  relative  to  S9, 

2,  It  is  important  to  remember  that  the  functions  we  deal  with 
in  the  following  are  one-valued  in  the  domain  21  under  considera- 
tion unless  the  contrary  is  stated,  or  unless  it  is  obvious  from  the 
matter  in  hand. 

We  make  also  another  limitation.  The  domain  for  which  a 
given  function  w  is  defined  will  always  be  a  region  [70,  l],  unless 
the  contrary  is  stated. 

For  example,  the  domain  of  definition  31  of  the  function  1)  is  a 
region.  For  z  =  a  being  any  point  of  31  we  may  obviously  describe 
a  circle  c  about  a  such  that  all  points  within  c  belong  to  21.     The 
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reader  will  also  note  that  the  domain  of  definition  of  all  the  ele- 
mentary functions  defined  in  Chapter  IV  are  regions. 
For  example,  the  domain  of 

w  =  log  z 

is  the  point  set  21  formed  of  the  whole  s-plane  excluding  the  origin 
a  =  0.  This  function  is  infinite-valued  in  31 ;  but  any  one  of  its 
branches  is  a  one-valued  function  in  a  connex  acyclic  relative  to 

2  =  0. 

As  another  example,  the  domain  of  definition  of 

w  =  tan  z  =  ■'■ — — 
cos  2 

is  a   set   31  embracing  the  whole  2-plane  excluding   the   points 

^  +  mir.     Obviously,  21  is  a  region. 

3.  Let  Ml  he  a  function  of  z  defined  over  some  point  set  31.     To 
each  point  z  =  x+iy  in  21,  w  will  have  one  or  more  values, 

».»  +  ».  (3 

The  values  of  m,  v  will  depend  on  the  position  of  z  in  3t,  that  is,  on 
the  values  of  x,  y.  Thus  w,  v  are  real  functions  of  the  two  real 
independent  variables  x^ 
y.  If  w  is  one-valued, 
so  are  u  and  v. 
Conversely,  let 

u{x,  y-)     ,     v(x,  y) 

be  two  real  functions  of 

the  real  variables  Xy  y  defined  over  some  domain  31.     Tf  we  set 

z  =  x+  iy,  (4 

then  to  each  point  x^  y  oi  %  will  correspond  a  value  of  z.  By 
means  of  3)  we  can  now  define  a  function  w  of  z  by  stating  that  at 
the  point  s,  w  shall  have  the  value  3}  when  u  and  v  are  given  the 
values  that  they  have  at  the  point  x,  y  corresponding  to  this  value 
of  3  as  defined  in  4). 

Exam-pkl.    Let         „,,.„„j,     _     „_,-sm2,.  (5 
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To  a  given  value  of  s,  correspond  a  pair  of  values  x,  y  determined 

by  4).     For  these  values  of  x^  y^  the  relations  5)  define  the  values 

of  M,  V.      These  put  in  3)  determine  the  value  w  has    for  this 

value  of  z.     Thus 

■w  =  e'  cos  y  +  te^  sui  y 

is  a  function  of  z.     It  happens  to  he  the  exponential  function  e' 
[54,  5)]. 


Then  we  must  consider  fi'om  the  foregoing  definition 

^v^ix^  +  y-^-y-i.-Ixy 
as  a  luiiction  oi  z. 

4.  images.     Let  ^  ^y^-^-,  ^g 

be  a  function  of  2  defined  over  a  point  set  31.  When  z  ranges 
over  S[,  M  will  range  over  some  point  set,  call  it  33,  in  the  w-plane. 
It  is  convenient  to  call  S8  the  image  of  SI  afforded  by  6).     We 

™"'  ss  ~  a. 

This  we  may  read :  58  is  the  image  of  ?l,  or  33  corresponds  to  %. 

The  relation  6)  establishes  thus  a  relation  between  the  points 
of  31  and  S.  If  /  is  a  one-valued  function  in  31,  to  a  point  a  =  a 
in  31  will  correspond  but  one  point  ■w  =  h  in  S-  If  /  is  on  the 
other  hand  a  many-valued  function  in  SI,  to  z  =  a  will  correspond 
more  than  one  point  in  58,  as  h\  h",  h'"  •■■.  If  h'""  is  one  of  these 
points,  we  may  write  fiC")'-^  n 

which  we  read  ;  S*"'  corresponds  to  a. 

When  to  each  point  a  in  %,  there  corresponds  but  one  point  h 
in  S,  and  to  each  6  in  ©  but  one  a  in  31,  we  say  the  correspond- 
ence between  91  and  SQ  is  one  to  one  or  unipunetual.  This  we  may 
^"^^  ©  ~  91     ,     unipunetually. 

83,  Limits,  Continuity.    1.  Let  w  be  a  one-valued  function  of 

z  defined  about  s  =  a.     Suppose  as  a  =  «,  that  the  values  of   %o 

converge  to  some  value  I.     We  say  I  is  the  limit  of  w  for  z  =  a 

and  write  i-  7  .  1  ■  r-x 

lim  w=l      ;      or  w  =  (  as  2  =  «.  \\ 


y  Google 


168  FUNCTIONS   OF    A    COMPLEX   VAlilAKLE 

Geometrically  this  means  that  having  described  an  e  circle 
about  the  point  I  in  the  w-plane  there  exists  a  8  >  0  such  that 
when  z  is  restricted  to  lie  in 
a  8  circle  about  z  =  a,  tlie 
center  excluded,  the  corre- 
sponding values  of  w  fall  in 
the  e  circle,  — 

Expressed  in  e  language  the 
relation  1)  means  that  for  each 
e  >  0,  there  exists  some  S  >  0  such  that 


© 


lo 


-Ho 


for  all  0  <  I 


-a\<S. 


(2 


The  reader  will  note  the  perfect  analogy  of  tliis  definition  with 
the  definition  of  a  limit  given  in  Chapter  V  where  the  variables 
are  real.  From  this  follows  that  the  ordinary  properties  of  limits 
employed  in  the  calculus  will  also  hold  here. 

Thus  if 

fCz)  =  r     ,     </(z)=s     ■.isz  =  a, 

*^^"  lim(/+^)=r  +  ., 

Ihnf  ■  _g  —  r  ■  s. 

If  I^(e)l  ^  some  7  >  0  near  a  =  «, 

f      r 
lim''-=  -, 
.=.  </     s 
etc. 

2,  Suppose  we  write 


where  u,  v  are  one-valued  functions  of  x,  y  about  the  point  «,  /3. 
Obviously  if 

as  x^  y  converges  to  the  point  «,  /?,  then 

w  =  X  +  t/x  =  i         as  2  =  ffl, 
Conversdyif  ^^;        ^^  ^  ^  ^ 

necessarily  3)  holds. 
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3..  Oontinuity.  Let  s  deaeribe  a  continuous  path  P  in  the 
2-plane ;  if  the  corresponding  values  of  w  define  a  continuous  curve 
in  the  w-plane,  we  say  to  is  continuous. 

To  obtain  an  analytic  formulation  of  this  we  have  only  to  repeat 
the  considerations  of  69,  with  slight  modifications.  This  leads  us 
to  define  as  follows  : 

Let  w  be  a  one-valued  function  of  z  defined  about  the  point 
zs=  a.     Let  w  have  the  value  a  at  z  —  a.     If 
liin  w  =  Ky 

we  say  w  is  oontinuous  at  a.     If  w  is  continuous  at  each  point  of 
sonie  domain  31,  we  siiy  w  is  continuous  in  31. 

4.  As  in  2,  let  w  =  M  +  iv.  The  same  considerations  show  that 
for  w  to  be  continuous  at  a  =  a  =  a  +  i/3  it  is  necessary  and  suffi- 
cient that  u(x,  ^),  v(x,  y)  be  continuous  at  the  point  «,  jB. 

5.  If  w  is  continuous  and  ^0  at  s  =  a,  w  is  ^  0  in  some  circle 
c  described  about  a. 

For  let  w  =^  a.  at  2  =  a.  Then  for  each  e  >  0  there  exists  a  c 
such  that  I 

I  tv  (s)  —  « I  <  e         for  any  z  m  C, 

or  what  is  the  same,  ^_^ 

«-«<«,«<<.  +  £.  (1       j 

If  we  take  e  such  that  e  <  |  a|  =  ^,  this  relation  kIiows  that 

\w(z')\>7,         where  tj  =  1«|  -  e>0  (2 

for  all  z  in  c. 

6.  If  w  is  continuous  at  z  =  «, 

|w(z)|  <  some  (?  (3 

for  any  z  in  some  circle  c  about  a. 
This  follows  at  once  from  I). 

7.  The  inequalities  1),  2)  may  be  extended  to  any  conncx 
S  as  follows : 

If  w  is  continuous  and  ^  0  in  the  eonnes  @,  the  numerical  value 
of  w  never  sinks  below  some  positive  constant  1?  in  U,  or 

!w(^)|>7,>0         ing.  (4 
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For  suppose  w  ^  0  as  z  ranges  over  a  set  of  points  a^,  a^  ■••  in  S 
which  converge  to  a.     In  symbols  suppose 

lim  wCa„)  =  0.  (5 

Now  te  being  eontinuoos, 

Thus  w  =  0  at  2  =  ct  by  5),  and  this  contradicts  the  hypothesis 
that  w^O  in  S. 

8.    If  w  is  continuous  in  the  connex  S, 

]w(z')\<  some  G     ,     in  g.  (6 

For  if  not,  suppose  |  w  (z)  |  =  +  co  as  z  ranges  over  some  set  of 
points  flj,  Oj  •■•  in  S  which  =  a.  But  w  being  continuous  at  a  =  a, 
the  relation  3)  holds  in  c.     But  then 

lim  |w(a„)|  cannot  be  +  oo. 
Thus  if  6)  does  not  hold,  we  are  led  to  a  contradiction. 

Diferentiation 

84.  1.  Let  w  be  a  one-valued  function  about  the  point  z  =  a. 
When  the  independent  variable  z  passes  from  z  =  a  to  z  =  a+  h, 
that  is,  when  z  receives  an  increment  h  =  Az,  the  function 
w(z)  receives  an  increment 

The  quotient  Aw^u>(:a  +  k)-  a>(a) 

A2  'h~ " 


(1 


is  called  the  difference  quotient  as  in  the  calculus.     If 

,-     w(a  +  k')  —  w(a')  ,n 

lim— ^ — ■ — ^ ^-^  (2 

exists,  we  say  vi  lias  a  differential  coefficient  at  s  =  «,  whose  value 
iw  the  limit  2).     It  is  denoted  by  w'(«).     If  the  limit  2)  exists 
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for  each  point  2  of  a  region  21,  it  defines  a  function  of  z  denoted  by 

and  called  the  derivative  of  'w{z).     The  value  of  w'(2)  at  «=a 
is  of  courae  w' (a). 

2.  The  reader  will  note  that  this  definition  of  the  differential 
coefficient  w'(.a')  is  entirely  analogous  to  the  definition  when  the 
variable  is  real,  given  in  72,  The  only  difference  lies  in  the  fact 
that  in  the  calculus,  h  is  restricted  to  move  on  an  axis  about  the 
point  A  =  0,  while  in  2)  A  is  any  complex  number  =^  0,  in  some 
circle  about  the  point  A  =  0. 

3.  Let  us  note  that  if  w  has  a  diii'erential  coefficient  at  s  =  a,  w 
must  be  continuous  at  a. 

For  by  hypothesis  the  limit  2)  exists  and  is  finite.  As  the 
denominator  It  =  0,  the  numerator  must  also  =  0.     But  then 

<«  + A)  =«.(«), 

which  is  the  definition  of  continuity,  83,  3, 

4.  By  reasoning  exactly  as  in  the  calculus  we  can  show  that 


<*), 


dzXgJ 


fy'+af<  (i 


af  -fit 


(5 


hold  under  the  same  conditions  as  when  the  variable  is  real.     To 
illustrate  this  let  us  show  that  5)  holA^  in  any  region  %  in,  which 


For  let  us  set  A  =  A2, 

.^-l     .     .-. 

=  IJ(Z  + 

hy 

Then 

&w 
Az' 

gV-fi^g 

-gt^' 

f , 

IA4; 
gAz 
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If  Az  is  taken  so  small  at  a  given  point  z  that  z  +  k  lies  in  %,  g 
is  =>-  0.     Next  we  note  that 

iim^  =  lim^(3  +  K)  =  g(z'), 

since  g  ia  continuous  by  3.     Passing  now  to  the  limit  A2=  0  in 
6),  we  get  5). 

5.    By  tlie  aid  of  the  foregoing  we  can  find  the  derivative  of  a 
rational  integral  function 

For  as  in  the  calculus  we  show  that 


Thus  by  3),  ^f 

~dz        ^  ^ 

Also  the  derivative  of  a  rational  function 

^  =  «o  +  «,g+  -  +«^^"-^/ 
can  be  found  by  5). 

6.    Let  us  prove  hero  a  theorem  we  shall  need  later. 
If  w  =f(z')  has  a  differential  eoeffieient  fia)  ^0  at  x  =  a,  there 
exists  a  S  >  0  such  that  Aw   does   not  vanish  when  z  =  a  +  Az  is 
restricted  to  I>l{a). 

For  as  ,-     Am     ^i,-  ^ 

hm  — =/'(«)     ,     at  z=a, 

^e'^^^'e  Aw=lfia)  +  e",Az  (7 

where  |  e'  [  <  e  if  only  0  <  |  As  |  <  some  B. 

If  now  wetakeO<«<|/'(a)| 

we  see  that  /'(«)  +  e'  cannot  vanish  when  0  <  |  A2  |  <  S,     Thus 
Aw  cannot  vanish  under  this  restriction,  as  7)  shows. 

85.  The  Derivative  of  a  Power  Series.    1.   Let  the  power  series 
F(z)=a^  +  a^z  +  a^z^+  ■■■  (1 
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have  S  as  a  circle  of  oonvergoiice.     We  show  that  P  haa  a  deriva- 
tive within  E,  viz,  r 

P'(z)=a^  +  2  OjS  +  3  a^z^  +  -  (2 

For  by  43,  5) 

where  P^  =  a,  +  2a^z  +  ^  a,z^  +  -  (4 

which  is  the  aeries  on  the  right  side  of  2).     As  z  is  an  arbitrary 
but  fixed  point,  let  us  write  3) 

FCz+h-)=l>a+hJi  +  h2^^+  ..■  (5 

This  converges  absolutely  as  long  as  the  point  z  +  h  lies  within  S, 

that  is  as  long  as  1 1 1  ^  ? 

j;  =  ]  A|<  some  o. 

The  adjoint  of  5)  is 

and  as  this  converges  for  jj  =  ^, 

d,  +  0^S  +  0^^+  ...  =  0,  +  /S,B  +  S^\0.,  +  ^,B  +  ^,B^+  ...\ 

is  convergent.     Hence 

S:i  =  fi^  +  &^B+0,S'  +  ...  (6 

is  convergent. 

From  3)  and  5)  we  have 

i^,P(i±jii_~JS)  =  p.(.)+i,j,+i,i+...s 

=  Pi(2)+7.«.  (7 


Now  each  term  of 


e-S,  +  S,l  +  J,i«  + 


is  nnmerically  <  the  corresponding  term  of  the  series  6)  when 
4|<8,     Thus  I  51  <  a  a  constant. 

Hence  hQ  =  0  as  A  =  0.     Hence,  passing  to  the  limit  h=0  in  7), 
we  get  2).     We  have  thus  this  result : 

The  function  of  z  defined  by  a  power  series  1)  has  a  derivative 
within  its  eirele  of  convergenee,  which  is  obtained  hy  differentiating 
1)  term  hy  term. 
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2.  Let  us  show  that  : 

The  derivative  series  2)  has  the  same  circle  of  convergence  E  as 
the  series  1). 

For  let  z  be  any  point  within  £ ;  let  J  be  any  point  within  E 
such  that 


Since  1)  is  convergent  at  b. 


a^^"  <  some  M        n  =  0,  1,  2-- 

by  30,  3,     Let  us  now  look  at  the  adjoint  of  2);  it  is 

«i+2«2r+3«3?-  +  "-  (9 

Its  mth  term  is  ^    ,  ^      ,         -n^,^-.     ■, 

Thus  each  term  of  9)  is  <  the  corresponding  term  of  the  series 

This  last  series  is  convergent  by  21,  Ex.  1  by  virtue  of  8).     Hence 
9)  is  convergent  and  hence  2)  is  absolutely  convergent. 

The  series  2)  cannot  converge  for  any  z  without  S.     For  then 
9)  would  converge  for  some  ^  >  the  radius  of  E.     Thus 
«o  +  «i?+2«2^+3«3^3+... 

is  convergent  for  this  value  of  ^.     Hence  a  fortiori 

is  convergent,  and  thus  1)  converges  at  a  point  without  <E,  which 
is  impossible. 

3.  Sinoe  ,.=  i +  iL  +  |^+ ... 


1!      3!      51 
.1  -i.+i- 
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etc.,  wt!  have,  differentiating  these  sei'ies  terniwise, 

f:=]+A+|, +  ...  =  «., 

dz  T ;      2  ! 

— — —  =1  ___+-_-_...=  cos  s, 
dz  214  1 

(?C0S3  Z      ,    ^ 

-^= -u^rr  ■■■=-'''' '■ 

Similarly       ^.^u,],^  d-wshz       -   , 

=  cosh  g     ,     =Hinh3. 

dz  dz 

86.  The  Cauchy-RiemaQn  Equations.  1.  In  the  foregoing  article 
we  have  been  able  to  find  the  derivatives  of  e',  sins,  sinha--- 
because  these  functions  are  defined  by  means  o£  power  series. 
In  other  eases  the  following  theorem  is  of  great  sei-vice  ;  it  also 
has  a  deeper  significance  f  r'om  a  theoretical  point  of  view. 

Let  w;  =  It  +  iv  he  a  one-valued  function  of  z  =x  +  iif  in  ike 
domain  %.  Let  u,  v  considered  ««  functions  of  the  real  variables  x,  y 
have  continuous  first  partial  derivatives  which  satisfy 

(1 


du      dv 
dx~  By     ' 

du_      dv 
By~      Bx 

TJten  w  has  a  derivative  in 

in  and 

dw      5u 
dz      &x 

■  dv  __Sv       ISu 
dx      dy      i  dy 

But  bj  73,  4, 


-  Aa;  H Ay  +  wAlc  +  (S 


■  ^Ai  +  '-'-Ay  +  ^Ai  +  S, 
3a:  By 


I  8  I         are  all  <  - 
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if  0  <  1  As  I  <  some  ij.     Thus,  using  1), 

Aw      ox  ox  I 

Az~  Ax  +  iAy 

=  *  +  ,■*  +  ,',  (5 

dx  dx 

where  ,  ___  «Ax  +  0Ay  +  it^jAx  +  BAif) 

^  ^  As 

^°^''  \Ax\     ,     |A^j     are     <\Az\; 

^'°''  |e'|<j«|+|/?!  +  l7|  +  !S|<e. 

This  says  that  ^,  ^  ^     ^^     ^^  ^  ^ 

Hence,  passing  to  the  limit  As  =  0  in  5),  we  get  2). 

2.  The  ec[uation3  1)  play  a  very  important  part  in  the  theory 
of  functions.     They  are  called  the  Cauchy-Riemann  equations. 
From  5)  we  have,  on  using  2), 

Aw=  |?y'(2)+e'iAs,  (6 

where  e'  =  0  with  Az. 

For  later  use  we  note  here  an  important  property  of  e' : 
Let  wCz)  he  one-valued  about  each  point  of  a  eonnex  6,  and  let 
w'{z)  he  continuous  in  6-     Then  ^  =  0  uniformly  in  (§.;  that  is,  for 
each  e  >  0,  there  exists  a  S  >0  gueh  that 

]  e'  I  <  e         provided  0  <  |  Az  |  <  S ; 
moreover  the  same  S  holds  wherever  z  is  taken  in  @. 
For  by  73,  5,  «,  /S,  7,  S  =  0  uniformly  in  S. 

87.  Derivatives  of  the  Elementary  Functions.  1.  Let  us  apply 
the  theorem  of  86,  I  to  find  the  derivatives  of  the  elementary 
transcendental  functions.     We  have 

so  that  here  ,  ■-   ■     . 

u^  e'  cos  1/         v  =  e'  sm  1/. 

We  have  at  once  a,,  z,,, 
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As  these  are  continuous  functions  of  x,  y  in  the  whole  x-,  y  -plane, 
the  Cauchy-Riemann  conditions  are  satisfied.     We  have,  therefore, 

-'  aw      du  ,    -av        ,  ,   ■  -  - 

~  e''(cos  tj  -\-i  sin  y) 

(1 

This  result  agrees  with  that  already  found  in  85,  3  by  another 
method.  The  method  just  employed  may  be  used  to  prove  the 
more  eeneral  relation 

2.  Similarly,  we  can  show  that 

d  ■  sin  z  _  ,o 

dz 
w  =  sill  z  =  sin  (_x  +  iy') 
=  sin X  cosh  y  +  icQsx  siiih  !/,  by  58,  13) 
=  M  +  iv. 


Su       .         ■  -,  dv 

—  =  sin  X  smh  ii  =  —  —• 
dy  dx 

These  derivatives  are  continuous  and  satisfy  the  Caiicliy-Riemanii 
equations  86,  1).     Hence 

—I.'-™ —  —  cos  X  cosh  y  —  i  sin  x  ainh  y 
dz 

=  cos  3,  by  58,  14}, 
which  is  3). 

Another  way  to  establish  3)  is  to  start  from 

^'"  ^  ^       2i      ' 
which  we  derived  in  58,  8).     Then  by  2), 

d  ■  sin  z  ^  ie^  +  ie~^  ^  e''  +  .-"  ^  ^^^  ^ 
dz  2i  2 

by,  58,- 7). 
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3.  Let  ua  now  show  that 

rf  -  log  g  _  1 


taking  one  of  the  branches  of  log  2,  say 

log  2  =  log  r  +  i<j>  +  2  mid. 

fi'"^^^  M  =  logr    ,    v  =  4>+2m-,r, 

where  ,  „ 

r  =  ^x^  +  y^    ,     ^=aretg^- 

Now  at  any  point  different  from  the  origin 

dx      Or      dx     r      r      r^      di/^ 

^—  ^Jf      ^—1     M.  —  M. ?1. 

dy      dr      di/      r      r      r^         dx 

Thus  the  Cauehy-lliemann  conditions  are  satisfied,  and 


=  -  (cos  ^  - 


which  is  4). 

4,  In  a  similar 

d  •  arc  sin  z  _ 
dz 

d  ■  Riiih  z 


=  cosh  i 


III  the  first  equation  of  5)  we  must  choose  the  right  branch  of 
Vl  —  z^  for  the  particular  branch  chosen  for  are  sinz,  just  as  in 
the  calculus. 

88.  Inverse  Functions.  1.  Let  w  be  a  one-valued  function  of  z  in 
the  domain  31.  As  z  ranges  over  21,  let  w  range  over  a  domain  83, 
in  such  a  way  that  to  each  point  «i  in  ^  corresponds  but  a  single 
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point  z  ill  31-     Then  the  relation 

»=/w  (1 

may  be  used  to  define  a  one-valued  function  of  w, 

2  =  <,(»)  (2 

in  the  domain  ^.  We  call  this  the  inverse  function.  If,  on  the 
other  hand,  to  several  values  of  z  in  3[  corresponds  the  same  value 
of  w  in  S,  the  relation  1)  may  be  used  to  define  a  many-valued 
inverse  function. 

We  have  already  had  examples  of  inverse  functions.     Thus 

defines  the  logarithmic  function. 

We  note  that  8  is  the  image  of  91  afforded  by  1).     When  the 
inverse  function  2)  is  one-valued  in  S3, 

£S  ~  21,  uuipunctually. 

2.  Let  us  now  consider  the  derivative  of  the  one-valued  inverse 
function  2).     We  have  the  theorem  : 

_ff —  is  ^0  in  3t,  the  inverse  function  has  a  derivative 
dz 

—  —  J_     '    m 

dw      dw  '  (8 

dz 

Atv     Aw'  (4 

A3 

provided  Am>  ^  0.  Now  by  84,  6,  Am  ^  0,  if  we  talce  0  <  |  As  [  < 
some  S.     Tlius,  passing  to  the  limit  As  =  0  in  4),  we  get  3). 

3,  We  have  already  found  the  derivative  of  log  z  directly  from 


its  analytic  expression 


log. 


It  may,  however,  be  found  much  more  easily  from  the  theorem  2 

above.      We  start  from 

Mi  =  e". 

We  have  seen  in  62  that  logw  is  one-valued  in  any  connected 
region  SQ,  acyclic  relative  to  the  branch  point  tv  —  0.     While  w 
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ranges  over  S,  let  z  range  over  %.     Since 


never  vanishes  for  any  value  of  2  by  54,  2,  we  have  at  once  from  3), 


^.log«._l 
Aw  w 

which  is  the  result  obtained  by  another  niethocl  in  87,  3,  the  letters 
w,  s  being  of  course  interehivnged. 

4.  Let  us  find  the  derivative  of  the  arc  sin  function  considered 

as  the  inverse  of 

w  =  sma. 

We  saw,  64,  3,  that  the  branch  points  of 
3  —  arc  sin  w 

"«  »=±i. 

Thus  in  any  connected  region  ©  in  the  w-plane,  which  is  acyclic 
relative  to  both  of  these  points,  any  branch  of  the  are  sin  function, 
call  it  z,  is  a  one-valued  function  of  w.  While  w  ranges  over  S, 
let  2  describe  the  set  3(.     Then  in  3t 

—  =  cos  z 
dz 

does  not  vanish.     For  coss  vaiiisl^es  only  for 

.=.|  ,  ±3. 1  ... 

But  for  these  points  w  —  ±  1,  and  these  points  are  by  hypothesis  - 

excluded  from  the  region  S. 

Thus  all  the  conditions  of  the  theorem  in  2  are  satisfied.      We 

have  therefore      ,  .  i         -,  1 

a  •  arc  sm  w       as  _   1  1 

dw  dw     dw     cos  z 

dz 

=  ^=,  (5 

VI  —  w^ 
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where  the  radical  must  have  the  sign  of  cos  z  at 
the  point  z  which  corresponds  to  the  value  of  w 
in  question. 

5.   In  the  calculus  we  have 
d  arc  sin  x  __        1 
dx  Vl  —  x'^ 

As  the  radical  is  two-valued,  the  sign  to  be  taken 
depends  on  the  branch  of  the  function  we  employ. 
Thus  if  we  take  the  branch  which  passes  through 
A  in  the  figure,  we  must  take  the  +  sign.  If  we 
takethe  branch  wJiich  passes  through  B,  the  figure  shows  that  we 
must  take  the  —  sign. 

89.  Function  of  a  Function.     1.   Let  us  now  extend  the  familiar 


dt      dz 


for  complex  values,  under  certain  restrictions. 

Let  «  be  a  function  of  t  in  some  domain  %.  When  t  ranges 
over  X  let  z  range  over  a  domain  ^  in  the  z-pla»e.  Let  w  be  a 
function  of  z  in  3-  Then  w  may  be  conaidered  as  a  function  of 
the  variable  t  in  J. 

!«-^-    Let  .     .  .,.       - 


While  t  ranges  over  the  whole  i-pla 
2-plane  ^.     Thus  _   j,„ 

is  a  function  of  t  in  %. 


i  %,  z  ranges  over  the  whole 


Let 


=  -J\-t\ 


r- 


T  that  branch  which  corresponds  to  2=  +1 
for  *  =  0.  Then  3  is  a  one-valued  function  in 
any  connected  region  X,  which,  as  in  the  figure, 
is  acyclic  relative  to  the  branch  points  t=  ±1 
of  the  radical.  When  t  ranges  over  2!,  let  z 
range  over  3.     Let 
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taking  that  branch  which  =  0  for  z=  1,     Then  w  is  a  one-valued 

function  of  z  in  3'     Hence  ,        /t—s 

^  !c  =  log"vl  ~  (-^ 

is  a  one-valued  function  of  t  in  %. 

2.   We  now  prove  the  following  theorem : 

Let  z  have  the  derivative  -—  in  i 

If  —  doea  not  vanish  in  S,  then 

'     at 


Aw  _  Aw     Az 
A(  "  As   "  Ai' 


(1 

(2 


provided  As  ^  0.     But  by  84,  6,  this  condition  is  satisfied  if  we 
^^^^  0<  |A(1  <  some  8>  0 

-r-O  in  %.     Let  now  At  =  0,  at  the  same 
at 
time  Aif  =  0.     Thus,  passing  to  the  limit  At  =  0  in  2),  we  get  1). 

3.  Wo  may  use  the  relation  1)  to  calculate  the  derivative  of 
complicated  expressions,  just  as  we  do  in  the  calculus.     Thus,  let 

We  set 

Ml  =  e"      ,     M  =  sin  3. 
Then  ,  , 

*5  =  «.=  ,'..      ;       4S=„0S2. 
du  dz 

Hence  , 

■ — -  =  e""j  cos  z  (A 

dz 

for  all  3  for  which  cos  2^0. 

For  those  exceptional  values  of  z  it  is  easy  to  show  directly  from 
Aw;  |.,.„^  dw_^ 
Aa 

4.  Let  us  find  the  derivative  of 

w  =  {\  -t-z)", 
where  p  is  a  constant.     Then  by  68, 
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Let  UR  set 


=  fi\0g(l  +  Z) 


The  only  branch  point  of  m  is  2  =  —  1.  Let  then  3  be  any  con- 
nected acyclic  region  relative  to  this  point.  Let  now  u  denote 
one  of  the  branches  of  1* log (1  +3);  it  13  one-valued  in  3t  and 


As  this  does  not  =  0  in  ^  we  have,  from  1), 


(5 


5.   We  have  proved  the  important  relation  1)  on  the  hypothesis 

that  —  is  ^0.     Tills  condition  is  imposed  by  the  fact  that  our 

dt 
reasoning  requires  that  As  cannot  =  0  as  A(  =  0.     In  118,  S  we 


lall  see  that  the  relation  1)  holds  even  when 
'-  is  a  continuous  function,  oft. 


=  0,  provided 


90.  Functions  haying  a  Derivative.  1.  Let  us  return  to  86  and 
prove  the  important  converse  theorem  : 

Letf(z')  =  M  +  in  he  one-valued  in  the  domain  SI  and  have  a  deriva- 
tive /'(z).     Then  u,  v  satisfy  the  Cauohy-Rtemann  equations 


each  point  of%{. 

du  __  Bv 
dx~  By 

5u 
'     Sy 

=  - 

For  at  any  point 

zoi  St 

Az 

t- 

Ad 
As 

Since  /'(z)  exists  at  z  the  left  side  of  1) 
niust  converge  to/' (s)  however  3'=3  +  Az 
converges  to  z.  Suppose  we  allow  z'  to 
=  z  by  making  it  approach  z  along  a 
parallel  to  the  avaxis.    As  in  general 

As  =  A:«  +  i'A^, 
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we  see  here  that  Aj/  =  0.     Then  2)  becomes 

As       Ax       Ax         Ax 
Passing  to  the  Umit,  we  get 

f'(z')  =  —  -\-i^.  (3 

Let  us  now  allow  z'  =  z  by  making  it  approach  z  along  a  parallel 

to   the   ^-axis.     Then   Aar  =  0   and   hence   Aa  =  iAj/.      Thus    2) 

becomes  ,  ,       .  .      ^  .         . 

A/^  A/^1  Am   ^  Ai)_ 

Az      iAp       i  Ay      Ay 


Passing  to  the  limit,  we  get 

J 
Comparing  3),  4)  gives 


f'(  \  _  1  ^M       By 
i  dy       dy 


dx        dx  ~        dy      dy' 
Equating  the  real  and  imaginary  parts  gives  1). 

2.  Conformal  Jtepresentation.  Let  w  =  fiz)  he  a  one-valued 
function  having  a  derivative  in  the  connex  %.  Let  Cj,  C^  he  two 
curves  within  2[  which  meet  at  z  =  a,  making  the  angle  B  with  each 
other,  Iff'(a)  ^  0,  their  images  SjrSa  1"^  cut  at  the  same  angle  0, 
at  the  point  «  «-  a. 

For  let  a^,  Oj  be  points  on  Cp  0^  near  a,  as  in  the  figure.  Let 
«i=/(«i),  «2^/K)-     Then 

«,-a={f'(a-)  +  €,l(a,-a-), 

«2  -  "  =  !/'(«)  +  «2K«2  -  «)■ 

Since/'  (a)  ^  0,  a^  —  a  is  ^  0  if  ^2  is  sufficiently  near  a.     Hence 
«i  —  a  _  a^~  a  _  /'ftf)+  6j  ^^ 

«2  -  «      «2  -  «    /'(«)  +  H 

Now  the  argument  of  the  left  side  is  the  angle  ^  between  the 
chords  «ja  and  w^w-     The  argument  of  the  first  factor  on  the  right 
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of  5)  is  the  angle  0  between  the  chords  ayU  and  a^a.  Since  €j,  e^ 
are  numerically  small,  the  argument  of  the  second  factor  on  the 
right  of  5)  is  a  small  number  t.  Thus,  taking  the  aiguments  oi 
both  sides,  we  have  di  —  la  4.  X 

on  choosing  0  properly.  Now  as  a-^  and  a^  =  a,  ©  =  ^  and 
S  =  0.     Hence  <f)  =  0  also. 


3.  This  property  of  the  representation  of  the  z-plane  on  tlie 
to-plane  afforded  by  a  function  w  =/(3)  having  a  derivative  is  of 
great  importance  in  many  applications  of  the  fnnetion  theory.  We 
see  that  if  /'(a)  '^  0  in  circle  S  about  z.=  a,  to  any  little  triangle 
T  in  E  will  correspond  a  triangle  %  in  the  w-plane  which  is  the 
more  nearly  similar  to  T,  the  smaller  T  is.  This  we  may  state 
briefly  by  saying :  The  image  of  an  infinitesimal  triangle  T,  in  which, 
f'iz)  =h  0,  i%  a  similar  infinitesimal  triangle  %  in  the  w-plane. 

For  this  reason  the  representation  of  the  s-plane  afforded  by  the 
function  w  =:/(z),  is  said  to  be  eonformal,  where /'(s)  ^  0. 

We  ha.ve  had  examples  of  this  conformality  in  studying  the 
representations  afforded  by  the  exponential  and  the  sine  functions 
in  57  and  60. 

■  Thus  in  the  case  of  w  =  e',  we  divided  the  2-plane  into  a  set  of 
rectangles  and  found  that  their  images  are  a  set  of  circles  and 
their  radii  which,  of  course,  cut  each  other  at  right  angles. 

In  the  case  oiw  =  sin  3,  the  rectangles  had  as  images  a  set  of 
confocal  ellipses  and  hyperbolas  which  also  cut  orthogonally. 

4.  The  reader  should  note  tliat  if  /(z)  is  not  one-valued  or 
if /'(s)  is  0  or  does  not  exist  at  2  =  a,  the  reasoning  in  2  breaks 
down.  We  cannot  say  the  representation  is  conformal  at  this 
point. 
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For  example, 


A   COMFLEX   VAEIABLE 


=  V3, 


which  we  studied  ia  49,  ia  not  one-valued  at  z  =  0.  Two  radii  in 
the  3-plane  passing  through  this  point  and  making  an  angle  9 
with  each  other  have  as  images  two  radii  going  through  the 
point  Ml  =  0  and  making  an  angle  J  0  with  each  other.  Thus  the 
representation  ia  certainly  not  conformal  at  this  point. 

Integration 
91.  Definition.    1.    Let/(2)=  u  +  ivhe  one-valued  and  continu- 
ous on  tiie  curve  0  whose  end  points  are  a,  h. 
We  will  suppose  the  equations  of  C  are  given  by 

«  =  *(0   ,   y  =  t(0.  (1 

as  t  ranges  over  an  interval  %  —  («,  /3).  We  will  suppose  that 
tf)'(t'),  if"'(0  are  continuous  in  J;  also  that  the  correspondence 
between  Cand  2:  is  unipunctual. 

Let  us  effect  a  division  of  J  of  norm 
rj  by  interpolating  the  points 


To  these  points  will  correspond  the 

points  ,    ,    , 

^v  ^2'  ^a  ■  •  ■ 

on  0  which  effect  a  division  J)  of  norm 

S,  bay,  of  C.    Moreover  ,      ,      ,       ,'      ,      .      . 

Z     tTtl  ^ 

0  =  0,  as  17  =  0. 

Let  us  now  calculate  the  sum 

E/(2.)az.-/(2i)(2,-a)+/(2,)(2,-Z,)+... 

Since  As  =  A^  -F  jAjf,  we  have 

f(z)Az  =  (u-f-  iv)(Ax  +  iAy')  =  uAx  —  vLy  4-  i(uAy  +  vAx). 
Thus  S/(s)A2=s  S(MAa;—  vAy)  +  i1.(_uAy  -{-  vAx"). 

The  sum  2)  has,  therefore,  the  value 

2  (u^Ax^  -  v^Ay^')  +  %l(u^Ay^  +  v^Ax^'). 
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Suppose  now  we  let  S  =  0,  the  sums  in  S)  converge  to  curvi- 
linear integrals.     Thus  the  limit  of  2)  exists  ;  we  denote  it  by 

j|^/(2)<i2     or  by    £./(')•''■  C 

We  have,  therefore, 

=  I  (udx  ~  vdy)  +  if  (udy  -\-  vdx).  (5 

2.  Example.    Let  us  evaluate 


where  0  is 

an  are  of  the  circle 

x^rcost     ,     1/  =  J*  sin  (. 

Here 

hence 

fCz)  =  z2  =  (^  +  iyy  =  x'~f  +  2  xyi, 
u  =  x-'-y^    ,     v^2x!/. 

dx=  —  r  sin  tdt     ,     dy  =  r  cos  tdt, 

udx  =  - 

■  r^(cos2  (  -  sinS  ()  sin  tdt  =  r3(sin8 1  -  cos"  t  sin  O^^^i 

]i(i^  =  2  r*  coa^  ( sin  (d(, 

M(i^  =  r^(cos^  t  —  sin^  f)  cos  iti*, 

ni^^c  =  -  2  rS  cos  *  sin2  tdt. 

=  7^1    ( sin^  (  -  3  cos^  (  sill  ()'i(  +  JJ-3 1    (cosSf— Ssin^ieosi)*^^-    (6 

In  particular,  we  note  that  if  0  Is  the  whole  circle,  call  it  S, 

CzHz  -  0.  (7 

92.    Properties  of  Integrals.     1.    The  definition 


yGoosle 


188  FUNCTIONS  OF  A  COMPLEX  VARIABLE 

of  an  integral  of  a  function  of  a  complex  variable  is  entirely 
analogous  to  the  definition  when  the  variable  ia  real.  The  only 
difference  is  the  path  of  integration ;  In  one  case  it  is  a  piece  of 
the  3:-axia,  in  the  other  it  is  a  curve  C  in  the  3-plane. 

From  this  we  conclude  that  many  of  the  properties  of  integral 
developed  in  the  calculus  can  be  extended  to  the  integral  1). 
Thus  we  have 

jf"/(.)i2  =  -J/(2)i  (2 

jf" /(2)iz  -  J/&  +  jf"/i,  (8 

where  .7  is  a  point  on  C. 

2.  As  an  exercise  let  us  prove  the  very  importitnt  relation 
r/(z),Jal<  ee,  (5 

"""O  l/W|<  ff     ,     on  C  (6 

and  O  on  the  right  of  5)  stands  for  the  length  of  tho  path  of  inte- 
gration Q.     We  have  at  once 

I  J/(z.)Az. !  <  2 1  /(z.)  1 .  I A2, 1  <  ff S I  Az.  I  (7 

on  using  6),     As  As    =  ^    —  s 

we  see  that  |Az«|  is  the  length  of  the  chord  joining  the  points 
z^_p  z^  on  C.     Thus,  referring  to  the  figure  in  91, 

2;lAz.|  (8 

in  7)  is  the  length  of  aU.  the  chords  corresponding  to  the  division  D  of 
norm  8.  Now  by  definition  the  length  of  the  curve  O  is  the  limit 
of  8)  as  5  =  0.    Thus  passing  to  the  limit  8=0  in  7),  we  have  6). 

3.  From  5)  we  have  the  useful  relation 


\f/ 


L 


(.-ar-Jl-^         ......  integer 
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where  C  is  a  circle  of  radius  R  about  z  =  a,  and 

l/(z)l<(?      on  a 

For  the  integrand  is  here 

(.z-ay 

iind  the  length  of  C  is  2  irH- 

93.  Fundamental  Integral  Theorem.  1.  In  91,  5)  we  have 
seen  how  the  calculation  of  an  integral  may  be  reduced  to  that 
of  two  line  integrals.  In  a  great  many  cases  it  may  be  effected 
by  a  far  simpler  formula,  as  the  following  theorem  shows. 

Let  FQz)  be  one-valued  about  each  point  of  a  connex  91,  and  have 
a  continuous  derivative  f(^z).     Then 

''fiz)dz  =  F(h)^Fia\  (1 

where  if  F(z)  is  many  valued  in  %  F(b~)  is  the  value  whieh  F(a') 
acquires  as  z  rant/eg  over  the  path  of  integration  0. 

For  let  U8  effect  a  division  of  0  of  norm  8  by  interpolating  the 
points  2j,  Sj  ■■■  s„_|.     Then  by  86,  6), 

-FC^i)  -  FCa)  =f(z{)^z,  +  €,A3, 


£ 


F(y)  ^  F(z,_^)  =fiz^)Az„  +  e„Av 
Adding,  we  get 

#(i)  -  FCa-)  =  2/(OAz,„  +  2e„A»„.  (2 

Now  by  the  theorem  in  86,  2,  the  |  e„  |  are  all  <  e  for  any 
S  <  some  S(|.     Thus  the  last  term  in  2)  is  numerically 

<e2|As,J<  e^, 

where  <7is  the  length  of  C.  This  shows  that  the  last  term  in  2) 
has  the  limit  0  as  S  =  0,  Thus  passing  to  the  limit  8  =  0  in  2),  we 
get  1). 
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2.  The  relation  1)  is  merely  an  obvious  extension  of  llie  similar 
relation  in  the  integral  calculus.  It  is  just  as  useful  in  the  function 
theory  as  it  is  in  the  calculus. 

3.  A  particular  case  of  the  theorem  l  and  one  of  especial 
value  is : 

Let  F(z)  he  one-valued  in  the  connex  31  and  have  a  contirmoug  de- 
rivative/(s).      Then  ^ 

jf(z-)dz  =  0  (8 

for  any  closed  curve  G  in  31. 

94.  Examples.  To  make  the  reader  feel  perfectly  at  home  with 
integration  in  the  complex  domain,  we  give  now  a  number  of 
examples. 

Example  1.     Let  us  evaluate 

1    z'^dz         m  a  positive  integer. 

Thus  -f  (2)  is  one-valued  and  /(a)  continuous  in  any  connex. 
Hence  for  all  a,  h  we  have 


£f(t1dz=-^-^lb-*'-X-*'l. 


The  reader  will  note  that  the  integral  considered  in  91, : 
special  ease  of  1). 


Example  2. 


('"dz 


Here 


m  a  positive  integer  >  1. 


/«=i 


is  continuous  in  any  connex  21  which  does 
not  contain  the  origin,  as  for  example  the 
ring  in  Fig.  1. 
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is  one-valued  and  has/(s)  as  derivative  in  ^. 
Hence  ■■      r    ,  -,    , 

Example  3.  ^^  , 

/    ?!.  (3 

'^°"  /«-!     ,     -FW-log^. 

Thus  /(z)  is  continuous  in  any  connex  H  which  does  not  contain 
the  origin  0.  Unless  31  is  acyclic  relative  to  0,  ^C^)  is  many- 
valued.  In  fact  if  we  start  from  z  =  a  with 
tions  of  loge  at  this  point  which  we  call 
Fa  and  allow  s  to  describe  a  circuit  ^ 
about  O'm  the  positive  sense, -F^  will  acquire 
the  value  J^  ==  F„  +  2  ttj  at  the  end  of  ^. 
Thus 

(4 


of  the  determina- 


Let  now  =7^  be  the  value  of  3)  for  the 
path  C,  in  Fig,  2,  and  J^  for  the  path  0^. 

^2  =  J^  -  2  m.  (5 

For  CjC^    forms  a  circuit  ^  about  0.     Hence  by  4) 

'  "■  =L.-r£  ^  £,-'£.-£.  '•''-  ■"" 

wnich  proves  5). 

Finally  lets  beany  connex,  acyclic  relative  to  the  origin.  Then 
any  one  of  the  branches  of  the  logarithmic  function  is  one-valued 
in  S.     Denoting  this  by  log  s,  we  have 


r 


y  b  —  log  a. 


(6 


and  this  integral  is  independent  of  the  path  of  integration,  pro- 
vided of  course  it  remains  in  S. 
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95.  The  Indefinite  Integral.     ].   Returning  to  the  relation  1) 
93,  let  us  write  it      ^- 

Let   (?(3)  be  any  other  function  of  z  which  1 
derivative/(2).     Then  similarly 


(1 

the  continuous 


Comparing  1)  and  2),  we  have 

where  C  is  a  constant.     The  functions  F,  G  are  called  primitive 
functions  oif(z').     They  are  denoted  by 


//«^. 


no  limits  of   integration    appearing   in  this  symbol.     Primitive 
functions  are  also  called  indefinite  integrals. 

2.  Every  formula  of  diiJerentiation  as 

dFO 


=/(0, 


where  F(zy  is  one-valued  and/(s!)  is  continuous  in  some  connex 
31,  gives  rise  to  a  formula  of  integration, 


/■' 


/W<Jz  =  J(»). 


Thus  any  table  of  indefinite  integrals  given  in  the  calculus  may  be 
extended  to  the  complex  variable  z,  provided  3  is  restricted  to  a 
connex  in  which  Fi^z}  is  one- valued  and/(3)  is  continuous. 

3,  Let  the  one-valued  continuous  function  f  (z)  he  such  that 


(?» 


=J'/Wci2 


18  also  one-valued  in  the  connex  St.     Then 
dz 


=/('}■ 
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tTEOEJ 

.TIOS 

For  lei 

3  =  it  be  SOI 

■ne  point  of  %. 

Tl.ei 

Aa=a(, 

.+  4) 

-  e(.)^ 

-r 

'fd. 

^f. 

'fds 

-r 

V- 

Aa  f(z}  is  continuous,        f(z)=f(u)+e', 


and  I  e'  I  <  e  for  I  A  I  <  some  S.     Tims 
AG      1 


A2 


ir'^^« 


)+<' 


Obviously 
Also 


fixed  value  of  z,f{u)  is  constant.     Hence 


I  /""""V.?; 


Thus  ff  =  0  aa  h  =  0.     Hence  letting  A  =  Aa  =  0  in  5),  we  get 

which  i.  4).  <?'(«)=/(«). 

96.  Change  ofVariable.  1.  Every  student  of  the  calculus  knows 
that  a  change  of  variiible  is  often  of  great  assistance  in  calculating 
an  integral.  It  is  equally  useful  in  the  function  theory.  To  this 
end  we  establish  the  following  theorem : 

Let  /(z)  he  eontinuoua  on  the  curve  C.  When  z  ranges  over  (7,  let 
u  =  0(3)  ranffe  over  a  eurve  D  which  eorresponds  to  G  uni^pmietaally. 
Let  the  inverae  function  z=  ^(u)  have  a  continuous  derivative  on  2). 

f/Wxi'  =  f/ii^C"}  W-'Wiii.  (1 

For  let  us  effect  a  division  of  norm  S  of  2>,  by  interpolating 
the  points  Wj,  u^  ■■■,     To  these  points  on  D  will  correspond  points 
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«i,  Zg  ■■•  on  G  which  effect  a  division  of  norm,  say  7,  of  G.     Also 

z„  —  z„_j  =  Az„  =  i/i''(m„)Am„  +  e„AM„, 
W^«^«  le„|<e  m  =  l,2,... 

provided  S  <  some  S^.     Thus 

S/(2.)A2,.=  2/!+(i..)i^'(K.)A«,.  +  ?f«.A«..  (2 

Now  the  last  term  on  the  right  is  numerically 

<€ff21Aw„|^e(?A  (3 

where  D  is  the  length  of  the  B  curve,  and  |/(2)  |  <  Or.     But 

5)  states  that  the  last  term  of  2)  has  the  limit  0  as  8  =  0.     Thus 
passing  to  the  limit  in  2),  we  get  1). 

2.  Example.     Let  us  calculate 

along  a  curve  G  lying  in  a  connex  91  which  is  acyclic  relative  to 
the  branch  points  ±  c  of  the  radical.     We  change  the  variable, 

setting  , 

u=  4>(z)  =s+  VW^^.  (5 

'^''«"  ^  =  ^^u)=t±^  (6 

if  «^0.     But  w  cannot  vanish,  for  if  it  did,  5)  gives 

which  requires  (5  =  0,  and  this  is  contrary  to  hypothesis.     From 

6)  we  see  that  2  is  a  one-valued  function  of  1*.     To  the  eud  points 
of  (J  correspond  ^_^^_^^     _     ^_,f(S) 

on  the  curve  D-^G. 
From  6)  we  have 

1(2  _  ^3 
dz  =  -ijr'  (u)  du  =  — ;- — ^  du. 

From  5),  6)  we  have 

V  2*  —  t^  =  u  —  z  =  —- — -  ■ 
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Thus  4)  becomes,  on  using  1), 


=r"--^ 


97.  Integration  by  Parts.  1.  This  is  iinother  important  method 
for  evaluating  integrals..  Analogous  to  the  calculus  we  have  the 
following  theorem  : 

In  the  connex  31,  let  the  one-valued  functions  /(s),  fiiz)  have 
continuous  derivatives.     Then 

j'jg'az  =  [/(2)!7(z)]'  -  f'gfiz.  (1 

For  let  us  set  ,  ,  , 

Hence  by  93,  1), 

fifg'  +  a/')*  -  ''(*)  -  ''(»)  =  [/«]' 

£'fs'<i^+  ("'sfdo-lfsj, 
which  gives  1). 

2,  The  relation  1)  still  holds  when  /  and  g  are  many-valued  in 
the  connex  SI,  provided  we  take  the  right  determinations  of  /,  g 
and  their  derivatives  along  the  path  of  integration  as  91,  1  shows, 

^xmnple.     Let  us  evaluate 

J=  r»  log  sdz.  (2 


We  set 
Then 


Thus 


J=  Iz^  log  3  —  W  2(^2 
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98.  Differentiation  with  Respect  to  a  Parameter.  1.  Let  g(z,  u) 
ije  a  one-valued  oontiiiuons  function  of  2  on  a  curve  O  for  each 
value  of  u  in  some  connex  U-     Then  the  intygra! 


4,(u)  =j  g\ 


defines  a  function  of  m  over  U. 
For  example,  let 


g{z,u)dz 


(z-uy 

where  /(s)  is  a  continuous  function  of  z 
alone.  Also  for  purposes  of  illustration 
let  O  be  a  simple  closed  curve,  as  a  circle 
or  an  ellipse,  and  let  the  connex  U  lie 
within  C  as  in  the  figure.  Then  e  —  u 
does  not  =  0  as  a  ranges  over  0,  for  any 
point  u  in  U.     Then 

X(2-«)- 

defines  a  function  of  u  over  U.  We  shall  see  that  the  integrals  of 
the  type  2)  are  very  important.  Returning  to  the  general  inte- 
gral 1),  we  prove  the  following  theorem,  which  will  be  of  grciit 
service  later. 

If  -^  is  a  continuous  functio7i  of  u  and  zfor  eaoh  u  in  U  and  z  on 


!ui 

■by 

definition 
A* 

_  *(«  +  J) 

-  /  lid,. 

Ai.=o  Am 

=  Au 

=_/;,(.»+ 

h')dz-  1  ^(2, 

u-)dz 

=fy(..u. 

^h)-g(z,u)l 

(fe. 
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Now  as  in  86,  2 

g(z,  u  +  h)  -g(z.  u)  =  |(/;(2,  m)  +  e' ;  Aw, 

where  |  e'  |  <  e  provided  0  <  |  Aw  |  <  some  S ;  moreover  this  holds 
for  every  z  on  C. 

Thus  4)  gives      .  ,        ^  ^ 

But  /.       I         _ 

as  we  have  often  seen.  But  this  states  thiit  the  last  term  of  5) 
has  the  limit  0  as  S  =  0.  Hence  passing  to  the  limit  8  =  0  in  5), 
we  get  3). 

Functions  Defined  by  Series 
99.    Steady  Convergence-     1.   Let  us  consider  series  of  the  type 

-f'/.c^)  +/=»  +/,(2)  +  -  =  y.C'),  (1 

whose  terms  /^(s)  are  one-valuod  functions  of  z  in  some  point  set 
31,  which  may  be  unlimited.  The  simplest  case  of  such  series  is 
power  series  .-  -,  ,         -,0  ^r, 

or  changing  the  variable  by  replacing  z  —■  ahy  z, 

a,)  +  ajZ  +  a^  +  ■•■  (3 

By  means  of  such  series  we  defined  the  functions  e',  sin  a,  etc. 

If  the  series  1)  converges  in  21,  it  will  define  a  one-valued  func- 
tion of  s  in  %,  which  we  denote  by  FCz).  We  wish  to  study  such 
functions  relative  to  continuity,  differentiation,  and  integration. 

To  this  end  we  introduce  the  notion  of  steady  convergence. 

Suppose  for  all  z  in  31  the  m'"  term  is  such  that 

l/.WtiS'.         '»  =  l,2,  ...  (4 

where  g-^,  g^  ■■■  are  positive  constants. 

Lettheseries  a  =  g^  +  g^  + g,+ -  {h 

converge.  Obviously  the  series  1)  converges  absolutely  for  each 
2  in  31,  by  virtue  of  the  relations  4).     In  this  case  we  have  com- 
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pared  a  aeries  whose  terms  are  functions  of  z  with  a  convergent 
series  whose  terms  are  constant.  This  kind  of  convergence  we 
call  steady.     We  therefore  define : 

The  series  1)  converges  steadily  in  3(  when  each  term  of  1)  satisfies 
the  relation  4)  for  all  z  in  %,  and  when  the  oorresponding  constant 
term  series  5)  is  convergent. 

2.  An  important  property  of  steadily  convergent  series  is  the 
following: 

ff  the  series  1)  converges  steadily  in  St,  the  remainder  after  n  terms 
I'a  is  numerically  <efor  any  n  >  some  m,  for  every  z  in  %. 

For  the  ff  series  being  convergent, 

(?„,  <  e     ,     for  some  m. 
Hence  as  the  g„^  are  positive 

Cl-a<e  a  fortiori  for  any  n>m. 

But  from  4),  I  J*  l<^ 

for  any  z  in  3t- 

3.  Power  Series.  Let  the  circle  of  convergence  of  3)  he  C.  Let 
D  he  a  circle  lying  within  0,  and  having  the  origin  as  center.  Then 
3)  converges  steadily  in  D. 

For,  let  3  =  /3  >  0  be  a  point  lying  between  the 
two  circles  Q,  D  on  the  real  axis.  Then  as  S) 
converges  absolutely  at  this  point,  the  constant 
term  series  ,       o  ,       ™  ,  ,„ 

is  convergent.     But  for  any  z\uD 

I  ^m^'"  j  <  "^.-S"  m  =  0,  1,  2  ■•■  (7 

Thus  the  terras  of  3)  satisfy  the  relations  4)  for  every  z  in  i>,  and 
3)  converges  steadily  in  D. 

4.  The  definition  of  steady  convergence  may  be  extended  at 
once  to  two-way  series 

\Ui^\  (8 

and  to  double  series  ^  ^    ^  -,  ,q 
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Thus  if  for  every  z  in  some  point  set  31 

\f..  « I  <g,.„ 

and  if  j^^  _ 

is  convergent,  then  9)  ooiiverges  steadily  in  SI. 
5.  Sxample.     Let  ua  consider  the  series 

where  p  is  an  integer  >  2  and 

(o„„  =  ma  +  nb  (11 

as  in  41,  5.     These  series,  as  we  siiall  see,  are  very  important  in 
the  elliptic  functions. 

Let  us  describe  a  circle  ^  about  the  origin  and  consider  the 
series  /T  formed  only  of  terms  of  10)  for  which  the  points  11)  lie 
without  iJ.     We  show  that  the  IT  series  eonverges  steadily  in  ^. 


For 


\^<k<l 


for  any  a  in  S  and  for  any  «>„„  in  IT. 
Now  1  , 


Hence 


where  C  is  some  constant  >  0. 

Thus  each  term  of  the  ff  series  is  <  the  corresponding  term  of 
the  positive  constant  t-erm  series 

which  we  saw  converges  in  41,  5.     Thus  S  converges  steadily  in 
the  circle  St- 


6.   Let  us  show  that ; 
A  two-way  power  s 


a^+a^z  +  a^z^  +  .-  (12 
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is  steadily  convergent  in  any  ring  91  lying  within  its  ring  of  conver- 
gence It. 

For  let  R=  0-D,  and  3t  =  S - ©.  Then  the  series  in  the 
first  line  of  12),  call  it  P,  converges  steadily  in  S.  Let  now 
2  =  S  >  0  be  a  point  on  the  si-axis  between  the  two  circles  D  and 
3).  Then  the  series  Q  formed  of  the  second  line  in  12)  converges 
absolutely  for  z  =  B,  that  is,  the  positive  term  series 

1+1+1+ -  •  i»"i=A  (13 

is  convergent.  Let  now  z  be  any  point  on  the  cii^cle  3)  or  with- 
out it.     Then  1 3  |  =  ii"  >  S ;  hence  each  term  of 

is  numerically  <  the  corresponding  term  in  13).  Thus  Q  con- 
verges steadily  for  all  points  on  and  without  3).  Hence  12) 
converges  steadily  in  the  ring  9f  formed  by  S  and  35. 

100.  Contiauity.  1.  It  is  quite  important  at  times  to  know  if  the 
sum  of  a  series  of  continuous  functions  is  itself  continuous.  The 
following  theorem  is  often  useful. 

Let  the  terms  of  the  series 

r-Ai')  +/,«+/,»+  -  (1 

he  continuous  and  one-valued  about  z  =  a.  If  1)  Bonveri/es  steadily 
in'  some  circle  S  about  a,  F  ia  continuous  at  a. 

To  prove  this  we  have  only  to  show  that 

limF<a+h')=r(a).  (2 

l""'  AJ=-P(«+;i)--y((i), 

then  2)  is  equivalent  to         i;,„ip=o.  (3 


Let  us  write  1) 


F=,F.  +  F„ 


"""  AF=&F.+  l^F.. 
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Since  ^  converges  steadily  in  S, 

for  some  w,  and  for  any  2  in  IS  by  99,  2.     Thus,  in  partieuiar, 

h  in  6. 


1-F.(«)!<|     . 

\FJa 

+  *)!<! 

Hence 

subtracting, 

A^. 

l<«     . 

or  lim  A^„ 

Since  F.^  is  tlie  sum  of  m  continuous  functions,  it  is  itself  continu- 
ous.    Hence  i-      a  ef       n  re 
liiii  AJ'„  =  0,  (6 

Thus  letting  A  =  Az  =  0  in  4),  we  get  3)  on  using  5),  6). 

2.  The  mower  series     in     „    ,   „  ,  ,  ^  ,2  ,  rT 

J!    —  "0  T  «i*  T  "2        T    -■■  1,1 

is  a  continuous  function  of  z  at  any  point  within  its  circle  of  con- 
vergence E. 

For  let  3  =  a  he  a  point  within  S.  Let  ^  bo  a  circle  about  z  =  0 
which  contains  a  in  its  interior.  Then  we  can  describe  about 
2  =  a  a  circle  c  which  lies  in  S.  As  7)  converges  steadily  in  ffi 
by  99,  3,  it  does  in  c  also,  since  this  is  a  part  of  k-  Hence  F  is 
continuous  at  a  =  a  by  1. 

3.  A  property  of  power  series  often  used  is  this : 


Let  the  series 


P^a 


oonverge  about  the  origin.     If  atf=f=0,  P  does  not  vanish  in  some 
circle  C  about  the  origin. 

This  is  an  immediate  consequence  of  83,  s,  since  P  is  continu- 
ous at  s  =  0. 

4.  Closely  connected  with  the  property  of  continuity  is  the 
following  theorem ;  it  embraces  i,  in  fact,  as  a  special  case. 

'^  _P(s)=/,(z)+/5»+  -.  (8 
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converge  steadily  in  some  circle  S  about  e  =  a.     Let  each 

*'  e=  <;,  +  (.,+  -. 

ta  convergsnt,  we  have 

lira  i'(2)  =  S  !».,/.(.)-  a  (9 

For  we  may  take  m  so  large  that 

Also  we  may  take  S  >  0  so  small  that 

1^.«-C.l<|     .     0<\z-a\<S.  (11 

sinoe  by  liypotliesis,         ^^^-^^  i  C.  as  z  i  «. 
Then  the  relation 

F-  C=F.-C.  +  F.-a. 

^"^  [F^O\<\F,-C.]  +  \F.\  +  \C.\ 

<f  +  |  +  |-e        ljylO),ll), 
and  this  establishes  9). 

101.  Termwise  Integration.     1.    In  order  to  integrate  a  series 

it  is  usually  most  convenient  to  treat  ifc  as  we  would  a  finite  sum 
and  integrate  it  term  by  term,  or  as  we  say  termwise.  This 
method,  which  suggests  itself  at  once  to  the  reader,  is  permissible 
as  follows  : 

Let  each  term  of  1)  he  one-valued  and  continuous  in  a  connex  %. 
Ifl^  converges  steadily  in  SE,  we-  may  integrate  it  termwise  over  any 
curve  f  m  31 ;  that  is, 


CF(_z^dz  =  j'f^dz  +j'f^dz  +  . 
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For  being  steadily  convergent, 

.P(3)  =  i;  +  -F„  (3 

^^^                                              1^1  <e  (4 

for  all  n  >  some  m,  and  for  all  z  in  31. 

By  100,  1  _F  is  continuous.     As  F„  is  the  sum  of  m  continuous 
functions,  it  is  continuous.     Hence  F„  m  continuous.    Thus  3)  gives 


CFdz  =  CfJ,z  +  CfJ,z. 
By  92,  2, 


I  Cfj 


<  eC, 


where  C  is  the  length  of  O.  Thus  the  last  term  in  5)  has  the  limit 
0  as  n  =  00.     Thus  letting  m  =  no  in  5)  we  have 

CFdz  =  lim    CfJ,z 

=  Hm  \Jf,dz+  -  +f/ndzy  (6 

Now  for  the  series  on  the  riglit  of  2),  that  is, 

to  converge  it  is  necessary  that  the  sum  of  its  first  n  terms  should 
converge  to  some  limit.  The  relation  6)  shows  that  this  sum  does 
converge  and  has  as  limit  the  member  on  the  left.     Thus  2)  holds. 

2.   From  the  foregoing  we  can  show  that 

iog(i-.)=-ji+f-f+-)  a 

is  valid  within  tile  unit  circle,  that  is,  for  [s]  <  1. 
For 


^  =  l+z  +  z2+-         it|al<l. 
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Heiioe        /.^   J,  /.=  /-, 


which  is  7). 

3.   We  can  show  similarly  that 


arctg3  =  g--  +  - !s|<l- 


£rh=''--^-^^-jy-~£-' 


z'^dz-\ 


4,  The  reasoning  in  1  shows  that  2)  holds  provided  each  term  of 
1)  is  continuous  on  the  curve  C  and  the  series  X)  converges  steadily 
onC. 

5.  Since  a  two-way  power  series 

F=l«.iz-ay  (9 

converges  steadily  in  any  ring  9i  lying  within  its  ring  of  conver- 
gence, we  have  for  any  curve  O  in  5R 

/  Fdz  =   I  atfiz  -V  rti   /  (3  ~  a'ydz  ^ — 
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Let  now  0  be  a  circle  S.     Since 


A 


Cwdz  =  2 


(11 


102.  Calculation  of  ir.  Let  us  use  the  relation  8)  in  101  to  calcu- 
late tt;  it  will  serve  as  an  exercise  in  infinite  series.  Putting 
£  =  ^  in  that  relation  we  get 

^1_1      1^      1     1^_1     j_ 

'5      5      3  '  5^      6  '  5^*      7  ■  5^ 


%  =  arctg  - 


(1 


The  error  committed  in  breaking  off  tho  summation  of  any  term  is 

less  than  the  next  term,  as  we  saw  in  15,  i. 

From  trigonometry  we  have 

,       J,  2  tan  a. 

tau  2  «  = — -, 

1  -  tan^  a 

tan  2  «  =  A-. 


which  gives  here 
Similarly 
Let 


Then 
Thus  101,  8)  gives 


s  than  the  next  term. 

7r_.fl      1       1 


tan  4  <t  =  1|-^. 

,        Q      tan  4  a  -  1        1 
'=^"^^l  +  ta^4-^^2l9' 

-l.-l._L+l..J (3 

239      3     239''      5     235)5  "■ 

tted  in  breaking  oif  the  summation  at  any  term 
Thus  from  1),  2),  3)  we  get 

i_...l_fJ_-i.J_+...l. 

r>s  1239      it     2393  j 


.  i=. 002666667 

.  1=. 000001829 

5' 

1;  =  . 000000002. 
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I"''™  o=. 200064057 -.002668497 

= .197395660 
is  correct  to  9  places,  and 

4  ..  =  .78968224 
s  correct  to  8  places. 


Also  we  have 
1 


.004184100 
-.  =  .000000024. 


3     2.38' 

Tims  ff  =  .004184076 

is  correct  to  8  places. 

™™  -_. 78539816 

4 
or  7r=3.1415926--. 

is  correct  iu  the  last  decimal.     In  fact  a  more  elaborate  calculation 

S'^"^^  TT- 3.14159265358  .-■ 

103.  Termwise  Differentiation.  1.  From  the  theorem  on  term- 
wise  integration  of  a  scries  given  in  101,  1  we  can  deduce  a  useful 
theorem  on  termwise  differentiation  : 

In  the  eonnex  %,  let  each  term  of  the  convergent  series 
be  one-valued  and  have  a  continuous  derivative.     If 

e=/,(2)+/iW+  -  (2 

converges  bodily  in  31, 

a  J'-    ,     in  a. 
dz 

For  by  101,  1 

j(  e&=jf  /1(2)&  +  jf  f,iz-)dz+  ... 

■=  !/,(»)-/,(«)  I  +  l/i(») -/,(«)  i  +  - 
Thus  by  95,  3  we  get,  on  differentiating  3), 
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2.  A  power  series  may  he  differentiated  Urmwise  at  any  point 
within  its  circle  of  convergence. 

For  let  jr=  a^  +  a^z  +  a^z'  +  -  (4 

have   the   circle   of   convergence   S-     Then   by    85,  2  the  series 

G  =  a^^2a^z  +  ?>a^z^+- 
obtiiiiied  ffom  .f  by  diiferentiating  it  termwise  has  the  same  circle 
of  convergence  Q.  Thus  if  c  is  a  little  circle  about  a  point  z  =  a 
within  C  the  series  F  converges  in  c,  and  G  converges  steadily 
in  c  by  99,  3.  Thus  the  condition  of  the  theorem  1  holding,  we 
may  diiTerentiate  4)  termwise,  or 

^=ff  =  «,  +  2«23  +  3aa32^_... 
dz 
Remark.     We  note  this  theorem  was  proved  in   85,  1,  making 
use  of  double  series. 

3,  A   two-way  power   series  F  =  ^a^z"    may   be    differentiated 
termwise  at  any  point  within  its  ring  of  convergence;  that  is, 

dz      -» 
To  prove  this  we  need  to  consider  only  the  special  case 

#  =  -1  +  -2  +  ■  ■  ■         ^  circle  of  convergence. 


weget                       j.=  jj„+i^„s+ ... 

.„d                             g'=J,  +  2V+- 

If  now  we  apply  89,  2,  we  get 

"'=f.f'         since  f  = 
dz       du    dz                    dz 

-^ifcO  without^ 

\|S,  +  26,»+-l 

without  S. 
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4,  Differential  iEquation  for  I'X'^ff'VZ):  As  an  exercise  in  dif- 
ferentiating power  series  let  us  find  the  derivatives  of  the  hyper- 
geometric  series 

introduced   in    39,  4  and  show  that  it  satisfies   the   diflerentiiil 
equation 


On  differentiating  5)  tei'mwiae  we  get 
„,,    „     ^      ^    ..„  +  l...„  +  »-l.;3.|3  +  l-)3  +  »-l.._, 


"^      1  ■  2  "■  n+ 1  ■  7  ■  7+ 1  ■■■  7  +  n 


7  V  1.2.. .11  +  1  .7  +  1  ...7  +  »  ^ 


„^_F(„  +  1,  ;3  +  l,  7  +  1,  z). 
7 

Hence 

J?"(«/373)=--^J"(.  +  l,  /3  +  1,  7+1,  z) 


7-7  +  1 
itc. 

To  prove  tliat  5)  satisfies  6)  let  us  set 


i.+  l...»  +  «-l./i.ff  +  l.../3  +  »-l 
1.2...».7.7  +  1...7+ji  —  1 


Then  tlie  coefficient  of  s"  in  2^ J"'  is 
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7  +  « 
m(«  +  /3  +  l)2-f"iti8      „(^  +  f)  +  r)P^^ 

i'-l^'iti,  (.  +  „)(/)  +  „) 

'  7  +  » 


Adding  all  these  gives  the  coellicient  of  z"  in  the  left  side  of  fi 
We  find  it  is  0. 
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ANALYTIC  FUNCTIONS 

104.  Deflnitlons.  1.  At  this  point  we  begin  the  study  of  the 
theory  of  functions  of  a  complex  variable.  The  functions  con- 
sidered in  this  theory  are  not  the  general  functions  considered  in 
Chaptet:  VI,  but  a  subclass  of  these,  viz.  those  functions  which  have 
a  continuous  derivative.  To  be  more  specific,  let  w  have  assigned 
to  it  a  definite  value  for  each  point  z  of  tlie  connected  region  3t  such 
that  w  has  a  continuous  derivative  in  31.  We  call  w  a  one-valued 
analytic  function  of  z  in  SI.  Suppose,  on  the  other  hand,  that  w  has 
in  general  more  than  one  value  assigned  to  it  for  the  points  of  %. 
We  will  call  it  a  many-valued  analytic  function  if  its  values  can 
be  grouped  in  branches,  each  of  which  is  a  one-valued  analytic 
function  about  each  point  of  3E. 

2.  From  this  definition  it  follows  that 

e'    ,     cos  z     ,     sin  z     ,     cosh  z     ,     sinh  z 

are  one-valued  analytic  functions  in  the  entire  plane.     For  they 
each  have  a  continuous  derivative  for  any  z. 
Similarly  j 


for  example,  is  a  one-valued  analytic  function  for  the  region  31 

formed  of  the  whole  z -plane  after  deleting  a=±l,  the  zeros  of 

the  denominator,  while  . 

'  tan  z 

is  analytic  for  the  region  SI  formed  of  the  whole  plane  after  delet- 
ing the  infinite  point  set 

...      -5^     ,     -3^     ,     _^     ,     :^     ,     3.^     ,     5-^     ... 

2     '  2     '  2     '     2     '        2     '        2 

On  the  other  hand,  ,zj— — ^ 
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is  a  two-valued  function  for  the  region  2t  formed  of  the  whole 
plane  after  deleting  the  branch  points  ±  i,  while 

logz 
is  an  infinite-valued  analytic  function  in  the  region  %  formed  of 
the  whole  plane  after  deleting  the  origin  a  =  0. 

3.    A  power  series 

is  an  analytic  function  within  its  circle  of  convergence  S. 

For  hy  85,  F  has  a  derivative  within  S  which  is  a  power  series 
and  therefore  continuous  within  <S. 


4.  The  quotient  of  two  power  series 


5,^0 


having  a  common  circle  of  convergence  S,  is  an  analytic  function 
of  z  within  some  circle  t  about  the  point  z=  a. 

For  the  denominator  does  not  vanish  at  2  =  a,  since  by  hy- 
pothesis S(j  ^  0.  Thus  by  83,  it  does  not  vanisli  iu  some  c  lying" 
in  S,  Hence  by  84,  Q  has  a  continuous  derivative  within  c  and 
is  therefore  analytic  within  c- 

5.  A  two-way  power  series 

!■= 2  ».(.-.)■ 

is  an  analytic  function  of  z  within  its  ring  of  convergence. 
This  follows  at  once  from  103,  3. 

6.  We  propose  now  to  study  the  general  properties  of  analytic 
functions  and  shall  rest  our  treatment  on  two  .theorems  of  a  grand 
importance  due  to  Cauchy,  and  called  his  first  and  second  integral 
theorems. 

105.  Cauchy's  First  Integral  Theorem.  1.  Let /(z}  be  one-valued 
and  analytic  in  the  simple  connex  %.     Then 

i'jizyiz  =  ()  (1 

for  any  simple  closed  curve  C  in  St. 


f/ 
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For  let  ,.,  ^ 

Then  since  /  has  a  continuous  derivative  in  St,  the  first  partial  de- 
rivatives oiu,v  are  continuous  functions  of  a;,  y  which  satisfy  the 
Cauchy-Riemann  equations 

du_iyv_         ^  —  _!tL  c9 

dx       Sy      '      dy  dx 

hy  90.  On  the  other  hand,  let  us  express  1)  as  line  integrals, 
using  91,  5),     Then 

/  fdz  =  I  (udx  —  vdy)  +  i  i  (udp  +  vdx).  (3 

We  now  apply  Stokes'  theorem  80,  1)  and  get 

f(udx  -  vdy)  =  -  ff^  +  ^  dxdy  =  0,     by  2), 
Jc  JqKSx      dt/J 

C(udy  +  vdx)  =  rf  -  ~  ~\  dxdy  =  0,     by  2). 
Jo  Jd \dx      dyj 

These  in  3)  give  1), 

2.  From  this  we  conclude  that : 


£fd^=.£fd^, 


where  0^,  Cg  are  two  simple  curves  in  SI  having  the  same  end  points 
but  no  other  points  in  common. 

For  C^Cj"^  is  a  closed  curve.     Hence  by  1) 

which  gives  4). 

3.  The  restriction  that  C^,  O^  should  have  only  their  end  points 
in  common  is  obviously  not  necessary.  For  if  0-^,  0^  have  other 
points  in  common,  we  can  break  them  iip  into  arcs  which  have  only 
their  end  points  in  common.  Similarly  (7j,  Cj  may  have  mul- 
tiple points. 
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4.  In  the  connex  9[  in  wMch  /(a)  is  one-valued  and  analytic,  let 
Cp  C3  he  two  simple  closed  curves  forming  the  complete  boundary  of 
a  ring-shaped  connex,  as  in  Fig.  1.      Then 


the  m 
same 


I  (7j,   Gj  being  passed  over  in  the 


(5 


For  let  U8  join  C^,  C^  by  two  adjacent 
34,  16,  as  in  Fig.  1.     Then 

C=  123 -34 -456.  61 

is  ii  closed   curve,  forming  the  edge  of  a 
aimple  connex  in  %     Thus 

"=£/•''-£  +  £+£+£■  (« 

Now  the  value  of  /(s)  at  a  point  z  on  34  does  not  differ  by  an 
amount  greater  than  e  from  a  point  near  by  on  16.     Thus 


£'fd^.n,£ 


differ  by  an  amount  as  small  as  we  please  as  the  curve  34  is  made 
to  approach  16. 
As  pfdz=-£fdz, 

we  see  that  under  these  circumstances 

f'fdz+rfdz=o. 

(fdz=Cfdz 

£fd^=~£fdz. 

Thus  passing  to  the  limit  in  6)  we  get  5). 


Similarly 
and 
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5.  The  little  strip  1643  taken  out  of  Fig. 
1  and  whose  edges  are  then  allowed  to  ap- 
proach indefinitely  near  we  call  a  arose  mtt. 

6.  Let  Cj,  Gj,  -■■  0„  be  simple  closed 
curves  as  in  Fig.  2,  each  exterior  to  the 
others  and  all  interior  to  a  simple  closed 
curve  0.  Let  these  curves  form  the  com- 
plete edge  of  a  connex  ?l  in  which  fiz)  is 
one-valued  and  analytic.  Then  if  all  these 
curves  are  described  in  the  same  sense, 

To  prove  7)  we  need  only  to  put  in  the  cross  cuts  7^,  7^,  ■  ■■  7„, 
as  in  the  figure.  This  produces  a  simple  connex  S  with  edge  @. 
As/ is  one-valued  and  analytic  in  S,  we  have 

r/az=o. 

We  may  now  reason  as  we  did  in  4. 

106.  Cauchy's  Second  Integral  Theorem.  1.  Let /(/)  be  one- 
valued  and  analytic  in  a  simple  connex  whose  boundary/  is  O.  Then 
for  any  "point  s  within  0 


•/(»)■'" 


(1 


For  by  105,  i  we  can  replace  C  by  a  circle  ^  of  radius  /  and 
center  z.     Then  for  a  point  u  on  ^, 


on  S!  if  the  radius  r  is  sufficiently  small.    Thus  as/(3)  is 
J=  2  wif(z^ 

|jr|<2„. 

lim  X=  0. 


But 
while 
Thus 
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On  the  other  hand,  the  left  side  oE  2)  does  not  depend  on  r. 
Hence  letting  »-=  0  in  2)  we  get  1)  in  the  limit. 

2,  This  theorem  of  Cauchy  brings  to  light  a  tremendous  differ- 
ence between  analytic  functions  of  z  and  the  general  function  of 
z.  For  suppose  we  Irnow  of  a  function  /(s)  that  it  is  one-valued 
in  a  simple  connex  E  and  has  a  continuous  derivative  in  S-  Sup- 
pose also  that  we  do  not  know  the  values  of  /  within  %  but  only 
on  the  edge  Q.  Then  the  relation  1)  says  that  to  learn  the  value 
of  /  at  some  interior  point  z  we  need  only  to  calculate  the  inte- 
gral in  1). 

In  other  words  tlie  values  of  an  analytic  function /(s)  are  com- 
pletely determined  when  its  values  on  the  boundarj^  0  are  given. 
This  is  not  at  all  the  ease  for  the  non-analytic  functions  of  z. 

3.  At  first  it  seems  strange  to  students  that  the  values  of  an 
analytic  function  /(a)  should  be  fixed  for  all  points  within  C 
when  its  values  are  assigned  on  the  curve  C. 

Here  the  study  of  nature  reveals  many  cases  of  just  this  phe- 
nomenon. For  example,  the  stationary  flow  of  water,  heat,  or 
electricity  in  a  body  are  all  determined  by  the  flow  at  the  surface. 
In  ease  the  body  assumes  the  form  of  a  thin  plate,  it  may  be 
treated  as  a  plane  figure  E  bounded  by  a  curve  C,  provided  the 
flow  is  parallel  to  the  plane. 


107.   Derivatives. 


The  integrand  in  106,  1) 


is  an  analytic  function  of  z  for  each  value  of  m  on  the  curve  C, 
provided  z  is  restricted  to  lie  in  a  connex  bounded  by  a  curve  Q' 
which  lies  within  O.     We  may,  therefore,  apply  98  and  get 


•.f(u)du 
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From  this  we  conclude  : 

An  analytic  function  of  z  has  derivatives  of  every  order. 

We  also  have  the  result : 

Iff{z)  is  a  one-valued  analytic  function,  so  is  each  of  its  deriva- 
tives. 

2.  From  3)  we  get  at  once  an  inecLuality  called  Qaiiehy^s  In- 
equality, which  ia  of  great  service  in  theoretical  work,  viz. : 

where  |/|  <_  (?  on  a  circle  k  of  radiLf^  R  with  center  z,  and  /  is 
one-valued  and  analytic  in  ^. 

For  we  need  only  to  replace  the  curve  C  in  3)  by  the  circle  ^ 
and  apply  92,  9). 

108.  Termwise  Differentiation  of  Series.  1.  By  the  aid  of  these 
integrals  of  Cauchy  we  can  establish  a  more  general  theorem 
than  that  given  in  103. 

^^  ?(,)=/,(2)+/,(2)+...=X/.(2).  (1 

We  saw  that  if  this  series  converges  and  the  series 

<?(2)-/i»+/i(2)+  -  =  2/:w  (2 

converges  steadily  in  the  connex  31,  then  (?  represents  the  deriva- 
tive of  F. 

Let  us  now  prove  the  more  general  theorem  : 

Let  the  terms  of  1)  he  one-valued  analytic  functions  in  the  connex 
S:.  If  F  converges  steadily  in  if,  F  is  an  analytic  function  within 
S  and  ,„ 

dz 
In  other  words  under  these  conditions  we  may  differentiate  1) 
termwise. 

For  let  c  be  a  circle  of  radius  r  iinil  center  z,  lying  within  ^. 
From  1)  we  have  _ 

It  —  3  ^    U  —  Z 
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and  since  1)  converges  steadily  on  c,  the  series  on  the  right  con- 
verges steadily  on  c  since  \u  —  z\  =  r  a  constant  on  e-  Thus  by 
101,  i  we  may  integrate  3)  terrnwise  ■. 

l'F(u)d,_^  fUu)du  , 

Now  by  106,  1)  /i^  ^,  \j.. 

Hence  4),  6)  ghe 

But  by  1)  the  series  on  the  right  is  -F(s);  thus  6)  gives 

Now  by  98,  ,      ^  m^i^d^L 

Reasoning  as  before,  we  have 

From  this  and  8)  we  have 

*"(«)  =  2/i(2).  (9 

2.   From  8)  we  get,  using  98, 

Proceeding  as  in  l,  we  get 

P'W-S/^Cs'),  (10 

and  so  on  for  higher. derivatives. 
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109.  Taylor's  Development-  1-  Let /(z)  he  a  one-valued  analytic 
function  in  a  circle  S  of  radius  R  about  the  point  z=  a.  Then  at 
any  point  z  mthin  © 

/W=/(a)  +  ij^/(«)  +  fc_S3!/"(<.)+...  (1 

This  theorem  is  a  direct  extension  of  the  corresponding  theorem 
in  the  calculus.  It  is  of  transcendental  importance  in  the  func- 
tion theory,  as  we  shall  see  at  every  turn.  Its  demonstration  may 
be  conducted  very  simply  by  resting  it  on  the  termwise  integration 
of  steadily  convergent  series,. 

Let  c  be  a  circle  about  z  lying  within  ij 
as  in  the  figure.     Then  by  106,  1), 


J_rf(u)du 

■^  ^    -^       2  TriJ^      U  -  Z 

■    rf{u)du^  CLi'O^. 

J<IU— Z  Jc      U  —  Z 


We  now  develop  — —  in  a  power  series  about  the  z  —  a,  getting 
as  in  39,  10),  **~"^ 

u  —  z     u—  a  [        u  —  a     \u  —  aj  J, 

This  series  converges  for  any  m  on  S  since 

\z~a\^r         \u-a\  =  n     and     r  <  R. 
Hence 

f(u)^f(u)  g.    fi^)      uz      aY    ^'^'''^      \    ...         r4 

u-z     u-a      ~         ^{u-af      '         ^   (u~ay  ' 

This  series  converges  steadily  on  E.     For/  being  continuous, 
|/(w)  I  <   some  M  on  g- 

Hence  each  term  of  4)  is  numerically  less  than  the  corresponding 
term  of  the  constant  term  convergent  series 


f(i)-f(iT-f(iT- 
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We  may  thus  integrate  4)  tevmwise  and  get 

r/(.yi._  fffuvu        J  r/f»w»  I ... 

on  using  10(5,  1)  and  107,  1),  2),  ■.-. 

Replacing  the  first  member  of  the  last  equation  by  2)  we  get  1). 

2.  If  we  set  s  =  a  +  h  in  1),  it  takes  the  form 

/(«  +  i)-/Ca)+i/(«)  +  |^.f"(<.)+  •..  (5 

This  is  tlic  form  of  Taylor's  development  usually  given  in  the 
calculus. 

If  we  set  a  =  0  iu  1),  we  get 

/«-/((l)+2/'(0)  +  |^/"(0)+-  (6 

which  is  often  called  Maclaurin's  development. 

The  coefficients  in  1)  and  6)  are  constants.  These  series  are 
thus  power  series.  We  say  that  1)  is  a  development  of /(s)  about 
the  point  z  =  a.  Thus  Maclaurin's  development  6)  is  merely  the 
development  of  f(^z)  about  the  origin.  The  two  series  on  the 
right  of  1)  and  6)  are  called  Taylor's  and  Maclaurin's  series  re- 
spectively. 

3.  Let  /(z)  be  one-valued  and  analytic  in  the  region  91.  Let  a 
be  any  point  of  %.  About  a  as  a  center  describe  a  circle  ®  which 
contains  no  point  of  the  frontier  of  %  Then  by  the  theorem  I, 
/(a)  can  be  developed  in  a  power  series  valid  in  St, 

f(z-)  =  «„  +  a^iz  -  «)  +  a^iz  -  «)2  -i-  ...  (7 

whose  coefficients  are  those  in  1). 

We  may  also  proceed  thus  :  With  a  as  a  center  describe  a  circle 
S  which  passes  through  a  point  o£  the  frontier  of  SI  but  contains 
no  frontier  point  within  S-  Then  the  development  7)  holds  for 
all  points  within  E. 

For  let  3  be  any  given  point  within  (£.  We  can  describe  a 
circle  ff  with  a  as  center  which  contains  z  but  no  point  of  the  fron- 
tier of  31,     Thns/(3)  is  analytic  in  S?  and  we  can  apply  l. 
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110.  Examples  of  Taylor's  Development.    1.   Example  1.     Let 

This  fLiiietion  is  analytic  in  any  region.     If  we  develop  aljout  tlie 

origin  2  =  0.  we  liave,  exactly  as  in  the  calcnlns, 

/'(z)  =  0O8z  .f'(0)=l 

/"(z)  =  -sinz  ,r'(0)  =  0 

/'"(z)_-cosz  /"'(0)  =  -l 

/"(!)  =  sin  z  =  /(2)  /"{O)  =  0,  etc. 

Thus  109,  5)  gives     ,  z        2^       ^5 

"°"l!-3T  +  6T~- 
which  is  exactly  the  series  we  used  to  define  sins. 
Similarly  we  may  develop 

e'     ,     cos  3     ,     ainlis     ,     etc. 
Let 


This  is  an  analytic  function  in  tlie  region  21  formed  of  the  whole 
plane  after  deleting  the  origin.  The  frontier  of  31  is  thus  a  single 
point  2  =  0.  It  is  one-valued  in  any  eonnex  which  is  acyclic 
relative  to  this  point.  Thus  by  109,  3  we  may  develop  log  z  about 
2=1  and  the  development  will  be  valid  within  the  circle  having 
2  =  1   as  center  and  passing  through  the   frontier  point   2  =  0. 


rroceemng  as  in  tiie  c 

^aicu 

lUS,   V 

■ 

/(I)  -  0 

/'(z).i 

/'(1)  =  1 

/"W  =  -j 

/"(1)  =  ~1 

/"'«  =  ^ 

/"'(1)_2,  etc. 

_&. 

-1)' 

Vii 

3 

--...      i^Ki 

If  we  set 

z  = 

1  + 

this  gives    ,       ^i    ,     n               v?  ,   v?  i     i   .  i 

«  log(l+w)  =  M--2  +-g 1m|<1, 

wiiich  is  tl)e  development  given  in  the  calculus. 
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If  the  reader  asks  why  one  develops  about  the  point  a  =  1  in- 
stead of  about  a  =  %  the  answer  is  that  the  values  of  the  coefficients 

•/*.«;'        1!  2! 

are  simpler  for  a  =  1  than  for  any  other  value  of  a. 
Examph  3.    The  Binomial  Formula.    Let 

/(2)  =  (1  +  2)».  (2 

From  89  wc  know  that  any  branch  of  /  is  a  one-valued  analytic 
function  in  any  eoimex  acyclic  relative  to  the  point  3=1.  It 
thus  admits  a  development  about  z  =  0  which  is  valid  for  all  points 
within  the  unit  circle. 

Proceeding  as  in  the  calculus,  we  have,  choosing  that  branch  of 
2)  which  reduces  to  1)  for  s  =  0, 

/(O)  =  1 
/'(2)- ;.(!+, ).-  /'(»)  =  /» 

/"(z)  =r.(j^-  1)(1  +  zy-'  /"(O)  =  M(;.  -  l),etc. 

Thus 
(1  +  «).  .  1  +  ^.  +  til^  .'  +  ^-Il-l)-(|--2)  ^  +  .  .. 


-©^ 


"  .«  A 


2.    Let  us  make  use  of  1)  to  develop  a  formula  which  we  shall 
need  later.     If  wc  set 

it  gives  for  /  <  1 

-log(l-M)  = 

But  e"'*  =  cos  ni^-\-  i  sin  n^. 

Hence           ,       ,,          ,..,      ^r^cosmii  ,    .-v *■"  f^'n *W 
-  log  (1- re'*)  =  2^ ^ 1^+  i2^ -^ 

Let  us  write  the  left  aide  of  4)  in  rectangular  form, 
log  (1  -  re'*~)  =A  +  iB. 
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To  determine  A  and  B  we  set 

1  —  re**  =  se'*. 

Now  1  —  fe'*  =  1  —  r  (coa  0  +  *  aiii  <p') 

=  (1  —  r  COS  ^")  —  ir  ain  <A 
Thus 

8^  =  (1  —  r  cos  <|>)^+  ?^  sin^  0  =  1  —  2  r  cos  ^  +  f^; 
and  —  }■  sin  (6 

1  —  J-  cos  ip 
Hence 


^  =  1  log  8^  ^  1  log(l  - 2  ?■  cos  0 -( 
■iin  0 


B  =  ^  =  ~  arctg  - 


r  COS0 
Thus,  equating  ttie  real  and  imaginary  parts  in  4),  we  get 

■g  r"  cQR  n<p  =,  _.  1  log  (1  _  2  r  cos  0  +  r^),        (5 


tr"  sin  Tirf)  ,         )•  sin  li 

—~i^  =  arctg  ^  ^ 


COSi^ 

Tlie  relations  5),  6)  hold  for  0  <  ?•  <  1  as  we  have  just  shown  ; 
a  more  delicate  analysis  shows  that  they  hold  for  r=  1.  With- 
out establishing  this  important  fact  we  shall  set  r=  1  in  these 
formulEe,  getting,  replacing  (^  by  2  -rrx. 


■^sinSwTra!  ^    ^    ^      -.         f,        •.  fo 

>  =  arctg  (cot  TTX)  =  tt  (^  —  x).         (o 

111.    Critical  Remarks  on  Taylor's  Development.     We  are  now  in 

a  position  to  point  out  another  great  advantage  which  we  reap 
from  the  theory  of  functions.     Let  us  compare  Tiiyloi 
ment  as  here  presented  and  as  given  in  the  calculus. 
To  make  use  of  the  development 

/(3=  +  4)=/(«)  +  ;/'(s,)+|/"(»)+  - 
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in  the  calculus  we  must  first  assure  ourselves  that  the  remainder 

-,f%x  +  8k-)         0<e<l, 
nl 

or  one  of  its  equivalent  forms,  converges  to  0  as  w  =  oo.     This  is 

an  easy  matter  for  ^^     ^-^^  ^      ^^^  ^ 

hut  it  is  far  from  easy  for  most  functions ;  for  example, 

(1  +x')'     ,     tan  X. 
How  difficult  it  is  to  show  that  the  remainder  for  (1  +  x}"  con- 
verges to  0,  the  reader  may  see  by  turning  to  a  good  work  on  the 
calculus.     As  to  the  remainder  for  tan  x,  no  one,  as  far  as  we 
know,  has  ever  shown  that  it  =  0. 

These  considerations  show  that  the  applicability  of  Taylor's 
development  in  the  calculus  is  crippled  by  the  fact  that  we  can- 
not show  that  the  series  on  the  right  of  1)  really  has  as  suiu  the 
function  of  the  left. 

How  differently  we  are  situated  in  the  function  theory.  Tate, 
for  example,  tan  z.  We  know  without  putting  pen  to  paper  that 
this  can  be  developed  about  s  =  0,  and  that  the  development  is 
valid  for  all  [z]  <^,  since  tanz  is  one-valued  and  analytic  within 
this  circle.  Thus  if  we  wish  to  restrict  ourselves  to  real  values, 
the  development  holds  for  —~<x<--. 

Let  us  look  similarly  at       ^, 

^  (1  +  3)". 

This  we  know  is  one-valued  and  analytic  for  all  points  within  the 
circle  of  Unit  radius  about  z  =  —  1.  Thus  the  validity  of  the 
binomial  formula  for  real  values  of  x  for  which  —  2  <  a;  <  0  is 
again  established  without  any  calculation  whatever. 

112.  Remainder  in  Taylor's  Developmeat.    Let  us  write  109,  1) 
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Let  r  be  the  radius  of  a  circle  c  about  z  =  a,  lying  within  the 
circle  Si  for  which  1)  holds.     Let 

l/«|<ff         one. 

Let  2  be  any  point  within  c ;   we  set  |  z  —  a  |  =  p.    Then  by  Cauchy's 
inequalities,  107,  2,  » i  (? 


I/-'WI<^- 


Thus  2)  becomet 


113.  Analytic  Continuation,    1.    We  have  seen  in  106,  2  that  a 

one-valued  analytic  function  is  completely  determined  in  a  simple 
eonnex  E  when  its  value  is  known  along  its  edge.  We  now  wish 
to  generalize  this  result.     Suppose 

1°  it  is  known  that/(z)  is  one-valued  and  analytic  in  a  con- 
nected region  3E. 

2°  the  values  of /(z)  are  given  along  some  curve  0  in  SI,  as,  for 
example,  a  small  segment  of  the  x-^xis. 

We  show  that  under  these  conditions  the 
value  of  /  may  be  found  at  any  point  of  z 
in  31 ;  that  is,  the  value  of  /  at  this  point  is 
determined  by  the  above  data. 

Suppose  in  Fig.  1  that  C  is  the  are  a,  b. 
Join  a  and  z  by  a  curve  D  lying  in  SI.  Since 
/(z)  is  analytic  about  a,  it  can  be  developed 
by  Taylor's  series 

/»-/(«)  +  (»  -  «)/'(«)+  -(i^V"(«)+  -  (1 

The  value  of/  will  be  known  for  all  values  of  z  within  a  circle  ^ 
whose  center  is  a  and  which  extends  aa  near  the  frontier  @  of  SI 
as  we  choose, 

Let  now  i*  be  an  arbitrary  but  fixed  point  on  C.     Then  fiw) 
is  the  limit  of 


/(g)-/(») 


(2 
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as  3  =  M.  Moreover  /(s)  being  analytic,  tliis  limit  is  the  same, 
however  z  approaches  u.  Let  us  suppose  that  z  approaches  m  by 
running  along  the  curve  0  as  in  Fig.  2.  Then  for 
each  sucli  value  of  z  the  difference  quotient  2)  is 
known  by  hypothesis.  Thus  its  limit  is  known,  that 
is,  f'(3)  is  known  for  each  z  on  0. 

As  now  /v,i      ■fii'«,-\ 

f"(u}  =  \imi-^>j'  '-%  (3 

we  may  reason  on/'(«)  as  we  did  on/(3).  Thus/"(3)  is  known 
for  each  z  on  0. 

In  this  way  we  see  that  the  values  of  the  derivatives  of  every 
order/""(2)  are  known  for  all  values  of  z  on  0. 

In  particular  they  are  known  for  3  =  a.  Hence  all  the  coeffi- 
cients of  1)  are  known.  Thus  1)  gives  us  the  valnes  oif(z)  for 
all  points  in  ^. 

Let  ^  cut  D  in  a-y.  About  this  as  a  center  we  can  describe  a 
circle  Sl^,  which  extends  as  near  the  frontier  (5  as  we  choose. 
Since/(3)  is  now  known  on  the  are  Cj  =  a^a,  we  can  reason  on  G^ 
as  we  did  on  Q.  If  ^^  cuts  -Z)  in  itg,  these  considerations  show 
that/  ia  now  known  for  all  z  in  S,,  and  in  particular  on  the  arc 
Cj  =  a^Oj.  Continuing  in  this  way  we  may  finally  reach  z,  when 
the  value  of/  will  be  known. 

2.  This  process  of  finding  the  value  of  an  analytic  function  /(a) 
at  a  point  s,  when  its  value  is  known  at  the  points  of  some  curve 
C,  is  called  analytic  continuation.  It  has  little  or  no  practical 
value  as  a  means  of  actually  computing  /  at  the  various  points  of 
31;  but  it  has  an  inestimable  value  in  many  theoretic  investi- 
gations. 

3.  In  the  foregoing  we  have  supposed  /(z)  to  be  one- valued  in 
%.  This  is  not  necessary ;  we  made  this  assumption  merely  for 
clearness.  The  same  considerations  apply  if  we  suppose  that/(i3!) 
is  many- valued  in  31,  but  such  that  each  branch  is  analytic,  and  one- 
valued  about  each  point  of  3(. 

4.  The  foregoing  reasoning  shows  that : 

If  the  analytic  function  f(z)  =  a,  a  constant  on  the  curve  C,  then 
f(z)  =  a.  everywhere  in  the  region  St. 
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For  the  difference  quotient  2)  has  the  value  0  and  hence 

/'(O  =  0      on  a. 

Similarly         ^nf^^y     ^    fnf(^~y      ^      ...^q  on  0. 

Thus  1)  shows  that  f  (^x^  ^  (^ 

in  the  circle  ^,  and  the  remainder  of  the  reasoning  in  i  shows 
that  4)  holds  for  any  z  in  31. 

114.  Application  of  Analytic  Continuation,  1.  For  the  reader  to 
realize  the  immense  power  of  this  process  let  us  show  how  most 
of  the  analytic  relations  of  plane  trigonometry  and  the  calculus 
are  valid  when  the  variable  is  complex.  For  example,  suppose  we 
wish  to  show  that  sin»z  +  cos=2=l  (1 

holds  for  any  complex  3.  This  we  have  already  proved  in  58, 5  by 
the  lengthy  method  o£  aeries.     To  this  end  we  consider 

/(z)  =  ain*3  +  cos^z. 
As  sin  a,  cos  z  are  one-valued  analytic  functions  in  the  whole  plane, 
ao  are  their  squares  and  therefore  /(a)  is  analytic.  For  the  real 
axis/(z)=  1.  Hence /(?)=  1  for  ail  values  of  z  by  113,  i.  This 
reasoning  is  so  simple  that  with  a  little  experience  the  reader  may 
do  it  in  an  instant.  The  same  is  true  in  the  following  examples, 
2.  Let  ua  show  by  this  method  that 

(i  ■  tan  z  o  ,i, 

=  sec'^  z  (2 

dz 

holds  for  all  values  of  z  for  which  tan  s,  sec  z  are  defined,  that  is, 
for  the  region  2(  formed  of  the  whole  z-plane  after  deleting  the 
points 

Sinoo  /(a)  =  tan  s 

ia  analytic  in  3t,  its  first  derivative,  call  it  (/(z),  is  analytic  by 

107,  1.     Tluis  , ,  ,         ,  ,  a 

4(3)  =y(3)- SBC's 

is  an  analytic  function  in  2t.  For  real  x  in  31,  /(=0.  Thus 
J(z)  =  0  everywhere  in  a.     Thus  2)  holds  in  H. 
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3.    In  the  calculus  it  is  shown  that 

/  sin^  xdx  ~  —  ^cosx  (siii^  x  +  2). 

From  this  we  can  show  at  once  that 

/  sin^  fidz  =  —  5  cos  z  (sin^  3  +  2) 

for  every  z.     For  let  ns  sot 

P(i,)=-loosz(am"=,  +  2). 

Then  the  relation  4)  means  that 
J"(.)  =  /(z). 
ff(2)=^'W-/(s). 


Let  us  set 


As  FCz)  is  analytic,  its  derivative  F'  is  also.  Hence  Q-  is 'ana. 
lytic.  As  G^  =  0  for  real  values  of  s  by  3),  it  is  0  for  all  z.  Thus 
5)  holds  for  all  z,  and  hence  4). 

Of  course  the  relation  5)  is  easy  in  this  case  to  verify  by  direct 
differentiation.  But  for  a  more  complicated  formula  this  labor 
of  differentiation  might  be  considerable.  The  method  of  analytic 
continuation  enables  us  to  avoid  this  operation. 

4.  In  61  we  saw  how  relations  in  circular  trigonometry  go  over 
into  relations  in  hyperbolic  trigonometry  by  using 

sin  iz  =  i  sinh  z     ,     cos  iz  =  cosh  a     ,     etc.  (6 

Let  us  show  that  relations  between  circular  functions  in  the 
calculus  give  us  corresponding  relations  between  hyperbolic 
functions. 

For  example,  from     n 

—  see  X  =  tan  x  see  x  (7 

dx 

we  infer  by  the  method  of  analytic  continuation  that 

d 

---  sec  z  —  tan  z  sec  z. 
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Sei 

tting  now  z 

=  Kc,  this  gives 
Id. 
idx     *"  '^  ■ 

or, 

using  the  relations  6), 

%dx 

or 

-—  sechx 
Ax 

fi 


i  tanh  X  sech  x, 

—  tanh  X  sech  a;,  (8 

wliich  is  the  formula  in  hyperbolic  trigonometry  corresponding 
to  7). 

6.  To  illustrate  integration  let  us  start  with  3).  We  have  seen 
that  the  method  of  analytic  continuation  shows  that  we  may 
replace  x  in  3)  by  ix.     It  becomes  then 

i  I  ain^  ixdx  =  —  ^  cos  tx  (sin^  ix  +  2). 
Using  the  relations  tj)  this  gives 

/  '!imh.^xdx  =  ^coahxt^sinh^x^ '2),  (9 

which  is  the  formula  corresponding  to  3). 

6.  Let  us  show  by  the  method  of  analytic  continuation  that  the 
addition  theorem 

sin  (u-i-v)  =  sin  u  cos  v  +  cos  m  sin  v  (10 

holds  for  any  complex  u,  v.  This  we  established  in  58,  l  by 
infinite  series.  We  may  now  do  it  without  putting  pen  to  paper 
by  the  following  simple  reasoning. 

Let  us  give  to  u  a  real  value  aa  v  =  a  ;  we  consider 

/(m)  =  sin  (m  +  a)  —  sin  ucosa—  eos  u  sin  a.  (11 

This  is  an  analytic  function  of  w  which  =  0  for  real  u.  Hence 
/=  0  for  all  u. 

Let  us  now  give  to  u  an  arbitrary  but  fixed,  real,  or  complex 
value,  and  consider 

^(u)  =  sin  (m  +  i;)  —  sin  u  cos  v  —  cos  w  sin  v.  (12 

As  ^  =  0  for  any  real  v,  it  =  0  for  all  v  and  hence  10)  holds  for 
any  u  and  v. 
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115.  Undetermined  Coefficients.  1.  A  very  useful  method  to 
develop  a  functiou  in  a  power  series  is  that  of  undetermined 
coefficients.  Before  explaining  it  let  us  develop  a  theorem  on 
which  it  rests. 

If  -P  =  «o  +  a^z  +  a^z^  +  —  (1 

vanishes  for  a  set  of  points     i,    f,    l   ...  (2 

which  are  all  different  and  ^  0  and  which  =  0,  then  all  the  coefficients 
in  1)  are  0 ;  that  is,  J*  =  0  for  every  z,  or  ai  we  say,  it  vanishes 
identicaUy. 

For  P  being  a  continuous  function, 

liraP(S„)=-P(0)     ,     since  6„  =  0. 
But  each  P(b„)=0, 

hence  _P(0)-0.  (8 

Setting  z  =!  0  in  1),  we  see  that  3)  requires 

aa=0. 
Tl^«^  F  =  z{a,  +  a,,  +  a,z^  +  -  )=  .i>,. 

■*■«  zP,  =  0  (4 

for  the  same  set  of  points  2)  and  as  s  ^  0  for  these  points  the  rela- 
tion 4)   requires  that  F^  =  0   for  the  points  2).     Thus  we  can 
reason  on  _P,  just  as  we  did  on  P.     This  shows  that 
«,  =  0. 


Continuing  in  this  manner  we  show  that  each 

«„  =  0     ,     «  =  0,  1,  2,..- 

2.  A  special  ease  of  l  is  this : 
If  the  series  p  ^a,+ aj^z  + a^z'' + - 

vanish  for  the  points  of  any  curve  ending  at  the  origin,  it  vanishes 


3.  If  P  =  a^  +  a.^3  +  (V^  +  ■",  and  ^  =  &„  +  V  +  V^  H *'*"^ 

equal  for  a  set  of  different  points  c,^,  c^,  c^  ■■■  which  ==  0,  then  the 
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coeffieients  of  like  powers  in  P  and  Q  are  equal ;  that  is,  P  and  Q 
are  the  same  series. 

""        _B  =  P -«  =  (,,- 6,)  +  («,-6,>  +  («2-*!)^'  +  - 
vanishes  at  the  points  c„.     Hence  by  i  all  tlie  coeffitjients  are  0. 
'^'''"^  ci.=  K     ,     ^i  =  0,l,  2,... 

.4,  From  3  we  have  the  important  theorem  ; 

Tff(z)  admits  a  development 

f(z)=a^  +  ai(z-a}+a^(^z-  a)^  +  ■■• 

the  series  on  the  right  must  be  Taylor's  series,  that  is 

«.-^ /'■'(«)• 

In  other  words,  Taylor's  development  is  unique. 

5.  The  labor  of  calculating  the  coefficients  of   a  development 
may  be  materially  lessened  when  the  following  theorem  applies : 

be  the  development  off  about  the  origin.  Iff  is  an  odd  function,  the 
coefficients  of  all  the  even  poivers  are  0  ;  iff  is  an  even  function,  all 
the  odd  power  eoeffleients  are  0. 


For  suppose  that/(z)-is  odd.     Then 

/(-^)  =  -/(^)  by  definition. 

/(  -  0  =  "o  -  «i^  +  V  -a^z^+- 
Hence  0=f(^z}+fC-z)  =  2Ca^  +  a^z^+a^z*  +  ...). 

As  this  series  =  0  for  all  values  of  z  near  the  orighi,  all  its  co- 

efficients  arc  0,  or  „ 

0^a^  =  a^  =  a^=:   ■■■ 

6.,  The  method  of  undetermined  coefficients  will  be  best  under- 
stood if  we  illnatrate  it  by  two  or  three  examples.     This  we  now  do. 

116.  Example  1.     Let  us  develop  tans  in  a  power  series  about 
the  origin.     Such  a  development  we  saw  is  possible  and  the  de- 
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velopment  is  vtilid  fov  |i^|  <  ^'     Moreover,  tiiii  s  beiiiy  an  odd 

function,  its  development  wiU  contain  only  odd  powers.  We  set 

therefore 

tan  z  =  ajZ  +  a^  +  ti^z^  +  ■  ■  ■  (1 

where  the  coefficients  a^  a^  ■■•  arc  to  be  determined.     To  do  this 
we  use  the  fact  that 


Let  us  equate  1),  2)  and  clear  of  fractions.     We  get 

If  we  multiply  out  the  two  series  on  the  left  by  33,  2  we  get 
the  series  /  \         /  \ 

«>»+(«,-|)^'+(«.-|l+J)^= 

Comparing  the  coefficients  of  this  series  with  the  series  on  the 
right  side  of  3)  gives 


"•-?!■"  41-5! 

"'-1 

"'      2! +4!      6!        7! 

17 
"'      815' 

. 1   .  ,    2.5 

17    ,  , 
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Example  2.     Let  us  develop 

cosec  2  = 

smz 

about  the  origin.  At  first  sight  it  would  seem  that  our  method 
would  not  apply.  For  the  very  first  thing  to  do  is  to  assure  our- 
selves that  the  development  is  possible.  The  conditions  of  Tay- 
lor's theorem,  109,  are  not  fulfilled  here,  since  cosec  z  ia  not  even 
defined  at  s  =  0,  and  for  the  tlieorem  to  hold  it  should  be  analytic 
in  some  circle  about  this  point.  However,  a  slight  considera- 
tion enables  us  to  proceed.     We  have 

sins  =  2 1 1-1^  +  1^ \  =  P  =  z-Q. 

Now  since  P  converges  for  all  values  of  z,  so  does 

«-'-|t  +  I7--  (^ 

As  P=  sin  2=0,  for  z  =  ±  tt, 

2^  =  0     ,     forz  =  ±7r. 

Hence  Q  —  ^  for  j=±7r.  On  the  other  band,  ^^0,  within  the 
circle  S  about  the  origin  of  radius  tt.  For  §  ^  0  for  a  =  0  as  5) 
shows.  If  now  Q  =  0  for  some  z  =^  0  within  %  P  =  zQ  would  =  0 
also.  But  P  =  sill  3  does  not  vanish  at  this  point.  Thus  by 
104,  4,  —  is  an  analytic  function  within  S-     It  may  therefore  be 

developed  in  a  power  series  by  Taylor's  theorem,  about  z—0. 
Moreover  Q  being  an  even  function,  this  development  will  contain 
only  even  powers  of  z.     We  may  therefore  set 

-2 1 ^ao  +  a^z^  +«4^*+  -•• 

l-fl  +  fr"- 

or  clearing  of  fractions. 
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The  multiplication  of  the  two  series  on  the  right  by  3S,  2  gives 

Here  the  left  side  is  to  be  regarded  as  a  series  c^  +  c^z  +  c^z^  +  ■  •■ 
all  of  whose  coefficients  =  0  except  the  first.  Thus  equating 
coefficients  of  like  powers  on  both  sides  of  6)  gives 


31 
3-7!' 


sin^     3^(5    ^360     ^3.7!     ^  ^ 

valid  for  0  <  j  2 1  <  'JT. 

Example  3.  .THvision  by  Power  Series.  In  the  two  foregoing 
examples  we  have  divided  by  a  power  series.  As  tliis  operation  is 
not  infrequent,  let  us  state  the  following  tlieorem: 

■^^  J>  =  aa  +  ajz  +  a^z'^+...     ,     a^i^O 

converge  within  a  circle  JE  about  the  origin  and  he  ^^  within  S. 
Then  the  reciprocal  of  P  can  he  developed  in  a  power  series 


valid  within  ^  and  the  first  coefficient 
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For  P  being  ^  0  within  ^  is  analytic  within  S  and  can  be 
developed  in  a  power  series  valid  within  ^.  The  coefficieqts  a^ 
«!  ■■■  are  found  by  the  method  of  undetermined  coefficients,  and 
this  shows  that  Cq  has  the  value  given  in  7). 

Suppose  the  first  coefficient  «„=  0.     In  general  let  us  suppose 

Wewrite  P  =  ^X'^.  + a^,,.-v-.')  =  z-Q. 

Suppose  now  that  P  does  not  =  0  within  ffl  except  at  the  origin. 
Then  Q  4^  ^  within  ®.     Therefore  by  what  we  have  just  seen 

1  =  —  +  Cj3  +  c^z^  +  ...         z  within  if. 

for  any  z4^^  within  ^. 

This  gives  the  theorem  : 

Let  the  series  P  in  8)  converge  within  the  circle  ^  about  the  origin. 
If  P  does  not  vanish  within  S  except  at  s  =  0,  the  reciprocal  of  P 
can  be  developed  in  a  series  of  the  form  given  in  10). 

\\t.  Laurent's  Development.  1.  When  f(z')  is  one-valued  and 
analytic  within  some  circle  c  about  z=:a,  Taylor's  theorem  asserts 
that/ can  be  developed  in  a  power  series  about  this  point. 

/(i,)  =  a. +  «,(2 -»)+«,(» -,)»+...  (1 

We  call  the  point  a  a  regular  or  ordinary  point  and  we  say  /(s)  is 
regular  at  a.     If  /(z)  cannot  be  developed  in  a  series  of  the  form 
1)  about  the  point  z  =  a,w&  call  it  a  singular  point. 
Let  us  consider  for  example 

^  +  log-  (2 

Here  s  =  0,  3  =  1,  s  =  —  1  are  singular  points.  For  suppose  2) 
could  be  developed  in  a  power  series  Piz)  about  one  of-  these 
points.  Now  P  being  a  power  series  is  defined  at  every  point 
within  its  circle  of  convergence  ^,  is  one-valued,  and  has  a  contin- 
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uoug  derivative.  But  the  function  2)  is  two-valued  about  llie 
point  z  =  —  1,  and  is  not  defined  at  the  points  2=0  and  3=1. 
Thus  2)  certainly  cannot  be  developed  in  a  power  series  about 
these  points ;  tliey  are  therefore  singular  points. 

When  Taylor's  development  is  not  applicable  at  a  point  z=a,  we 
may  often  use  another  development  due  to  Laurent,  as  we  now  show. 

2.  Letf(z)  he  one-valued  and  analytic  in  the  ring  R  determined 
by  the  circles  E,  F,  whose  centers  are  2  =  a.  Then /can  he  developed 
in  an  ascending  and  descending  integral  power  series 


/w= 


-  o)'+  • 


valid  within  M. 

For  let  3  be  any  point  within  R  as  in  tlie 
iigure.  Then  by  Caucliy's  integral  theo- 
rem, 106, 


But  by  105,  4, 
Hence 


We  now  develop  - 
for 


2  -n-iJi:    u  —  z        2  wijf    u~z 
—  in  a  power  series  as  in  lOH,  3^.     We  have 


Thus  by  39,  10)  we  have  for  any  u  on  U 


while  for  any  u  on  IF 
1 
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If  we  multiply  these  relations  by/(M),  the  series  so  obtained  are 
steadily  convergent  with  reference  to  their  respective  circles  M,  F. 
Thus  we  may  integrate  termwise  and  get 

r/M*-  =  riM  ^. + (,  _  „)  rmj!L 

Je  u~z       JeU  -a  Jsiii-  ay 

Putting  these  values  in  2),  we  get  1)  where 


i.-iji. /"(«-«)"-/(»)■'«■  (1 

i  TTlJp 

3.  By  105,  i  we  note  that  the  circles  F,  F  in  3),  4)  may  be  re- 
placed by  any  circle  JE  in  the  ring  Jt. 

For  the  integrand  of  3)  ia  analytic  in  the  ring  F  —  ^,  and  that 
of  4)  is  analytic  in  S:  —  F. 

4.  Let  us  now  prove  the  important  theorem  : 
Iff(z')  can  he  developed  in  a  two-way  power  series 

/W  =  J«.(z-«)",  (5 

this  series  must  be  the  series  of  Laurent. 

For  the  function  defined  by  the  series  5)  satisfies  the  conditions 
of  Laurent's  theorem  in  2,     Thus  /  admits  the  development 

/W  =  S'.(2-«)"'  (6 

where  the  coefficients  l„  are  the  coefiicients  of  Laurent  given  in 
B),  4).     Subtracting  5)  and  6)  we  get 

O-Js^C^-fl)"      ,     b„=a„~l„.  (7 
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Let  as  multiply  7)  by  (s  —  ii)-''"+"  and  integrate  around  a.  circle 
6  lying  within  the  ring  of  convergence  of  7).     Then  by  101,  11) 

0  =  27r*i„.  .-.  A„,  =  0     ,     m  =  0,  i  1,  ±  2  — 

'^^"^^  <..=  ;. 

and  the  coefficients  in  5)  are  the  coefficients  of  Laurent. 

US.  Zeros  and  Poles.  1.  Let  _f(z)  be  a  one-valued  and  analytic 
function  within  a  circle  ^  about  z  =  «.  Then  Taylor's  develop- 
ment is  valid  within  ^  and  we  have 

f(z)  =  «o  +  «i(«  -a}  +  a^C^^  «)'  +  -  (1 

For  3  =  t(,  this  gives  /(a)  =  V     If  «„  =  0,  /  vanishes  at  z  =  a. 
We  say  z=  a  is  a  root  or  a  zero  of  /(s).     Suppose 

Then  1)  becomes 

f(_z}  =  (_z  ^  «)'-(«.  -1-  a^^,(z  -  a)+a^,^(z  -  a)^  -H  -) 

=  (2  -«)-()■  (2). 

Here  ^(s)  is  analytic  within  S  and  does  not  vanish  at  s  =  a.     We 
say  3  =  a  is  a  root  or  zero  of  order  m. 

Since  g  does  not  vanish  at  a  it  cannot  =  0  in  some  circle  about 
this  point.     We  have  thus  the  theorem  : 

Let  f(z')  be  one-valued  and  analytic  about  the  point  s  ~  a,  and 
vanish  at  this  point,  but  not  identically.  Then  there  exists  a  positive 
integer  m  swh  that         ^^^^  ^  ^^  _  ^-^^^f^y  ^-g 

where  g(z)  is  analytic  about  z  =  a  and  does  not  vanish  in  some  do- 
main about  a. 

2.  Suppose  now  that  /(z)  is  one-valued  and  analytic  within  a 
circle  S  about  t  =  a  except  at  the  center  itself.     Such  functions 


If  we  describe 
a  little  circle  S  of  radius  r  about  a,  we  get  a  ring  S*  —  S  and  for 
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all  points  within  this  ring  Liiurent's  dovolopment  will  hold.     Thus 
/(2)=  «o  +  «i(»  ~a)+a^Cz~  ay  +  - 


'    2-. 

■I       Q 

!  ^  «)>   ' 

= 

P  +  Q. 

We 

call 

«  =  .-^ 

*•        I 

t      (z 

-ay' 

the  charaeterixtic  of 

/(2)  at  . 

_«a 

nd  write 

« 

-  Clji 

«/(2). 

The  coefficient  6j  is  of  great  importance  in  some  investigations- 
It  is  called  the  residue  of  /(z)  at  a  =  a  and  we  write 

Since  r  may  be  taken  just  as  small  as  we  choose,  the  develop- 
ment 3)  holds  for  all  points  within  ^  except  its  center. 

Looking  at  the  characteristic  4)  all  ita  coefficients  may  he  zero 
after  the  mth.     In  tfiis  case,  which  is  very  important,  we  have 

_  K  +  K-,('  -a)+  ■■   +i|(z -»)--■  ,c 


{z-ar 


where  ^  is  a  polynomial  of  degree  <  m  —  1.     Thus  (, 
function  of  z. 

From  3),  we  have 


}<"') 


„  ?'-  +  «.-/»-<■)+  - +  i|(z- »)--■  + »»(z -»)-+■ 


_i(!l_ 


(z-a)- 


(2 -a)-     '     "W*"'  C' 


y  Google 


ANALYTIC    FUNCTIONS  239 

where  g(^z)  is  an  analytic  function  in  S  which  does  not  vanish  at 

z  =  a.     Since 

lim  (2  -  d)"*  =  0     ,     lini^(3)=5„:^0, 

the  expression  6)  shows  that 

li_m|/W|=  +  co,  (7 

that  is,  as  z  approaches  a,  /  recedes  indefinitely  from  the  origin. 
This  we  will  indicate  by  the  symbolic  equation 

l™/(z)=»,  (8 

SO  that  8)  is  only  another  way  of  writing  7). 
On  the  other  hand,  the  reciprocal  of  /  is 

J_=(t^.  (9 

As  g  does  not  vanish  at  a,  its  reciprocal  is  an  analytic  function, 
call  it  h(z),  about  this  point,  and  h  does  not  vanish  at  a,  as  shown 
in  Ex.  8,  U6.     Thus,  we  may  write  9) 

-i-^  (.-«)-;<(.)     ,     h(a)^Q.  (10 

This  shows  that  the  j't'ciprocal  of  /  lias  a  zero  of  order  m  at 
z  =  a.  The  function  f(z)  and  its  reciprocal  behave  tlms  in  oppo- 
site manners  like  the  poles  of  a  magnet.  As  z  =  a,  /^  00  while 
its  reciprocal  =  0,  For  this  reason  we  say,  that  when  the  charac- 
teristic of  a  function  has  the  foi-m  5),  that  s  =  a  is  a  pole  of  /(z), 
and  in  fact  a  pole  of  order  m.     We  thus  have  tbis  result  : 

If  f^z)  has  a  pole  of  order  matz  =  a,  it  has  the  form 

where  g  is  analytic  about  3  =  a  and  does  not  vanish  at  this  point. 
The  reeiproeal  of  f(z)  has  a  zero  of  order  m.  Conversely,  iff 
has  the  form  11),  s  =  ais  a  pole  of  order  m. 

3,  Let  fiz)  he  one-valued  about  z  =  a  and  analytic  except  at 
z  =  a.  If  the  reciprocal  of  f  has  a  zero  of  order  m  at  a,  this  point 
is  a  pole  of  order  mfor  f(z). 


y  Google 


240  FUNCTIONS   OF  A  COMPLEX  VAiUABLE 

For  by  hypothesis,        i 

and  g(_z)  does  not  vanish  aboiit  s=  a.     Hence, 

and  thus 

f/-~\—h  +  SiC«  —  «)  +  ■■■ 


Thus  the  characteristic  of /has  the  form  5). 

4,  If  z  =  a  is  a  pole  of  order  m  of  f(z'),  it  is  a  pole  of  order 

For  ahout  s  =  «  we  have 


-  +^(2); 


here  g  is  analytic  about  z  =  a,  and  b^  ^  0. 


Hence 


As  i„  gfc  0,  3  =  a  is  a  pole  of  order  m  +  1  for  f(z'). 


m= 


z^-l 


About  any  point  z  —  a  for  which  the  denominator  does  not  =  0, 
f(z')  is  analytic. 
For  3  =  1  we  have 

f=^ ^  =  ^5). 

•'        2  +  1       z-\       z-1 

Now  g  is  analytic  about  a  =  1.     Hence  ^  =  1  is  a  pole  of  the  first 
order. 

Similarly  ._     z  1 

■'"^^n;  ■  s  +  1 

and  this  shows  that  3  =  —  1  is  a  pole  of  order  1  also. 
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''  eoas 

This  ia  analytic  except  at  the  points 

(2»+l)|. 


Let  us 

call 

one  of  these  a. 
=  (-!)" 

e  have  for 
-  sin  a  sin 

u 

■] 

+ 

=  (-!)" 

■■^\z 

-.)(i- 

("2- 

3 

»2 

Thus 

1     _     1 

cos  2  ~  g  —  a 

(-!)■" 

1- 

I^. 

z-  a 

where 

?is 

analytic  about 

z  =  «and^O. 

Thus 

tan  2: 

_Biii 

z  ■  g(z) 

A(!l 

But  sin  3  does  not  vanish  at   a.     Hence  A(z)  is  analytic  ahout 
zsdanci  does  not  vanish  at  this  point. 
Hence  _. 

.  =  (2»  +  l)| 

is  «  pole  of  order  1,  /or  tan  z. 

5.  Let  us  note  that  no  point  z=a  which  is  a  pole  can  belong 
to  the  domain  of  definition  of  an  analytic  function.  For  by  defi- 
nition f  (.<£)  must  exist,  and  this  requires  that  j{i)  is  continuous 
at  a,  by  84,  3.     Thus  by  83,  6 

]/(2)  j<sorae  a  (12 

in  I>e(_a),  S  sufficiently  small.     On  the  other  hand,  if  «  is  a  pole  of 

f^^^'  lim|/(z)[  =  +  '», 

as  we  saw  in  2.     This  contradicts  12). 
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6.  if  z  =  ffl  is  a  zero  or  pole  of  order  m  of  /(s),  it  is  of  order 
m»  for  the  funolion  ^=  |j(2,|.     ,     n  aniMegerXI. 

For  about  s  =  a  we  have 

where  m  >  0  for  a  zero  and  <  0  for  a  pole,  and  where  ^(a)  ^  0. 
Thus  <f>''{z)=  i^(z)  is  an  analytic  function  which  does  not  vanish 
a..  =  ».     Hc,.»  ^.(,_.).^(,), 

which  proves  the  theorem. 

7.  IffC^)  i's  a  one-valued  analytic  funciion  in  the  connected  region 
SI,  /Ae  poles  of  its  derivative  are  aluo  poles  of  f(z)  and  the  residues 
offiz)  are  ail  0  in  %. 

For  at  a  pole 

l^s  —  a^  2  —  « 

where  g  is  regular  at  a.     If  now  we  integrate,  we  get 

/(3)  =  ^^_  -  ,      ""    -.+  -  +«ilog(a-«)+A(s),       (14 


where 


=JgCz}di 


is  regular  at  a,     As  /(z)  is  one- valued  in  21  the  logarithmic  term 
cannot  appear  80  that     ^^  _  ^^^  /  (2)  =  0. 


8.    As  an  example  let  us  find  the  singular  points  and  the  resi- 
dues of  the  function  ., ,  , 

h(z')  =  g(z')i-^.  (15 


which  we  shall  employ  later.     Here  g  (z)  is  regular  in  the  c 

g  and  has  no  zero  in  common  with  /(z),  which  latter  has  certain 

poles  2  =  a,  5,  •■■  in  g  but  is  otherwise  regular. 

Let  a  =  c  be  a  regular  point  of  /  and  not  one  of  its  zeros.     Ob- 
viously c  is  a  regular  point  of  h. 

Let  z  =  c  be  a  zero  or  a  pole  of  order  m  of  /  (z).     Then 


/-CZ^0)-K2), 
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where  «i  is  a  positive  integer  if  c  is  a  zero,  and  negative  if  c  is  a 
pole.     ^(2)  is  regular  afc  c  and  ^  0,     Then 

/=»l(2-«)-I^  +  (2-0)-f. 


-+~. 


where  y^  is  regular  at  e. 

On  the  other  hand,  by  Taylor's  theorem 

y  W = yCO + "1(2  -  0) + os(z  -  «)'  +  - 

Henoe  h(p)-'^  +  k{„),  (16 

where  4  is  regular  at  z  =  o. 

From  ]  6)  we  see  that  s  =  <;  is  a  pole  of  order  1  and  that 

KesA(2)=m^Cc).  (17 

At  a  zeio  m  is  a  positive  integer,  at  a  pole  it  is  negative. 

9.    Before  leaving  this  topic  let  us  show  that  the  relation  89,  1 

or  dw  _  dw     dz 

dt      dz      dt 

holds  even  when  -^=  0,  provided  s  is  an  analytic  function  of  t. 

As  we  observed  in  89,  5  we  have  only  to  show  that  Az  #^  0  as 
h  =  At^  0.     But  3  =  0(0  being  an  analytic  function  of  t, 

considered  as  a  function  of  k  is  regular  at  the  point  ^  =  0.     It 
therefore  does  not  vanish  for 


0<\h\<  some  S 
by  1. 

10.  Let  u  =  a„  +  rt^a  +%s^  +  ■■-,     «„  ^  0.       Then  -b 

,=  logucon. 

sidered  as  a  function  ofz  is  regular  at  z=0  and 

dw     1      du     a,  +'2a^z+  ■■• 
ds      u      dz       o!„  +  «]2+  •■• 

(18 
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For  we  may  take  8  so  small  that  u  remains  in  I>^(a^)  if  z  re- 
mains in  Z>j(0).  If  now  jj  <  |  «o  |,  the  origin  w  =  0  will  not  lie  in 
2>,.     Thus  w  considered  as  a  function  of  z  is  one-valued  in  Dj  and 

thus  by  9,  J         J         7 

■'  dvi  __  dv)     du 

dz      du      dz ' 
which  gives  18). 

Since  w  is  regular  at  2=0,  we  have,  by  Taylor's  theorem, 

W-W(0)  +  3W'(0)-|-- 

^•^■■^  w,(0)=log«(,     ,     w'(0)  =  ^... 

Hence  „,.      i,,„  „    .  a-. 


Z8  regular  a(  3  =  0,  rami:?  i 


(19 


(20 


As  log  M  is  regular  at  2  =  0  by  10,  so  is  w.      Hence   by  Taylor's 
*"""■"  <o-w(0)+»'(0>H-- 

«,(0)  =  «.-     ,     ^(-<'')  =  ]f"^i     •     »'(0)_la.-"'o,... 
etc,  which  gives  20). 

U9.  Essentially  Singular  Points.  1.  Let  z^a  be  a  singular 
point  of /(z).  If  /  is  one-valued  about  this  point  which  is  not 
a  pole,  we  say  a  =  «  is  an  ess&ntially  singidar  point. 

It  is  easy  to  construct  functions  having  such  singular  points. 
For  example,  let  the  infinite  series, 

a,  +  u,z  +  «^'+-  (1 

converge  for  all  values  of  z.     Such  series  we  considered  in  39,  4. 
From  1),  we  can  form  the  series 

/(s).«,+  i  +  5+-  (2 
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which  converges  obviously  for  all  z^O.     Thua,  the  function  f(z) 
defined  by  2)  is  an  analytic  function  of  z  for  all  z  ^  0,  by  104,  s. 

If  we  develop  /  about  the  point  z  =  0  in  Laurent's  series,  we 
get  the  series  2)  again  by  117,  i.     Thus,  by  118,  2, 

Char/(3)  =  ^  +  J+-..  (3 

As  the  a„  are  not  all  0  after  some  m,  the  point  z=0  is  not  a  pole. 
It  is,  therefore,  an  essentially  singular  point. 

From  this  function  /  (z)  we  can  form  an  infinity  of  other  func- 
tions having  z  =  0  as  an  essentially  singular  point.  For  let  ^(z) 
be  regular  about  z  =  0.     Then 

has  3  =  0  as  an  essentially  singular  point. 

2.  That  s  =  a  is  an  essentially  singular  point  may  often  be 
seen  by  the  aid  of  the  following  theorems.  We  exclude,  of 
course,  the  trivial  ease  that  the  functions  considered  are  constants. 

If  f(z)  is  regular  atz  =  a,  /(z)  cannot  have  tfie  same  value  e  at 
a  set  of  distinct  points  aj,  a^,  a^  ■  ■■  which  =  a. 
For  then  2,(2)  =  /(2)-. 

is  regular  at  z  =  a  and  vanishes  at  each  a„. 
As  ff  is  continuous  at  a, 

luaff(a„}  =  ff(a'). 

As  each  g(_a.„')  =  0,  we  see  g(z)  =  0  at  a. 


But  then,  by  118,  l. 


KO  =  (z-«)™KO' 


where  h  does  not  vanish  in  some  domain  about  z  =  a.  As 
(,(«„)  =  0,  it  follows  that  A(a„)  =  0.  Thus,  A(z)  vanishes  in  any 
circle  about  z  =  a,  however  small. 

3.  If  f(z')  is  regular  at  each  point  of  a  cirole  §:  abovt  z  =  a,  the 
center  a  excepted,  and  if  f  has  the  value  e  at  a  set  of  distinct  points, 
aj,  iTj,  ■  ■  ■  which  =  a,  then  z  =  ais  an  essentially  singular  point. 

For  we  saw  in  2  that  a  is  not  a  regular  point.  If  it  is  not  an 
essentially  singular  point,  it  must  be  a  pole.     Tlien  its  reciprocal 
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g(z)  is  regular  at  z  =  a,  and  takes  on  the  value  -  at  the  .points 
«„.     This  contradicts  2.     Thus,  s  =  a  is  not  a  pole  of /(a). 
Example.  ,—    ',  ^ 

This  function  is  regular  at  each  point  except  z  =  0.     Now  w  =  0 
for 

z  =  —    ,     m  =  l,  2,  3.- 

anil  these  values  =  0.     Thus   by  3,  the  origin  is  an   essentially 
singular  point. 

4.  Let  /(z)  be  regular  about  z  =  a  exeept  at  a  and  at  a  set  oj 
points  aj,a^--  which  =  a.  If  each  a„  is  a  pole,  the  point  z  =  ais  an 
essentially  singular  point. 

The  point  z  =  a  cannot  be  regular,  for  /(a)  is  infinite  in  any 
domain  DQa~).  It  cannot  be  a  pole,  for  the  reciprocal  of  /(s) 
would  be  regular  at  z  =  a  and  vanish  at  the  points  a„,  which  is 
3  by  2. 

sin  - 

Let  us  set  ,  ^       -    1 

g(z)  =  sin  - . 

Then  if  we  set  ,.      1 


dg  _dg      dii  _  z 

dz      dii     ~dz~        ^ 

about  the  point  a  =  ^.     Thus  a'iz)  is  continuous  about  3  =  a 

and  hence  g{z)  is  regular  at  a.     Hence  by  Taylor's  theorem 

g{z)  =  g{a)  +  (z  -  a^g^a)  +  Ci^'^"(«)  +  .. . 
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Kz)  =  (2-«)i(-l)-*''»V+...  |. 


Tims 
plence 


/W-^^^-j^^  +  o.  +  'iC— )+■ 


where  we  do  not  care  to  know  the  values  of  the  coefficients  c. 

This  shows  that  the  points  — ■  are  poles  of  order  1.     Hence 

z  =  0  is  an  essentially  singular  point. 

120.   Point  at  Infinity.    1.   In  seeking  to  characterize  an  analytic 
iction  of  3,  it  has  been  found  extremely  important  to  study  its 
^iiavior  for  large  values  of  z. 
Let  us  change  the  variable  by  setting 


Then  a  function  as  /■  /-  \      3  +  ^^  vo 

goes  over  into  a  function  of  w, 

,,(«)=«  +  «•.  (3 

To  learn  how  /  behaves  for  large  values  of  s,  we  need  only  to  see 
how  ff  behaves  about  the  point  n  =  0.  We  see  it  has  a  zero  of 
order  1. 

Let  us  look  at  the  geometrical  side  of  the  transformation  1). 

If  we  set  2  =  re**,  we  have 


This  shows  that  as  z  describes  a  unit  circle  U  in  the  positive  sense, 
M  describes  the  unit  circle  U  in  the  M-plane  in  the  negative  sense. 
To  a  point  a  ~  pe*^  within  JJ  cori'esponds  the  point  «  =  -  e~''  with- 
out U.  As  3=0  along  a  radius  as  Oa,  ti  =  xi  along  the  corre- 
sponding radius  Oa.  To  each  point  in  the  3-plane  except  z  =0 
corresponds  a  single  point  in  the  M-plane,  and  conversely  to  each 
point  except  « =  0  in  the  w-plane  corresponds  one  point  in  the 
z-plane. 
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To  complete  the  correspondence,,  raathematiciana  adjoin  to  the 
plane  an  ideal  point  called  the  point  at  infinity  and  denoted  by 
the   symbol   qo.-     Thr\  =■   ,-\<-,n 

say  that  to  3  =  0  sliali 
correspond  m  =  qo,  ami 
to  M  =  0  shall  corre- 
spond z  =  crj. 

Instead  then  of  ask- 
ing how  a  function  fCz} 
behaves  for  large  values     ^^  ' 

of  z,  they  ask  how  it  behaves  about  tlic  ideal  point  z  =  00.     By 
such  a  question  one  means  nothing  more  than  this : 

Change  the  variable  from  z  to  m  as  in  1),  Then  if  /  consid- 
ered as  a  function  of  11  is  regular  at  m  =  0,  we  say  /  is  regular  at 
s  =  CO ,  If  J'  considered  as  a  function  of  u  has  a  pole  of  order  m  or 
an  essentially  singular  point  or  a  branch  point  at  m  =  0,  we  say  / 
has  this  same  property  at  z  =  oo, 

2.  We  must  caution  the  reader  to  note  that  we  do  not  introduce 
the  symbol  00  as  a  number;  we  do  not  define  any  arithmetical 
operations  on  this  symbol. 

Also  when  we  say  /(z)  has  a  certain  property  for  every  z  we  al- 
ways mean  for  finite  z  unless  the  contrary  is  stated, 

8.  Let  us  note  that  the  theorems  in  119  may  at  once  be  ex- 
tended to  the  point  z  = 

For  all  we  have  to  d' 
havior  of  /  considered  as  a  function  of  m,  about  it=  0,     We  may 
thus  state  : 

Iff(z)  is  one-valued  about  z  =  qo  and  analytiefor  large  values  of 
z  except  at  a  set  of  points  a^,  a^  ■■■  which  =x,  ;  or  if  f  is  analytic 
also  at  the  points  a„  and  has  the  same  value  at  these  points,  then 
z  =  fX)  is  an  essentially  singidar  point  offQt'). 

4J  It  is  sometimes  convenient  to  speak  of  the  domain  of  the 
point  s  =  00.  By  this  we  mean  all  the  points  in  the  s-plane  with- 
out some  circle  S  about  the  point  z  =  0.     We  may  denote  it  by 
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If  we  apply  the  substitution  1),  this  domain  goes  over  into  the 
points  within  some  circle  about  the  point  m  =  0  in  the  «-plane, 

121.  Integral  Rational  Functioas.  1.  Let  us  show  how  the  ra- 
tional and  integral  rational  functions  can  be  characterized  from 
the  standpoint  of  the  function  theory.  We  begin  by  proving  a 
theorem  of  great  value. 

Letfiz)  be  regular  for  every  finite  z.     If 

|/(z)  I  <  some  ff,  (1 

however  large  z  is  taken,  f  is  a  constant. 

For  let  us  develop  f  (z)  about  the  origin,  we  have 

/W-/(0)+»/'(0)+|5/"(«)+-  (2 

Now  by  Cauchy's  inequalities,  107,  2, 

I     w  !     l-E" 

This  relation  holds  however  large  R  is  taken.     As  the  right  side 
=  0  as  jB  =  00  we  see  that  each  coefficient  in  2)  is  0.     Tims 
f(z')=f  (0)     ,     a  constant. 

2.  Iff{z')  is  regular  for  every  z  including  z  =  ^,  it  is  a  constant. 
For  let  U9  describe  a  circle  S  about  3  =  0,  Then, /being  continu- 
ous in  g,  we  have  ,  ,  ^  ,  ,  ^    .     n- 

|/(s)  |<  sonic  Gj  in  e. 

>  Let  us  now  set  -u  =  — ;  this  converts  S  into  some  circle  Si  about 

w  =  0.     But  by  hypothesis  /  considered  as  a  function  of  u  is  reg- 

ukr  at  M  =0.     Thus  /  is  a  continuous  function  of  u  in  ffi,  and 

hence 

|/|<  some  (?2  in  JC- 

Thus  if  (?  is  >  both  (?p  0-^, 

for  every  finite  a.     Hence  /(s)  is  a  constant  by  I, 
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3.  Let  /(«)  be  regular  for  every  z.     If  it  has  a  pole  of  order  m 

'**^"'^'    /(^)  =  «o  +  «i^  +  «.^'+  -+«"^"'     '     ««.^0'  (3 

and  conversely. 

To  see  how  /  behaves  for  z  =co  we  set  2  =  -  and  get 

Thus  /  has  a  pole  of  order  m. 

To  prove  the  other  part  of  the  theorem :  Since  /  has  a  pole  of 
order  m,  /  eonaidered  as  a  function  of  u  has  a  pole  of  order  m  at 
M  =  0.     Hence  by  118, 

^  =  5  +  5+  -+5  +  ^^"^     '     ''"^^'  ^^ 

where  ^  is  regular  at  m  =  0. 

We  show  ^  is  a  constant.  For  /  has  no  singular  points  except 
at  tt==0.  Hence  g  has  no  singular  point  m^O.  But  by  hypo- 
thesis M  =  0  is  not  a  singular  point.  Hence  g(uy,  having  no  sin- 
gular point,  is  a  constant  Cg  by  2,     Thus  4)  becomes 

or  going  back  to  z,  f  has  the  form  3), 

4.  We  now  establish  the  fiuidamental  theorem  of  algebra  : 
Every  polynomial  of  degree  m  has  m  roots  a^,  a^  ■■■  «„,  some  of 

which  may  be  equal. 

In  other  words : 

If  f=a,  +  a,z  +  a^^+...+a^z-    ,     «„^0,  (5 

there  exists  m  numbers  Wj,  ■■.  «„  suck  that 

/=«,(s-«,)  ...(»-«.).  (6 

*"«»««  Um/(z)=oo 

there  exists  a  circle  O  about  z  =  0  such  that 

for  every  z  outside  0. 
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Hence  f^O  outside  0.     Thus  if  /  fias  any  roots  at  all,  they  lie 
in  C,  that  is  on  or  within  it.     Suppose  /  were  ^0  in  C.     Then 

1/(3)1  >  some  ?;>0  in  C, 

since  f  is  continuous  in  C,  by  8S,  7. 
Let 

Then 


'"'-]■ 

lll]<l 

for  z  outside  ff. 

<' 

for  s  in  0. 

Thus  |^|<somei!f 

for  every  z.     Hence  ,</  is  a  constant  by  i,  which  is  absurd.     Thus 

/  =  0  for  some  z  in  C,  say  for  z  =  /3,.     Then  by  118,  1, 

/(.)  =  (.-^j)'Vi(^)- 
By  3,  /j  must  be  a  polynomial.     The  method  of  undetermined 
coefBcieuts,  115,  shows  that  it  is  of  degree  m  —  jmj. 

We  may  now  reason  on  /](«)  as  we  did  on  /(s).     We  thus  get 

/  =  «.(2  -  ft)-.  (3  -  ft)-.  . . .  (Z  -  ft)--,  C' 

where  m  =  mj  +  ra^  +  ■  ■  ■  m,. 

The  factor  «,„  on  the  right  of  7)  is  due  to  the  fact  that  the 

coefficients  of  liiie  powers  on  both  sides  of  7)  must  be  equal. 

122.  Rational  Functions.    1.  These  have  the  form 

/(g)="i)  +  '^i^+  •"  +y",         a„,  K^O  (1 

^aj,-a^r....(z-a^r:^ 

We  will  suppose  that  numerator  and  denominator  do  not  have  a 
zero  in  common. 

Each  zero  of  the  denominator  is  a  pole  of  /.     For  example, 

/■ 


1 

0.(2 -«,)-' 

(2 -ft)-' 

4.(2 -ft)- 

r/W 
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where  g  is  regular  at  ^^  and  does  not  vanish.     Thus  z  =  jSj  is  a 
pole  of /(s)  of  order  ?ij. 

Similarly  at  a  zero  of  the  numerator  as  n^  we  have 

where  A  :^  0  at  o^.     Thus  z  =  a^  is  a  zero  of  order  m-^. 

At  any  point  2  =  0  not  a  zero  of  the  denominator,  /  is  regular. 

2.  Let  us  now  see  how /behaves  at  z= CO.    Settings  =  -,  we  have 

As  5„¥^  0,  h  is  regular  at  m  =  0  by  1,     From  4)  we  have ; 

The,  rational  function  1)  is  regular  at  z  =  a:,  if  n>m.  It  has  a 
zero  of  order  n  —  mifn>m.     It  has  a  pole  of  order  m  —  n  if  m>n. 

If  we  count  the  zeros  or  poles  at  s  =  00  with  their  proper  order, 
we  have  : 

The  rational  function  IJ  has  p  zeros  and  p  poles,  where  p  is  the 
degree  of  1),  that  is,  p  is  the  greater  of  the  two  integers  m,  n. 

3.  Let  us  now  establish  the  converse  theorem  : 

If  a  one-valued  analgia  function  has  only  a  finite  number  of  poles, 
taking  into  account  z  =  ao,  it  is  a  rational  function  of  e. 

For  let  3  =  a,  b,  ■■■  he  these  poles.     About  z  =  awe  have 

f(z)=^^~S--^+  -.  +-?l-  +  /,(s)  =  i,(2) +  /,(:,), 

where  /^  is  regular  al  z  —  a. 

As  /  has  a  pole  at  s  =  5  and  as  Aj(3)  is  regular  at  this  point,  /j 
must  have  a  pole  at  li.     Thus 


Here  f^  is  regular  at  z  =  a,  and  at  z  =  b.     Thus  we  may  continue 
for  all  the  poles  of  /  in  the  finite  part  of  the  plane,  getting,  say, 

/(»)=  J-,(z)+  i,(2)  +  -  +  t,(0  +  /.(2),  (5 
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where  the  last  term  has  no  pole  at  s  =  a,  S,  ■■■  that  is,  has  no  pole 
in  the  finite  part  of  the  plane. 

We  now  consider  the  point  z  =  cc.  Let  us  first  suppose  this  is 
not  a  pole  of  the  original  function  /(z).  Then  5)  shows  it  is  not 
a  pole  of  f,(_z).  Thus  /„  having  no  pole  even  at  infinity,  is  a  con- 
stant by  121,  3. 

Suppose  now  z  =  qo  is  a  pole  of /(z),  then  5)  shows  it  is  a  pole  of 
/,.  Thus/s  is  an  analytic  function  whose  only  pole  in  z  =  <xi;  hence 
by  121,  3  it  is  a  polynomial : 

4.  The  foregoing  section  shows  tliat  we  can  write  the  fraction 
1)  or  2)  as  follows  : 


2-/3.  (2 -A)- 

where  l  =  m  —  n.  When  /  is  written  as  in  8),  wo  say  it  is  decom- 
posed into  partial  fractions.  Knowing  that  /  can  be  written  as  in 
8),  the  coefficients  which  enter  in  this  expression  can  be  deter- 
mined by  the  method  of  undetermined  coefficients. 

123.  Transcendental  Functions.  1.  The  foregoing  articles  show 
us  how  the  rationa,l  and  integral  rational  functions  are  completely 
characterized  by  the  nature  of  their  singular  points. 

All  one-valued  analytic  functions  which  are  not  rational  func- 
tions are  called  transcendental.  Every  transcendental  function 
must  have  one  essentially  singular  point  by  definition.  The  sim- 
plest transcendental  functions  are  those  which  have  only  one  singu- 
lar point,  and  that  an  essentially  singular  point  at  oo.  Such  one- 
valued  functions  are  called  integral  transcendental  functions. 

2.  It  is  easy  to  show  that 


y  Google 


254  FUNCTIONS    OF   A    COMPLEX   VARIABLE 

are  integral  transcendental  functions.  For  being  defined  by  power 
series  which  converge  for  every  z,  they  have  no  singular  points  in 
the  finite  part  of  the  plane. 

On  the  other  hand,  if  sin  z  =  c  for  e  =  a,  it-  =  c  for 

«  +  27r     ,     a  +  4,r     ,     a  +  6  ,r     ... 

But  these  values  =  <».  Thus  3  =  00  ia  an  essentially  singular  point 
by  120,  3. 

3.  The  same  reasoning  shows  that  any  one-valued  periodic 
analytic  function  which  has  no  poles  in  the  finite  part  of  the  plane 
must  be  an  integral  transcendental  function. 

For  if  such  a  function  has  the  period  w,  it  takes  on  the  same 

value  at  _  .  ■  1     . 

3     ,     3+(B     ,     3  +  2m     ,     -.-         which  =  CO. 

4.  A  one-valued  transcendental  function  which  has  only  poles 
in  the  finite  part  of  the  plane  is  called  a  rational  transcendental 
function. 

Such  functions  are  ., 

tan  z     ,     — —  ■ 


5.  As  an  example  of  rational  transcendental  functions  let  us 
consider  the  following,  which  occur  in  the  elliptic  functions. 

Let  <Mj,  (Og  be  any  two  numbers  which  are  not  coUinear  with  the 
origin  z  =  0.     With  these  we  form  the  series 

F=y (1 

where  m^  m^  =  0,  ±1,  ±2  ..■  and  ^  is  a  fixed  integer  >  2.  We 
show  now  that  the  function  defined  by  1)  is  a  one-valued  analytic 
function  for  every  z  except  at  the  points 


which  are  poles  of  order  p. 

To  show  that  F  is  regular  at  a  point  z  =  a  not  included  in  2)  we 
describe  a  circle  S  about  the  origin  exterior  to  a.  We  now  break 
the  series  1)  into  two  parts 
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where  -Fg  contains  all  the  terms  of  1)  corresponding  to  values  of 
ft)       which  lie  exterior  to  S,  and  Fi  contains  the  other  terms. 

In  99,  6  we  saw  that  Fg  converges  steadily  in  fi!.  Hence  by 
108,  1,  Fg  is  an  analytic  function  of  z  in  ®.  On  the  other  hand, 
Ft  consists  of  a  finite  number  of  terms  of  the  type 

C4 


But  each  such  term  is  regular  except  at  z  =  w.  Hence  Fi  is  regular 
except  at  points  included  in  2).  Thus  S)  shows  that  J"  is  regular 
at  3  =  «. 

To  show  that  F  has  a  pole  of  order  p  at  the  point  z  =  J 
=  rwj  +  «(i>g,  we  take  S  so  large  that  the  point  h  lies  within  it. 
Then  as  before  F^  is  regular  at  z  =;  5,  while 

+  ew. 


■      (2  -  6)' 

Now  (?  is  the  sum  of  a  iinite  number  of  terms  of  the  type  4),  each 
of  which  is  regular  at  h.  Thus  Ff  has  a  pole  of  order  y  at  z  =  6, 
and  hence  F  has  also  by  3).  Thus  the  points  2)  are  poles;  as 
these  points  =  oo  the  point  z  =  cc  is  an  essentially  singular  point 
by  120,  3. 

6.  Let  us  show  that  to^  is  a  period  of  the  function  defined  by  1). 
The  same  reasoning  will  then  show  that  <i>^  is  also  a  period  and 
hence  the  numbers  2)  are  also  periods.     We  have  from  1) 

^        -^  (3  +  o)j  -  m^at^  -  rn^ay^y 

=  y i . 

As  m^.m^  run  over  all  integral  values  0,  ±1,  ±  2,  ■■■  we  see  that 
«ij  —  1,  JMj  run  over  the  same  values.  Thus  the  terms  in  5)  are 
identical  with  those  in  1).  As  the  series  1)  is  convergent,  its 
sum  is  independent  of  the  order  of  its  terms  and  hence  5)  has  the 
same  sum  as  1).  The  points  2)  are  the  vertices  of  a  set  of 
parallelograms  as  in  the  figure.    Any  one  of  them  as  P  is  called  a 
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parallelogram  of  periods.  In  P,  the 
function  -F(3)  takes  on  every  value 
it  can  take  on  anywhere. 

For  any  point  2  lies  in  one  of  these 
parallelograms  as  Q.  Let  a^  be  the 
point  in  -P  whioh  is  situated  in  P  aa 
2  is  in  Q.     Obviously, 


.Fiz,)  =  F(_z). 


Two  points  z,  z 
gruent;  we  write 


which  are  related  as  in  6}  are  said  to  be  von- 


which  we  read  Sj  is  congruent  to  z  with  respect  to  the  periods 
w^,  Wj.  When  no  ambiguity  can  result,  we  do  not  need  to  mention 
the  periods  and  wc  write  simply 


7.  The  series  1)  define  therefore  an  infinity  of  periodic  functions 
corresponding  to  p  =  3,  4,  •■• 

The  reader  will  note  that  they  differ  from  the  periodic  functions 
heretofore  considered  as  e',  sin  z  in  this  important  particular. 
Their  periods  do  not  all  lie  on  one  line,  but  are  spread  out  over 
the  whole  plane,  as  in  the  figure. 

124.  Residues.  1.  We  saw  in  117  that  if  /  is  one-valued  and 
regular  about  z  =  a,  bat  not  regular  at  a,  it  can  be  developed  in 
Laurent's  series  : 


/»=«.+ 0,(2 


(«- 


(1 


The  coefficient  Oj  we  said,  in  118,  2,  is  the  residue  of  /  at  the 
point  a.  These  residues  are  of  great  importance  in  certain  inves- 
tigations, for  example  in  the  elliptic  functions.  A  fundamental 
theorem  is  the  following : 
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Let  f(zy  he  regular  in  the  simple  connex  S  except  at  the  points 
z  =  tKj,  «2  ■  ■  ■  '^m  lohieh  we  suppose  do  not  He  on  the  edge  @  of  S.      Then 

JKes/W  =  ^y/(z),i^.  (2 

For  simplicity  suppose  there  are  only 
two  singular  points  a  and  b  in  S-  Then  by 
105,  7) 

Let  1)  be  the  development  of  /  ahout  z  =  a.    Then 

Cjdz^lma^  by  101,  11) 

=  2  7r;Res/(0. 
Similarly         i      /* 

2  TnjB  i'-ft 

These  values  in  3)  give  2). 

2,  From  1  we  may  deduce  the  following  general  theorem  from 
which  we  shall  draw  important  conclusions,  especially  in  the  elliptic 
functions. 

Let  /(z)  be  regular  in  the  simple  connex  E  except  for  certain  poles. 
On  the  edge^  of  1^  let  f  be  regular  and^  0.  Let  gQ:^  be  regular  in 
£  and  have  no  zero  in  common  withf.     Then 

where  a„  a,  are  the  zeros  and  poles  of  f(z")  of  orders  m^,  n,  respec- 
tively. 

The  integrand  in  4)  is 

Its  singular  points,  aa  we  saw  in  118,  8,  are  the  zeros  and  poles  of 
/(z).     The  formula  118,  17)  shows  that  at  a  zero 

e  =  a^         Res  h  =  in,g  {a^y,  (5 
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and  at  a  pole     ^^^^         R&sh  =  -  n,ff(a,).  (6 

If  we  now  put  5),  6)  in  2),  we  get  4). 

8.  If  we  agree  to  count  a  zero  or  pole  of  order  m,  as  m  simple 
zeros  ot  poles,  we  can  write  4)  thus  r 

53^/"»<il»g/-S<,(<..)-S<,(0-  (7 

4.  From  4)  ot  7)  we  have  as  corollary  : 

LetfCz)  he  regular  in  the  simple  connex  S  except  for  certain  polei. 
On  the  edge  IS  of  iS  let  f  be  regular  and  =P  0.      Then 

^.fd\ogfi^)=M-N,  (8 

where  M,  N  are  the  number  of  zeros  and  poles  of  fin  S  each  counted 
as  often  as  its  order. 

This  follows  from  7)  on  setting  g(z^  =  1- 

5.  As  a  corollary  of  8)  we  may  prove  the  fundamental  theorem 
of  algebra,  viz. : 

/(z)=a„z-  +  a,z-i  +  ...+a„     ,     o,+  0 

has  just  m  roots,  a  multiple  root  of  order  s  being  counted  as  s 
simple  roots. 

^°r^«  lini/(3)=* 

we  can  take  a  circle  0  about  the  the  origin  of  radius  M  so  large 
that  no  root  of  /  lies  on  0  or  without  it.  As  /  has  no  poles  in  C, 
N  in  8)  is  0.     Thus        -      ^ 

-^id\ogS=M. 

^  ^^J  c 
But  dlogf  _ ma,)s'-'  +  (»■  -  l)a,z-^'  +  ■■■ 
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1  0  if  only  R  is  taken  >  some  p.     Thus 


M=^r-^+^C't^  =  J+E.  (9 

Now  by  94,  4)  J=  m,  while 

[TiTI  <J!L.  ^.27rfl    ,     by92,2 

<  me. 
But  this  says  that  ]ini  K=  0, 

Hence  passing  to  the  limit  ^  =  f»  in  9),  we  get 

that  is,  /  vanishes  m  tinies. 

125.  Inversion  of  a  Power  Series.     1.    If 

w  =  w{z)  (1 

is  regular  at  z  =  «,  it  can  be  developed  in  a  power  series : 

w~«,  +  ,,(z-a)+a,(l-ay  +  -  (2 

It  is  sometimes  convenient  to  develop  the. inverse  function  3  in  a 
series  whose  terms  depend  on  w.  This  is  called,  inversion  of  the 
series  2). 

If  we  replace  z  —  a  by  z  and  w  —  a^,  by  u\  the  series  2)  may 
he  written 

and  without  loss  of  generality  we  may  suppose  this  is  the  develop- 
ment of  1)  instead  of  2). 

In  inverting  the  series  3)  there  are  two  cases  which  must  be 
distinguished, 

Oase  1.  «,  ifcO.  This  condition  expresses  the  fact  that  w'(2)^0 
for  3  =  0.  Let  z  range  over  some  circle  ®  about  z=0;  then  w 
as  given  by  3)  ranges  over  some  connes  S  whose  edge  does  not 
pass  through  !c  =  0  if  @  is  sufficiently  small  by  118,  1.  Also, 
if  £  is  sufficiently  small,  w  will  not  take  on  the  same  value  twice 
in  g  by  119,  2. 


yGoosle 


260  FUXCTIOXS   OF  A  COMPLEX  VAlilABLE 

Thus  it  follows  by  88,  2  that  the  inverse  function  a  is  rej 
at  «J  =  0  and  hence  can  be  developed  in  the  power  series 

valid  in  some  S  about  w  =  0. 
As  dz  _  1 

dw      dw 
dz 
wt!  have  for  w  =  Q 


2,   Case  2.    a^=  0.     In  the  series  ;S)  suppose  that  a„  is  the  first 
coefficient  ^  0,     Then 

Let  us  set  _  ^-^ 

Then  ,  'j 

=  2(eo  +  o^z  +  t'^z^  +  -■)     ,     Co  =  «„"^ 

by  118,  11.     We  are  thus  led  back  to  case  1. 
Inverting,  we  get 


Putting  in  the  value  of  u  in  7),  we  get  finally 


3.  Let  us  show  how  to  get  the  coefficients  of  the  inverse  series 
using  the  method  of  undetermined  coefficients.  Let  us  suppose 
that  the  original  series  is 

^  =  i,  +  h-^(t  -  5)  +  b^(t  -  hy  +  -         5j  ^  0.  (9 

Let  us  set  ,  t  ,*     J^ 

zo  =  v  —  bi,         z  =  Oj((  —  0). 

Then  9)  takes  the  form 

w=  s  —  a^—  a^  —  ...  (10 
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where  we  have  introduced  the  minus  signs  for  convenience  later. 
Then  the  inverse  series  has  the  form 

3  =  w  +  c^  +  c^^  +  •■-  (11 

Raising  11)  to  successive  powers  gives 

z^  =  Mi2  ^_  2  (^M^  +  (c|  +  2  Cg) w)*  +  (2  c^  +  2  c^c^w^  +  - .. 

^3  =  w3  +  3  e^w^  +  (3  <:|  +  3  c^^vfi  +  - ..  (12 

z*^w*4-4  (^Mj5+  ... 

All  these  series  may  be  denoted  by 

s"  =  c^^w  +  o^^v?  +  ..•  (13 

Putting  these  series  for  2,  s^,  s^  ■■■  in  10)  gives  rise  to  a  double 
series     ri  .  i  ,  s.  . 


If  we  sum  this  series  by  rows,  we  fall  back  on  10).  The  sum  of 
D  by  rows  is  thus  w.  If  the  series  14)  be  summed  by  columns,  we 
get  a  power  series  in  w,  and  this  is  what  we  want.  Now  by  42,  3 
if  14)  is  convergent,  its  sum  is  the  same  whether  summed  by  rows 
or  by  columns.  To  show  that  14)  is  convergent  we  shall  show 
that  its  adjoint  is  convergent.    Let  us  denote  this  adjoint  series  by 

+  «,72iW^+«3723W''  +  «2723T^'+  -  (y^ 

Now  11)  is  valid  in  some  circle  f,  it  thus  converges  absolutely 
for  all  Tr<_some  TfJ,.     Then 

converges  for  W<  H^. 

The  series  10)  converges  absolutely  for  all  Z  <  some  Z^,.  Thus 
the  adjoint  of  10)     2  +  ^Z''  +  »,Z»  +  ...  (16 

converges  for  all  Z  <^Zf,. 
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Returning  to  the  adjoint  series  15),  we  see  tiiat  if  we  sum  this 
by  rows  we  get  16),  As  this  converges,  D  is  convergent  for  all 
1  w  I  ^  W^  by  42,  S.  We  may  thus  sum  D  by  columns,  getting  a 
power  series.  As  the  sum  of  D  by  rows  is  w  as  we  saw,  the  sura 
of  this  power  series  is  also  w  by  42,  2. 

Thus  we  get,  i:eplacing  the  c^„  by  their  values  in  12),  the  identity 

w=w+(e^  -  a^vP-  +  (cg  -  2  a^c^  -  a^-i^  +  ... 

Hence  all  the  coefficients  on  the  right  are  0,  except  the  first.     The 
resulting  equations  give 


flg  =  2  a^c^  +  ag, 

Cj  =  «2(e|  +  2c3)  +  B.«3<;2  +  «^, 

"5  =  2  HiH  +  H"^-^  3  a^ic\  +  Cg)  +  4  a^e^  +  a^. 


(17 


!.     We  saw  that 

=  log  (1+2)  = 


,2        ,3        ,4 
2    ^.^         4 


Here  „  —  i 

"■i  —  1     1 

These  values  in  17)  give 


«.=* 


Hence,  inverting  the  series  18),  we  ^et 

•-"+21+81  +  1! -' 


Now  from  18)  we  have 


2!      3! 


(18 


(19 


which  agrees  with  19). 

126,  Fourier's  Developmeat.  1.  When  the  real  function  j{x) 
has  the  period  2  tt,  Fourier  showed  that  in  many  cases  it  can  be 
developed  in  a  trigonometric  series 

/(x)  =  «!,  +  a^  cos  a:  4-  «2  '^"^  2  j^  +  ■  ■  • 

+  h,  si \\x-\-l„  sill  2  X  +  . ■ .  n 
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This  development  is  of  extraordinary  importance  in  mathemati- 
cal physics  and  in  some  branches  of  pure  mathematics.     Let  ii8 
show  how  this  development  appears  in  the  function  theory. 
We  begin  by  proving  the  theorem  : 

Let  f(z)  he  a  one-valued  function  having  the  period  a).     If  it  is 
analytic  in  a  band  B  whose  sides  are  parallel  to  Om,  we  have 


-^dv 


where 

and  h  is  any  point  in  B 

For  let  us  set  _    -^  j-^ 

then  M  has  a>  as  period. 

To  find  the  image  of  the  band  B  in  Fig.  1,  let  us  begin  by  find- 
ing the  image  of  a  line  l^  parallel  to  Oa>  and  cutting  the  real  axis 
at  z  s=  «.     When  z  lies  on  such  a  line,  we  have 


where  r  ranges  over  all  real  values. 
Let  US  set 


Then  4)  gives 


Thus  when  a  ranges  over  i„  u  moves  over  the  circle  C„  in  Fig.  I 
of   radius  e'""'.     When  r  increases   from  r  =  0   to  r  =  1,   u   has 
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moved  once  around  this  circle.  Hence  when  z  moves  on  7„  over 
a  segment  of  length  =  |<u],  m  has  moved  onco  around  C,.  Sim- 
ilarly when  z  ranges  over  l^  in  Fig.  1,  it  moves  over  the  circle  0^ 
in  Fig.  2.  Thus  the  image  of  a  line  X  going  from  J  to  &  +  w  is  a 
circle  lying  between  C„  and  Og. 

The  image  of  the  parallelogram  ip=  (^ABA'B'^  is  the  ring  Ji. 
To  a  point  within  ^  corresponds  a  single  point  within  R,  and 
conversely.  A3/(s)  has  the  period  .m,/  takes  on  ever}'  value  in 
$  that  it  can  take  on  anywhere  in  S.  Since  /(s)  is  a  one- 
valued  analytic  function  i]i  %  it  is  considered  as  a  function  of  m, 
a  one-valued  analytic  function  of  m  in  Jt.  Hence,  by  Laurent's 
theorem,  117 

/=  S»-»-  (5 

and  0  is  any  circle  in  H  whose  center  is  w  =  0. 
Now  from  4) 


Thus  5)  goes  over  into  2),  and  6)  into  3).     To  avoid  confusion 
we  have  changed  the  variable  of  integration  from  z  to  v. 

2.    The  development  2),  which  is  known  as  Fourier's  develop- 
ment, may  also  be  written  as  follows  r 


For  we  may  write  2) 

/(z)=  »,  +(«,e^  +  «.,.~'"^)  +  (<./'^'+  0-/""^)+  ■ 
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Now  from  3) 

=  l£f(v)'''^'"'dv. 
Similarly  5,;^      1     /^  2^ 

Their  sum  is       .,     „  1     2  i  i^i        ■, 

i/zw  {.--'■-'+.--'■-')* 

or  iising  Euler's  formula,  55,  11) 

—  ~  I  /(")  ^^^  "*  "  ~~  (^  —  ")  t^ 
This  in  8)  gives  7). 
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CHAPTER    VIII 
INFINITE  PRODUCTS 

187.  Introduction.  In  the  theory  of  the  gamma  function  and  espe- 
cially iti  the  theory  o£  the  elliptic  functions,  both  of  which  will  be 
treated  later,  infinite  products  play  an  important  part.  They  are 
also  useful  in  other  parts  of  analysis.  We  therefore  propose  to 
give  a  brief  account  of  them  here. 

It  is  easy  to  see  how  mathematicians  were  led  to  consider  them. 
Every  polynomial, 

Kq  +  «iS  +  ■-  +  a^s"  =  la^z",  (1 

can  be  written  in  the  foi'm 

where  «,,  w^  ■■■  «„  are  the  zeros  of  1). 
Since  a  power  series, 

/(3)  =  a^+  ajZ  +  a^^  +  ■■■  =  la^s™,  (3 

is  the  limit  of  a  polynomial  of  the  type  1),  it  is  natural  to  expect 
that  the  function  /(«)  defined  by  the  series  8)  can  be  expressed  as 
the  limit  of  the  product  of  type  2"),  that  is,  as  an  infinite  product 

e(.-.,)(2-«,)-..  =cn(z-«.), 

where  the  Kj,  Wj  ■■■  are  the  zeros  of /(z). 
As  an  illustration  ^et  us  take 

"a!  ^5! 

e  zeros  are  0,  ±  tt,  ±  2  ■tt,  ....     Wo  shall  show  directly  that 
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We  notice  that  Ciicli  fiu^tor 


i-iv.=iv<:^-'"> 

(z  +  mtt), 

vanishes  at  two  of  the  zeros  of  sin  3,  ^ 

riz.   at  ± 

.  =  1  in  4)  we  get 

7r_2     2     4     4     6 

6 

one  of  the  earliest  infinite  products  considered,  due  to  Wallis. 
As  examples  of  other  infinite  products  we  notice 


^(z)  =  2  5^  g  sin  7rsn(l  -  2  /"  cos  2  tts-h  5*").  (8 

Here  §  is  an  elliptic  modular  function,  V  is  the  celebrated  gamma 
function,  and  6  one  of  the  theta  functions  which  are  so  fundamental 
in  the  elliptic  functions.  All  these  we  shall  consider  in  the  course 
of  this  book. 

188.  Definitions.  1.  Let  us  now  define  infinite  products  more 
precisely.  Let  «j,  a^,  a^  ■••  be  a  sequence  of  complex  numbers. 
The  symbol  „ 

A==a^.  o^.ffg...  =Ua^  (1 

is  called  an  infinite  prodiict.     As  in  infinite  series  we  set 

^^  lim  A,  (S 

is  finite  or  definitely  infinite,  we  call  it  the  value  of  the  product  1). 
As  no  ambiguity  need  be  feared,  we  denote  an  infinite  product 
and  its  value,  when  it  has  one,  by  the  same  letter.  When  3)  is 
finite  and  ^0,  or  when  one  of  its  factors  a„=  0,  we  say  A  is  con- 
vergcnt,  otherwise  c" 
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Let  us  consider 

,      112     3     4 
"'-r2'3'4'6'" 

Here 

A.^l. 

and  hence 

limX-0. 

Thus  according  to  our  definition  the  value  of  4)  is  0,  although 
no  factor  of  this  product  is  0.  For  this  I'eason  we  do  not  care  in 
this  book  to  consider  infinite  products  which  =  0  although  no 
factor  is  0.  We  have  therefore  put  them  in  the  class  of  divergent 
products. 

The  infinite  product  A^  in  2)  is  called  the  co-product.  Obviously 
if  J^  is  convergent,  so  is  A,  and  conversely,  when  zero  factors 
are  not  present. 

In  a  similar  manner  we  define  infinite  products  whose  factors  are 
functions  of  z.  Thus  if  /i(s),  j^(,^~)  ■■•  are  functions  of  z  defined 
over  some  point  set  % 

^-/iC^VsC^)  -  =n,/.(z)  (5 

is  sueli  a  product.  Giving  z  a  value  in  %  as  z  =  a  reduces  5)  to  a 
product  of  the  type  1),  the  factors  being  now  constants.  If  5) 
converges  for  this  value  of  z,  we  say  it  converges  for  3  =  «,  etc. 

2.    Just  as  we  have  double  series 

2«„„,  (1 

so  we  can  have  double  products 

With  2)  we  associate  a  simple  product 

Ha.,  (3 

where  each  factor  a^^  of  2)  is  some  factor  a,  of  3),  and  conversely. 
Analogous  to  double  series  we  will  say  2)  ia  convergent  when 
3)  converges  absolutely,  otherwise  2)  is  divergent.  When  2)  is 
convergent,  its  value  shall  be  that  of  3).  From  these  definitions 
we  may  build  up  a  theory  of  double  products  in  much  the  same 
way  as  we  have  developed  the  theory  of  double  series  in 
Chapter  III. 
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129,    Fundamental  Theorem.     In  the  infinite  product 

J.  =  a^  ■  «2  ■  a3  ■■-      ,     «„^0  (1 

'*'*"^'^'  a„  =  p„e^-  (2 

wiiere  we  will  agree  to  choose  0^  so  that 


We  now  introduce  the  real  series 

&^0^  +  e.^  +  e^+:.  (4 

and  the  real  product         o  /-c 

and  prove  a  theorem  on  which  our  treatment  of  infinite  products 
will  rest : 

For  A  to  converge  it  is  Tieceisary  and  sufficient  that  0  and  B  are 
convergent.      When  A  is  convergent, 


A 

A 

=  Re 

*■ 

=  Pi- 

■■p. 

fi' 

A„ 

=  K 

e«„. 

o 

If  now  R  and  0  are  convergent, 

lim  A^  =  lim  R„  ■  lim  e'^" 
or  A  =  -Se'®. 

Hence  A  is  convergent  and  its  value  is  given  by  6). 
Conversely,  if  A  converges, 

It„  and  e*^" 
must  obviously  converge  to  finite  values  ^t  0.     Thus  in  the  first 
place  B  is  a  convergent  product. 

As  e*®"  converges  to  some  number  t^  0,  we  can  denote  it  by  e'^; 

lim  «•«■»  =«*'■.  (8 


we  have  therefore 


Now  from  this  we  cannot  say  at  once  that 
lim  0,  =  2' 
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The  relation  8)  however  shows  that 

I  g.T  „  gi®,  I  ^  g         for  all  n  >  some  )m, 
or  that  giTM  _  gi(e„-r)i  ^  ^_ 

This  requires   that   aside   from   multiplea  of   2  t,  @„  shall  =  T, 
*^^*  ^  Hm  (©„  -  2  yfe„7r)  =2'        -f;„  an  integer. 

^^"^  0„=2'+2;t„7r  +  );„,  (9 

and  however  small  ij  >  0  is  taken, 

|);„|  <  i;         for  all  n  >  some  m.       (10 
From  9)  we  have  ^  -,  (hi   _  rsi 


Now 


=  27r(t„-i,,j)  +  (^n-»?«-i)-  (11 


^    =   S'^   —    ^7^1 

is  some  integer  or  0,  while 


is  as  small  as  we  choose.     Thus  11)  shows  that 
f„=yfc27r  +  V. 

Hence  the  value  of  | fl„ ]  is  not  far  from  \'k\  ■  2 tt.     But  from  3) 

To  reconcile  these  two  facts  we  must  take  ^  =  0,  since  [ft|  is  0  or 
a  positive  integer.  From  this  it  follows  that  all  the  4„  in  9)  after 
some  h,  are  equal.     Hence  denoting  the  constant  k,  by  k  we  have 

0„  =  7+  2  KTT  +  J7„  w  >  s. 

As  jj„  =  0  by  10)  we  have,  passing  to  tlie  limit  /^  =  co  in  9), 
lim0„=  J'+Sktt. 

This  shows  that  ©  is  convergent.  We  have  thus  shown  that  when 
A  is  convergent,  so  are  S.  and  0. 
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130.  The  Associate  Logarithmic  Series.  To  stucJy  the  conver- 
gence of  the  infinite  product 

A  =  aj^-  a^-  a^--      ,     a„±0  (1 

we  introduce  tho  «erie.     j^^i^g  a,  + log  a^+  •.■  (2 

where  using  the  notation  of  129  we  take 

log  a^  =  log  p„  +  {0„,  (3 

that  ia,  the  principal  branch  of  log  a„.      We  call  i  the  aasodate 
logarithmie  series.     Let  us  prove  the  theorem  : 

For  A  to  converge  it  is  necessary  and  sufficient  that  L  converges. 
When  A  is  convergent,        j  _  ^  /a 

^"  ^^'^'^        L,=\ogp^  +  ■■•  +  iogp„  +  z(^i+ -  +  e„) 

=  log  R,  +  i%,  (5 

=  log^„+  'ls„Tri  (6 

where  s„  is  some  undetermined  integer. 
From  6)  we  have  ,         £„ 

Thus,  when  L  is  convergent,  A  is  convergent  and  its  value  is 
given  by  4). 

Conversely,  suppose  that  A  converges.  Then  by  129  we  know 
that  R  and  0  converge.     Hence  passing  to  the  limit  in  5)  we 

L  =  log  R  +  ).®  (7 

and  L  is  convergent. 

131.  Absolute  and  Steady  Convergence.  1.  In  analogy  to  series 
one  would  he  tempted  to  say  that  A  is  absolutely  convergent,  if 
the  product  r, 

f  R  =  PiP2Pa  — 

fiifmed  of  the  absolute  values  of  the  factors  of 

A  =  a,a^ay.-     ,     a„  ±  0  (1 

is  convergent.     This  is  not  admissible,  as  the  following  example 
shows.     Let 

A  =  n(-1)''.  (2 
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The  product  formed  of  tho  absolute  values  of  the  factors  is 
R=l.l.l-  ... 

As  R„  =  1,  we  see  that  M  converges  and  has  the  value  1.  On  the 
other  hand,  the  product  o£  the  first  n  factors  of  2)  is 

which  has  no  limit  as  n  =  od.  Thus  2)  is  divergent.  We  could 
thus  have  divergent  products  which  converge  absolutely.  Such  a 
definition  is  therefore  useless. 

We  shall  therefore  say  : 

The  product  1)  converges  absolutely  when  the  associate  loga- 
rithmio  series  i  _  S  log ,.  (3 

is  absolutely  convergent.  Hence  if  i  converges  absolutely,  L  is 
a  fortiori  convergent  and  thus  A  converges  by  130. 

From  this  it  follows  that  when  an  infinite  product  converges 
absolutely,  its  convergence  may  be  determined  by  considering  tlie 
convergence  of  a  positive  term  series,  viz.  the  adjoint  series 
of  3). 

For  L  to  converge,  it  is  necessary  that 


this  requires  that  _^ ,  ^i 

We  have  already  seen  in  129  that 

0„=0.  (5 

2.   If  the  factors  of  an  infinite  product 

are  functions  of  z  defined  over  a  point  set  %  we  shall  say  that  I' 
converges  steadily  in  St  when  the  associate  logarithmic  series 

i=Slog/„(3)  (7 

converges  steadily  in  31. 

Thus  when  L  converges  steadily,  the  factors  /„(z)  all  differ  from 
1  by  an  amount  <  e  for  n  >  some  m.  Thus  if  each  /„(2)  is  one- 
valued  and  analytic  in  some  circle  ^  about  the  point  z,  L^f^z)  will 
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be   one-valued   and   aiuilytie    when  L   converges   steadily  in  ^. 
Hence  : 

#W-.M-/,W/,«...  (8 

is  a  ons-valued  analytic  function  in  S,  whose  logarithmic  derivative  is 

?i  =  ^'«-  (' 

132.  1.  Example  1.     Let  us  consider  the  analytic  character  of 

Z=snA--^Y  (1 

We  shall  prove  in  136  that  _F=  sin  s. 

Let  S  be  a  circle  of  radius  R  described  about  3=0.     We  take 

the  integer  m  so  large  that 

m'jT  >  ,R. 
Then  for  any  z  in  f 

We  consider  now  the  eo-product 

'-=„". 0-i&)  (^ 

where  m  is  now  fixed.     Obviously  if  F,^  converges  absolutely  in  JE, 
so  does  F. 

The  associate  logarithmic  series  of  3)  is 


=Si°g(i-£.)= 


£;,. 


\K\<q.  +  'B  +  <iH- 
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Now  q„  <  q^  since  «,>  m.  Ileuce 

or  as  m  is  fixed  .. 
is  a  constant,  and  thus 


Thus  each  term  of  the  adjoint  of  4)  is  <  the  corresponding 
term  of  tlie  convergent  series 

Thus  L^  is  absolutely  and  steadily  convergent  in  ^.  Hence  by 
131,  2  (Ae  product  1)  defines  a  one-valued  analytic  function  of  z  for 
any  s. 

This  function  vanishes  for 

E=0,  ±7r,  ±-27r,  -  (5 

and  for  no  other  z.  For  being  convergent,  the  product  1)  cannot 
vanish  unless  one  of  its  factors  vanishes. 

Each  of  the  zeros  5)  are  simple.     For  we  have 

where  ^  ^  _     .  ^  ^^^       ,  A  _  _|^\ 

where  the  dasli  indicates  that  the  index  n  does  not  take  on  the 
value  n  =  7n.  Now  G,  being  a  convergent  product,  does  not  vanish 
for  z  =  mTT,  since  none  of  its  factors  vanishes  at  this  point. 

2.  Let  us  note  that  the  foregoing  reasoning  establishes  the 
theorem  : 


^"S'-Ki-,-^) 


eonvergeH  absolutely  for  all  values  of  z=i=  nir.     It  converges  steadily 
in  any  connex  not  containing  any  of  the  points  nir. 
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133.  Hxample  2.     The  V  function  is  deiined,  as  we  shall  see,  by 

rw=     /"",    .      «  =  i,2,...  (1 

»'''™  C'_jil-log('l  +  ^)l  =  . 577215...       (2 

is  the  Eulerian  constant  considered  in  20,  Ex.  4. 

We  show  that  the  infinite  product  in  the  denominator 


=  n(i  +  5^€ 


is  an  analytic  function  of  z  which  has 

2=-l,  -2,  -S,  ■■■  (4 

as  zeros  of  order  1. 

To  this  end  we  describe  a  circle  ^  of  radius  R  about  2  =  0.     We 
take  the  integer  m  so  great  that  m>  R.     Then 

for  any  z  in  S-     We  now  consider 

which  is  the  associated  logarithmic  series  of  the  co-product  'F„  of 
S). 
Now 


Hence 


^l.\<t&  +  'tl  +  " 


\l.\< 


1.-3.      1-?. 

M 
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This  shows,  as  in  Ex.  1,  that  the  series  5)  converges  steadily  in  ^. 
Hence,  as  before,  F  is  an  analytic  function  which  has  4)  as  simple 
zeros.  Thus  the  function  T  defined  by  1)  is  a  one-valued  analytic 
function  having  2=0,  —  1,  —  2,  •■•  as  simple  poles.  By  120,  3 
2  =  00  is  an  essentially  singular  point. 

134.  Normal  Form.    1.  We  have  seen  that  if  the  infinite  product 

IS  convergent,  then  _^  , 

It  is  natural,  therefore,  that  many  infinite  products  present  them- 
selves in  the  form 

^=(i  +  s,)(i  +  i,)...  =n(i  +  6j.  (1 

We  call  this  the  normal  form  of  an  infinite  product.  Since  we  can 
always  set  „,  =  1  +  („.  _  1)  =  1  +  J., 

we  can  always  reduce  an  infinite  product  to  the  normal  form. 

We  prove  now  : 

For  the  product  1)  to  converge  absolutely,  it  is  necessary  and  suffi- 
cient that  the  series  d  j  .  i  ,  ^a 
B  =  h^-\-b^+  —                                       (2 

is  absolutely  convergent. 

Suppose  that  A  is  absolutely  convergent.     Then  the 
logarithmic  series  of  1)  is  absolutely  convergent,  that  is, 

S  =  2  1  log  (1  +  5„)  I  =  2\„ 
is  convergent.     Thus  X^  =  0  and  hence  b„  =^  0.     Thus 
I  i„  I  <  1         for  n  >  some  m. 


Thus 
Hence 
Thus 


logO.  +  M  =  5„-f+f- 


]in,^  =  lim|'-«-£il+i--=>|  =  l.  (3 

Hence  by  20,  2  "       ^^  +  ^^_^."...  ^4 

is  convergent,  that  is,  2)  is  absolutely  convergent. 
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Conversely,  suppose  B  converges  absolutely  ;  then  4)  is  con- 
vergent. Then  3)  holds  once  more  and  hence  by  20,  2,  g  is  con- 
vergent. But  then  by  definition  the  product  1)  is  absolutely 
convergent. 

Definition.  The  series  2)  is  called  the  normal  series  of  the 
product  1). 

2.  From  1  we  conclude  that  if  V)  is  absolutely  convergent,  the 
'"'"  2  log  (1+ A)  ,  ^.-|6.1  (5 
jg  also  absolutely  convergent,  and  conversely. 

For  when  the  product  A  converges  absolutely,  the  series  2/3a 
converges.     But  this  series  and  5)  converge  simultaneously  as 

3.  In  131,  2  we  have  seen  how  the  analytic  nature  of 

may  be  determined  from  that  of  the  associate  logarithmic  series. 
Let  us  now  show  how  it  may  be  inferred  from  the  analyticity  of 
the  normal  series.     We  prove  in  fact : 

n,  product  p_n(H- /.(.))  (6 

is  a  one-valued  analytic  function  of  z  within  a  circle  S!  about  z  =  a, 
if  the  corresponding  normal  series 

is  steadily  convergent  in  ffi  and  each  /„(z)  is  one-valued  and  analytic 
in  ffi. 

For  7)  being  steadily  convergent  in  ^,  each  term/„  is  numeri- 
cally <  some  e^  for  any  z  in  S,  and  the  aeries  Sc„  is  convergent. 
Thus  i!„  =  0,  or  e„<  e  for  n  >  some  m.     Hence 

.  ■     «,  |A(2)i<e         ^i>'m 

tor  any  z  m  k. 

We  show  now  that  the  logarithmic  series 

i-ilog(l +/.(»))  =  24  (8 
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converges  steadily  in  S?.     For 

Hence  |  Z„  ]  <  |/,  |  +  |/„  |^+  \f„\'^+- 

<  ^^  =  y<!„- 

Thus  each  term  of  8)  is  numerieallj  <  the  corresponding  term  of 
the  convergent  series  ^ 

Example  1.     The  product 

13  convergent.     For  consider  the  product 

\        mV        22  43  6^ 

=  CI-  s-^r^ .  sifs  .1-)... 

The  normal  series  belonging  to  P  is 
As  this  converges,  P  is  convergent. 


and  A  is  convergent. 


converges  steadily  in  any  circle  ^  about  s  =  0  of  radius  ^  <  1. 
For  the  normal  series  corresponding  to  10)  is 

2aS-.  (11 
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But  each  term  of  11)  is  <  the  corresponding  terra  of 

which  converges  since  R<1.  Tims  Q  converges  steadily  in  ®. 
The  proof  also  shows  that  10)  converges  absolutely  for  any 
\z\<l. 

The  product  10)  is  the  product  6)  in  127,  q  being  replaced  by 
3,  The  function  Q  (s)  is  thus  an  elliptic  modular  function.  It  is 
a  most  extraordinary  function,  since  every  point  on  a  unit  circle  S 
about  3  =  0  is  an  essentially  singular  point.  It  admits  therefore 
no  analytic  continuation  outside  6.  Here  then  is  an  analytic 
function  whose  domain  of  definition,  instead  of  being  the  whole 
2-plane,  certain  isolated  points  excepted,  as  is  the  case  with  all  the 
elementary  functions,  is  the  interior  of  S. 

135.  Arithmetic  Operations.  1.  Let  us  now  see  whether  the 
usual  transformations  of  finite  products  liokl  for  infinite  products. 
We  have  in  the  first  place: 

-^^^  A  =  na„    ,     B=nK 

be  convergent.      Then  the  products 

a=UaX     ,     i)  =  n^  (no6„=0in  Z>) 

are  convergent  and         f  —  A     7?  T)  —  ~ 

Moreover  if  A,  B  converge  absolutely,  so  do  0  and  D. 

'■""  0.  =  A,B,. 

Hence  letting  n  =co  we  have 

lim  C„  ==  lim  A„  ■  lim  B„  =  AB,  ete. 


To  show  that  0  is  absolutely  convergent  when  A  and  B  are,  we 

Since  A  and  B  converge  absolutely, 

2]og(l  +  0     ,     21og(l  +  /3„) 
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euii  verge  absolutely  by  134,  2.     Hence 

S{log  (1  +  O  +  log  (1  +  /3,)i  =  S  log  (1  +  «„)(!  +  /3„) 

is  convergent.     Hence  0  is  alraolufcely  convergent. 
In  the  same  way  we  may  reason  on  D. 

2.  An  absolutely  convergent  produot  is  commutative. 

J^o''  '''*  A  =  n«„ 

be  absolutely  convergent.     Then 

i  =  2  log  a„ 
is  absolutely  convergent.     As  by  130, 

A  -  e'-, 
and  as  we  may  permute  the  terms  of  L  without  changing  its  value, 
we  may  do  the  same  with  the  factors  of  A. 

3.  A  convergent  infinite  product  is   associative,  that  is,  we  may 
insert  parentheses  at  pleasure. 

For  let  d       ^  ,  „ 

ji  =  a^a^a^  ■■■ 

be  convergent.      Let  us  consider 

Now  -B„=  Si---6„  =  a^-a^—a^^  =  A^. 

As  w  =  c«     ,     A„,^^A, 

hence  lim  B^  —  A. 

Example.   The  following  infinite  products  occur  in  the  elliptic 
fanction.  «,  =  n(l  +  r/-) 

e,-n(i  +  5")      »  =  i,  2,  ... 
«,=^(l-5*-l)• 

They  are  obviously  absolutely  convergent  for  |  ^  |  <  1.      As  an 
exercise,  let  us  prove  an  important  relation  which  we  shall  need 
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Now  all  integers  of  the  type  2  n  are  of  tlio  form  in  —  2  or  4n. 
Hence 

n(i  -  f")  =  11(1  -  -f-yi  -  q^"  ^)  =  n(i  -  ^'^nci  -  5*"-')' 


n(i  -  5*"-^) 


n(i  -  5*")- 


1-  (f'^  1 


Circular  Functions 

136.  The  Sine  and  Cosine  Products.  1.  Let  us  show  how  sin  z 
may  be  developed  in  an  infinite  product.  This  product  is  useful 
in  various  transformations  and  gives  rise  to  many  useful  relations. 
We  wish  to  show  that 

-"-"(!-;£.)   .    »  =  i.2.V..  (1 

We  begin  by  showing  that  1)  holds  for  real  x  lying  in  the  interval 
SI  =  («,  S)      ,      0  <  «  <  5  <  I ; 

it  will  then  be  easy  to  show  that  it  holds  for  complex  z. 

In  6  we  saw  that  sin  wa^  is  a  polynomial  of  degree  n  in  sin  a; 
when  n  is  odd,  or 

sin  nx  =^  a^  sin" X  +  Ui  sin"  '■  x  +  ■■■  +  a,^jSiRx. 
If  we  set  ;  ^  ^i„  ^^  (2 

this  gives    ^.,^  ^^  ^  ^^^y  ^  ^^j,  ^  ^^,„_i  _^  ...  ^  ^_^_^;_  ^3 

There  is  no  constant  term  here,  since  when  t=  0,  F  =  0  also. 
Now  F,  considered  as  a  function  of  t,  has  n  roots.  On  the  other 
hand,  considered  as  a  function  of  x,  it  vanishes  when 
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that  is,  when 


n  n  a 

Putting  these  values  in  2),  we  see  that  F  =  (i  when 
(=0     ,     ±  sin-     ,     ±  Hin  2  ■  —     ,     ■■■  ±sin- 


Dividing  through  by 


-  -  Bin^2  -  —  ■■■  sin^  ■ 


and  denoting  the  new  constant  by  C,  we  get 

n   ■        f  1       sin'^a;  I         f  ^ 
Sin  nx=Vsinx\\ ■■■    1 


^-1       TT 

2        n  J 


To  and  <7we  have  from  5) 
sin  nx 


Let  now  a^  ==  0,  the  last  relation  gives  n  =  0  which  in  5)  gives,  on 

replacing  a;  by-,  ^ 

'"'  sinx  =  num-Pix^n)  (6 


P(3r,  w)  =  n 
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It  seems  likoly,  therefore,  th;it  on  letting  n  = 
shall  get  1}  for  values  of  x  lying  in  ST.     To  pr( 

L(^x,  w)  =  log  P(x,  n}  ~%  log 
Lix)  =  log  _P(»!)  =  2  log  f  1  - 


ill  6)  and  7)  wo 
3  this  let  us  set 


(10 


(11 


lim  P(^x,  m)  =  lim  e^'^^"'=  e^ 

P""'l«'l  limL(.x,n)=Ux-). 

Tims  we  need  only  to  prove  11),  which  we  easily  do  as  follows. 
Let  us  denote  the  sum  of  the  first  m  terms  of  9)  by  L^(x,  n)  and 
the  rest  of  the  sum  by  L^(x,  n).     Then  from 

L{x,  n)=L^(x,  Tiy+L^ix,  n), 

we  have 

\L(x,n)-L(x)\<\L.ia:,n-)~L.(x)\  +  \LJ,x,n-)\  +  \L.ixy\.   (12 

Now  for 


we  have 


—  <  sin  3:  <  a-. 
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Thus  for  all  r  >  some  m,  and  for  any  x  in  9f, 

0  < ~  <  ^  <  1.  (13 

sin''  — 

""'"  0<„</i<l 

we  have,  by  the  law  of  the  mean, 

0<-Iog(l-a)<-log(l-^)<^+<?/3^,     (?  some  constant.    (14 

Thus  13),  14)  give  for  any  value  of  n 

o<ii,{.,»)i<Si+ffSi<|, 

if  w,  is  taken  sufficiently  large. 

Also  hy  132  on  talcing  m  still  larger  if  necessary, 

|i.WI<|- 

Finally  if  n  is  >  some  v 

Thus  12)  gives 

i(«,»)-iC«)|<|  +  |  +  |  =  e     .     »>-, 
which  establishes  11). 

Thus  1)  holds  for  z  in  91.  To  extend  it  to  all  values  of  z  wc 
need  only  to  observe  that  the  right  side  of  1)  is  an  analytic  func- 
tion of  2,  as  we  saw  in  132.  Thus  by  the  principle  of  analytic 
continuation  1)  holds  for  any  complex  s. 

2.  Let  us  show  that  sin^  has  the  period  Stt  by  using  the  prod- 
uct 1).     From  1)  we  have 

8mz  =  lima(«)  (15 

where  „ 

<>„(2)  =  3   n   ^  +  "^^     ,     m  =  0  excluded. 

e.(z)  t~mt 
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!™                si.,  (.+  -)= -sin.. 

Thus27ri 

s  a  period  of  sin  2. 

3.    Fron 

1  tlie  product  expression  1)  we  may  derive 

CO--     fid            *^        "l 

''°"      Yl'      (2„-l)%»J 

For  from 

sin9z-2siiizcosz 

we  have 

r  .A^-m 

"'-'■      2       z  „f,         z'  \ 

(16 


"(^~(2!^)('~(2».-l)v) 


nM_jLA"v^    (2».-i)vV' 

wiiich  gives  16)  at  once. 

137.  Infinite  Series  for  tan  z,  cosec  z,  etc.    1.   From  136,  1),  16) 
we  liave 

logsinz  =  lng3  +  £log(l -— -\  (1 


logeosz=5;ioB(l-(2i^l^j-  (2 

Differentiating  these,  we  get 


tan  z—  2^; 


2 II  -  IV 
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valid  for  all  z  for  which  tan  3,  cot  z  are  defined,  that  is  for  all  s 
which  do  not  cause  a  denominator  to  vanish. 

The  relations  3),  4)  exhibit  cots,  tans  as  a  series  of  rational 
functions  whose  poles  are  precisely  the  poles  of  the  given  func- 
tions. They  are  analogous  to  the  representation  of  a  rational 
function  as  the  sum  of  partial  fractions  as  shown  in  122,  4, 

2.  As  an  exercise  let  us  show  the  periodicity  of  cots  from  3). 
We  have  „ 

cot  z  =  lim  Fniz)  =  lini   V  ,     s  i=  mtt. 


...,.-r.v      -.^-J-,_|_(, 

1+1)^      z-r 

m 

Letting  n=s^cc  we  get 

limf„(s  +  'Jr)=lim 

-*■.(='). 

'^'^                                        eot(s  +  7r)=eot 

3, 

and  tiius  cot  z  admits  the  period  tt. 

138.  Infinite  Series  for  sec  z,  cosec  z. 

1.    From  the  relation 

cosec  2  =  tan  -^  s  +  cot  z 

we  have,  using  3),  4)  of  137 

— ?(.»^V..f 

z        "T*  n^TT^  - 

-z' 

z      ^(2«-l)V- 

.-^2^ 

r? 

z=^n7T. 

2.  To  get  sec  z  we  use  the  relation 

cosec  f  -  —  s  j  =  see  z. 
From  1)  we  have 

cosec  2  =  --l-i(-l)"-^M — = — 
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Hence 

-  !)■« 

, 

1 

1 

]  mr- 

-^+s     i 

■•'+'„- 

-z 

Let  us  regroup  the  terms  of  S,  forming  the  seriea 
we  see  that  T  is  convergent  and  =  5'.     Thus 


=  5;<:-i)"' 


valid  for  all  z  for  which  see  z  is  defined, 

139,  Development    of    log    sin  z,    tan  z,    etc,    in    Power    Series, 

1.   From  137,  1)  we  have 

If   we  agree  to  give  ^}}^  its  limiting  value  1  as  s  =  0,  the  rela- 
tion 1)  holds  for  I  ^1  <  TT.     For  such  z 

a'lr!      2  217T*      3  2«7r«  (2 

3'77=     2  3»7r«      3  3«77« 
+ 
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provided  we  sum  thia  double  series  by  rows.  As  this  series  has 
all  its  terms  positive forareal  positive  value  of  s  <  TT,  say  £01-2=  »■, 
and  as  this  series  summed  by  rows  is  convergent,  since  the  relation 
2)  holds  for  this  r,  we  may  sura  2)  by  columns  for  all  1 3 1  <  it,  by 
42,  2,  3. 

Doing  this,  we  get 


(1 


2.   In  a  similar  my.njier  \ 


- 

log, 

50SS 

-  ffj 

'    Tt!" 

where 

o. 

1 
1" 

-I 

We  observe  1 

;hat 

Or, 

_2- 

-      1 

This  ii 

i5) 

give, 

i 

-log  cosz  =  (2»-l)H,^^  +  l(2<-l)if,il  +  3(2«-l)H,  ?■  +  ... (6 
valid  for  |s|  <  ^■ 

If  we  differentiate  3)  and  fS),  we  get 
tanz-2(2'-l)fi,-?-  +  2(2<-l)//j^^+2C2"-l)JJ',^'+  ...     (7 

mtz  =  --2H,^—^--2H^^-2E,—  -—  (8 

valid  for  0  <  |s|  <7r. 
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3.  Comparing  7)  witli  the  development  of  tan  z  given  in  116, 
4),  we  get 


_ffj  = 

-44- 

TfS      1     2,ri       J,      2x^ 
6      ti  ■   21          '      2! 

H,= 

-44- 

■^       1       2»,r»       „      2«7r' 
90      SO  ■    4 !          '  ■    4 ! 

^6  = 

-44- 

77«           1        2»7r«_y        2'7r« 

946      42  ■    6 !          ''el 

!.     Here 

'A  =  J   . 

n-j',     .     T, 

=  A    .    T.-j^    .    n  =  A 

In  general  we  may  set, 
Then  7)  gives 

wa/ii  for  \^\<-^- 

From  8)  and  10)  we  get 

cot  3  =  1  -  i;  -^12- 1  y.^-!^"-^.  (12 

The  niimliers  2\,  ^j  ■■■  are  called  the  Bernoullian  numbers. 

140.  Weierstrass'  Factor  Theorem.  1.  We  have  seen  in  136 
how  the  integral  transcendental  functions  sins,  coss  may  be 
developed  as  infinite  products  whose  factors  vanish  at  the  zeros  of 
these  functions.  Weierstrass  by  generalizing  these  developments 
arrived  at  the  following  theorem  of  great  theoretical  value : 

Let  the  one-valued  integral  transcendental  function  F(z')  have  a^, 
dj,  ■■■  as  zeros  which  we  suppose  arranged  so  that  |a„+i|  >  |a„|  =  kj 
as  n  i  OD,  an  m-tuple  zero  being  repeated  m  times^  and  the  a's 
being  +  0.      Then 

j?(.)  =  ."-'n^i  -  '■\e- '  i©'*--<i^" ,  (1 

where  T  is  an  undetermined  integral  function. 
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Before  proving  this  theorem  we  wish  to  make  a  few  explana- 
tory remarks.  We  note  that  corresponding  to  each  zero  «„  there 
is  a  factor  1  —  —  in  1)  which  vanishes  at  this  point.     Since  the 

exponential  function  never  vanishes,  the  right  side  of  1)  will  not 
vanish  except  one  of  the  factors  vanishes,  provided  the  product 
on  the  riglit  of  1)  is  convergent. 
The  infinite  product 

will  not  converge  in  general.     For  example,  the  zeros  of  ■        ■,  as 

we  saw  in  133,  ace  0,  —  1,  —  2,  ■■-.     The  product  eorr 
to  2)  is  here 


This  does  not  converge,  since 


M'^n) 


is  divergent. 

To  make  the  product  2)  converge,  Weierstrass  has  added  the 
factor  ^         v^^" 

This  introduces  no  zero  into  the  product,  but  does  make  it  con- 
verge, as  we  shall  see. 

Finally  the  factor  ^^li) 

has  to  be  added,  since,  however  the  integral  function  Tis  chosen, 
the  resulting  function  1)  has  the  assigned  zeros  «„. 

2.    To  prove  1)  we  begin  by  showing  that 

(?  (2) = n  (i  -  -\c  -  '-i'-^?''  (3 

is  an  integral  transcendental  function  which  vanishes  only  at  the  a„. 
For  take  z  large  at  pleasure  and  fix  it.     About  the  origin  we 
describe  a  circle  ^  of  radius  B  including  z  .     We  next  take  m  so 
Urge  that  «.=  |«.1>«. 


y  Google 


INFINITE  PRODUCTS  291 

Let  Hii)  denote  the  product  3)  after  deleting  the  first  m  factors, 
that  is,  the  product  3)  when  n  takea  on  the  values 

We  now  show  that  the  corresponding  logarithmic  series 

n^+i  I        V        aj     a„  n\aj  J 

converges  steadily  in  §:.     For 


e  have 


•-n  +  iV«./        n  +  aVo,/ 


<p'(\  +  p+p'+  ■■■) 
1-p 

Thus  each  term  of  the  adjoint  of  4)  is  <  the  corresponding 
term  of  the  geometric  series 

~plr 

for  any  z  in  SI.  Thug  iT  converges  steadily  in  S  and  is,  by  131,  2, 
an  analytic  function  of  z  which  vanishes  only  when  one  of  its 
factors  vanishes. 

Returning  now  to  3),  we  see  this  differs  from  H  only  by  m 
factors  which  are  analytic  and  vanish  only  at  a,,  a^  ■■■  a^  respec- 
tively. 

3.  The  function  ^(s)  defined  by  3)  is  an  integral  function 
which  has  the  same  zeros  as  F(z).     Let  us  find  the  most  general 
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integral  function  0(3)  which  has  these  zeros;  we  shall  see  that  it 
will  have  the  form  given  in  1).     For  the  quotient 

has  no  singular  points  in  the  finite  part  of  the  plane  and  does  not 
vanish  for  any  3,  Thus  by  118,  10,  log  Q  is  one-valued  and  has  no 
singular  points  in  the  finite  part  of  the  plane.     Hence 

T(_z)  =  logQ 
ia  an  integral  function  of  z.     This  with  5)  gives 

which  is  therefore  the  moat  general  expression  of  a  one-valued  in- 
tegral function  having  the  assigned  zeros  «„, 

4.  The  exponent  in  the  «th  factor  in  1)  is  a  polynomial  of  degree 
n,  and  this  n  increases  indefinitely.     Weierstrass  has  shown  that : 

WTien  the  zeros  a^  are  suak  that 

converges,  we  may  replaee  the  exponential  factor  in  1)  by 

2\aJ  p-l\aj 

where  the  polynomial  is  of  fixed  degree  p—1. 

To  establish  this  we  need  only  to  show  that  the  corresponding 
logarithmic  series 

converges  steadily  in  ®. 
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This  is  indeed  so,  for  here 


x.<i(iY+4-ar 


fn\- 


«™ 

Each  term  of  the  adjoint  oli  7)  is  thus  <  the  corresponding  term 
of  the  convergent  series  , 

for  any  z  in  ^.     Tlios  7)  converges  steadily  in  ®. 

5.  Let  us  apply  Weierstrass'  theorem  to  the  sine  function.    Here 

we  set  f,  o 

«j  =  7r     ,     a^  =  —  7r     ,     a^=L'Tr     ,     aj=:  — air     •■■ 

The  series  6")  becomes  here      ^    ~    i 

— £-. 

which  converges  for  ^  >  1.     Thus 

sinz-z«""nri-— Vi  )i  =  ±l,  ±2,--  (8 

Thus  Weierstrass'  theorem  enables  us  to  write  down  the  product 
expression  at  once  aside  from  the  unknown  exponential  T.  The 
determination  of  T  is  attended  with  grave  difficulties.  To  avoid 
this,  we  have  developed  sin  s  in  136  by  another  method. 

6.  From  Weierstrass'  theorem  i  we  may  write  down  the  most 
general  rational  transcendental  function  with  assigned  zeros 

:     ,     «3     ,     -  (10 


md  assigned  poles 


5j     ,     ^2     ,     ...  (11 


where  a  zero  (pole)  of  order  m  is  repeated  m  times. 
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Let  us  suppose  that  the  points  10),  11)  are  arranged  as  the  a„ 
n  1.     Then 

Fiz)=  Yi(\  -  A\f  ^-■^^(^)  (12 

md  ,       ~\  z         i/3\» 

(?(s)  =  n(l-fy.^-+«*-S-'  (13 


will  vanish  at  the  points  10),  11),  respectively,  and  nowhere  else. 
Their  quotient 

will  thus  have  the  assigned  zeros  and  poles.  Let  K(z')  be  the 
most  general  one-valuod  analytic  function  having  these  zeros  and 
poles.     Then 

behaves  as  the  quotient  in  5).     We  have  therefore  as  before 
Q  =  e'. 

Hence  the  most  general  function  of  the  kind  sought  is 

ff(z)  ^ 

where  Tis  an  integral  function. 

7.  Let  us  note  that  the  zeros  10)  and  the  poles  11)  of  a  rational 
transcendental  function  considered  in  6  must  both  ^co,  on  being 
properly  arranged. 

For  if  in  10),  for  example,  wo  could  pick  out  a  sequence 

a'-y     ,     a'^     ,     (tg     •■•      which  =  sonic  point  a\ 

this  point  would  be  an  essentially  singular  point  of  our  function  K. 
Thus  K  having  an  essentially  singular  point  in  the  finite  part  of 
the  plane  is  not  a  rational  transcendental  function  by  the  defini- 
tion in  123,  4. 
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CHAPTER   IX 

THE  B  AND  T  FUNCTIONS,    ASYMPTOTIC  EXPANSIONS 

141.  Introduction.  1.  lu  advanced  integral  calculus  one  treats 
of  two  functions  called  the  Seta  and  Q-amma  functions  which  are 
defined  by  the  definite  integrals 

T(x)  =  n-"u'-Hu     ,     x>(i.  (2 

These  functions  enter  many  parts  of  mathematics  and  on  account 
of  their  great  importance  we  shall  devote  a  short  chapter  to  their 
more  important  properties-  The  B  and  T  functions  are  not 
independent  functions ;  in  fact,  as  is  shown  in  the  calculus,  and 
as  we  shall  see  in  the  next  §, 

Thus  of  the  two  functions  we  shall  devote  most  of  our  attention 
to  the  r  function,  which  is  a  function  of  a  single  variable,  whereas 
B  is  a  function  of  two  variables. 

Instead  of  employing  the  definition  of  the  B  and  V  function  as 
a  definite  integral,  we  can  define  the  F  function  as  an  infinite 
product 

where  0  =  ,5772157  ■■-  isEuler's  constant.  We  shall  see  directly 
that  the  integral  2)  and  the  product  4)  have  the  same  values  for 
x^O.     For  the  function  theory,  however,  the  product  definition 
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4)  is  vastly  to  be  preferred.  In  fact,  if  we  allow  the  variable  x  to 
tate  on  complex  values,  the  right  side  of  4)  defines,  as  we  saw  in 
133,  an  analytic  function  of  z  for  the  whole  s-plane  except  at  the 
points  2=**,  —1,  —  2---  where  it  has  poles  of  the  first  order. 
We  may  thus  regard  this  function  as  giving  the  analytic  continu- 
ation of  an  analytic  function  which  for  real  z  >  0  has  values  given 
by  the  integral  2). 

Instead  of  the  integral  definition  1)  of  the  B  function  we  may 
now  take  3)  as  a  definition  where  F  is  now  defined  by  4),  the 
variables  ^^  i/  being  now  of  course  complex. 

From  these  product  definitions  of  the  B  and  F  functions  many 
of  their  properties  follow  very  simply,  as  we  shall  show.  If  we 
prefer,  however,  to  start  with  the  definitions  1),  2)  it  is  merely  to 
preserve  the  continuity  of  the  reader's  knowledge.  The  justifica- 
tion of  the  steps  we  shall  take  in  dealing  with  the  integrals  1),  2) 
in  the  next  two  articles  we  must  leave  to  the  reader  for  lack  of 
space, 

2.  The  integrals  1),  2)  may  bo  given  other  forms  on  changing 
the  variable.     Thus  in  1)  lot  us  set 


1-^ 


We  get 

If  we  set  here 


.  =  1  -  m, 

no  get  gj.^^  ^y  ^  r'»«-i(t  -  wy-Mw.  (6 

In  5)  let  us  set  ^  ^  ^.^^3  ^^ 

we  get  = 

B(x,  !l')  =  2j     siti»'-"  S  oos*-i  edS.  (7 

Finally,  If  we  set  1 

11  =  log  - 


in  2),  we  get 


r(»)    =J'lof;-lQ)*.  (8 
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142.  B(x,  y)  expressed  in  T  Functions.  We  wish  to  establish  the 
relation  3}  of  the  last  §,  the  variables  being  real.  If  in  141,  3  we 
replace  u  by  au,  we  get 

From  this  follows  that 

Hence  by  141,  X 

B(«,  y)  =   f",  ''"''''     =  „     ^      ,-  C'dv  f'u"'-'v-h-"*'>'du, 
./o    (1 +  »)•*»     r(« +  »),/„        Jo 

or  inverting  tlie  order  of  integration. 

In  the  V  integral  let  us  set  uv  =  w  ;   It  becomes 
Thus  2)  becomes 


.'J>0 


_  r(i)r(,y) 

which  establishes  141,  3. 

143.  T(x)  expressed  as  a  Product.    From  the  calculus  we  know 
that 


Putting  this  in  141,  2)  gives 

r(2i)  =  lim  pw^/l^-Yi? 
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Setting  u  —  nv,  this  gives 

r(x)  =  ]imn'=r\l-v-)"v'-Mv.  (1 

Integrating  by  parts,  we  get 

£  (1  ^  vyv-'dv .  j~y '  (1  -  «)—«->* 

=  —  —      .    -    "^^ _:    ■■■ /        'O'-HV 

x-\-n  x  +  n-1       x  +  lJo 

n  1  1_ 

x  +  n  X  +  1    X 
We  may  thus  write  1) 


rw  = 


1.2...  (11- 1) 


(»:  +  l)(a!  +  2)...(>;  +  )i-l)        '  ^ 

Now 

Also 

(«  +  ,l)...(a:  +  »-l)=(»-l)!(l+'j)(l+|)...(l  +  ^). 

Putting  these  in  2)  gives 

r(i)_lnV — ^  (8 

■  ill? 


y  Google 


B  AND  r  FUNCTIONS,  ASYMPTOTIC  EXPAKSIONS  299 
Tills  .  _^^ 

where  (;_|{l^,„g(l+i)}  (6 

is  Euler's  constant. 

144.  Properties  of  T(z').  In  the  foregoing  articles  we  have 
seen  that  the  B  and  V  functions  may  be  expressed  as  infinite 
products,  the  variables  being  real  and  positive.  We  propose  now 
to  start  afresh  and  define  these  functions  for  complex  values  by 
these  same  products.     Thus  we  say 

r(E)  =  - '—- — -         n  =  l,  2,  ...  (1 

where  0  is  Euler's  constant 

"^  B(„,,)=EMrM.  (3 

Then  the  foregoing  shows  that  these  functions  reduce  to  the  B 
and  r  functions  of  the  calculus  when  the  variables  arc  real 
and  >  0. 

From  the  definition  1)  we  may  obtain  two  other  expressions  on 
using  the  transformations  employed  in  143,  viz. :  ' 

r(z)  =  lim  (?,(z)=  liml  .  12  ...  (.i-l) ^  „ 

due  to  Gauss,  and  /        ly 

r(a)-.-n-^ — 5Z_       »=i,2, ...  (5 

n 
where  in  4),  5)  we  take  that  determination  of  n'  and  f  1  +  -| 
which  is  real  and  positive  for  3  =  1. 
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The  expression  1)  shows,  as  already  seen  in  133,  that : 
1°  r(3)  is  a  one-valued  analytic  function  of  z  whose  domain  of 

definition  is  the  whole  z-plane  except  the  points  z  =  0,  —  1,  —  2,  ■•■ 

which  are  poles  of  the  first  order.      The  point  s  =  co  is  an  essentially 

singular  point. 

Since  the  factors  in  4)  are  positive  for  z  real  and  positive,  we 

have : 

2°  r(s)  is  real  and  positive  for  z  real  and  positive. 

A  very  characteristic  property  of  F  is : 

3°  r(2  +  l)=sr(E).  (6 

For  using  the  product  G-„(z)  in  4)  we  have 


ff.C^  +  l)' 


■iM!). 


we  get  6)  on  letting  m  =  oo. 

By  repeated  applications  of  6)  we  get 

r(s  +  m)=2(s+l)  ...  (2  +  «-l)r(z).  (8 

From  .5)  we  have                 rcl"i— 1  CO 

Let  us  set  3=  I  in  8),  we  get 

r(w+l)=l-2-3  ■■•  n  =  n\  (10 

This  relation  gave  rise  to  the  T  function.     In  fact  Euler  proposed 
to  himself  the  problem  : 

Determine  a  continuous  function  whicli  when  x  is  an  integer 
x  =  n  shall  have  the  value  1-2-3  —  n  =  n\  The  relation  141,  2) 
shows  that  such  a  function  is 


U(x)=  j     e-"u'du  =  r(x+l'). 


(11 


The  relation  between  F  and  11  may  be  extended  to  complex  values 


by  defining  11(2)  by 


n(s)=F(2+l).  (12 
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-The  functions  11  and  T  are  of  course  easentially  the  same  fmictioii. 
The  n  notation  was  used  by  Gauss,  the  F  notation  by  Legendre. 
Both  notations  are  currently  used  to-day.  The  fact  that 
IKjn)  =  n !  instead  of  r(l  +  «)  will  often  make  it  convenient  to 
use  n  instead  of  T. 

Another  important  relation  is  : 

^°  r(s)r(l-2)  =  — ^?— .  (13 

sin  7r2 
For 


^(-D(>-l)-(-c^i?)  "- 


we  have,  letting  m=  oo  , 

by  136,  1). 

In  the  calculus  the   relation   13)  is  established   by  using  the 
formula 


f: 


whose  proof  is  not  simple- 
If  we  set  s  =  ^  in  13),  we  get 

r''(J)= 


(14 


or  r(l)=  +V,r.  (15 

The  +  sign  of  the  radical  must  be  taken  by  2°. 
From  8)  and  15)  we  get 

r(.+  .)^^^-''-,f"-^^v?-  (16 

Since  the  exponential  function  vanishes  for  no  value  of  2,  the 
expression  1)  enables  ns  to  state : 

6°   The  T  function  vanishes  for  no  value  of  z. 
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145.  Expression  for  log  T(z)  and  its  Derivatives.  From  144,  1) 
we  have 

i(«)  =  log  r(z)  =  -  a  -logz  +  5  {i-  i»g(i  + '-)  j-      (1 

DifEerentiating,  we  get 

In  general  we  find 

i<">(.)=(-l)-(m-l)!f  ^^^-^— ^_     ,     »>!.  (4 

Thus  i'(l)  =  -a  (5 

i<->(l)  =  (-l)-(m-l)  !5i_(-l)-C».-l):-H.  (6 

146.  Development  of  log  T(z')  in  a  Power  Series.  We  saw  in 
144,  6"  that  r(z)  has  no  zeros,  thus  log  r(z)  m  a  one-valued 
analytic  function  about  s  =  l,  whose  nearest  singular  point  is  2  =  0. 
Thus  Taylor's  development  is  valid,' and  we  have 

iogr(2)  =  i(2)  =  i(i)  +»_=ii'(i)  +  (tr^y'i"(i)+  ... 

Replacing  z  — 1  by  s  and  using  145,  this  gives 

iogra  +  ^y^-Oz+^^-plff^z"  ,   \z\<i.      (1 

Legendre  has  shown  how  we  can  make  the  series  1)  converge 
more  rapidly.     We  have 

iog(i  +  2)  =  .~|;(-i)-^"  ,  \,\<i. 

This  when  added  to  and  subtracted  from  1)  gives 

iogr(i  +  ^)_-iog(i  +  o+(i-e>+X(-i)"(-^--i)f- 
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Changing  here  z  into  —z  gives 

iogr(i~z)=-iog(i-2)-(i-c'>  +  |;(ff.-i)|". 

Subtracting  tliis  from  the  foregoing  gives 

logr(l  +  z)-logr(l~s)=-logi±^  +  2(l-0)3 


From  144,  13)  we  have 

log  Va  +  z)+  log  r(l  -z)=  iog^-. 

This  in  the  preceding  relation  gives 

log  r(i  +  2)  =  (1  -  (7)»  - 1  log  jJ^  +  i  log  ^^ 

-|(^4„,-i)^i         (2 

valid  for  I  z  I  <  1. 

This  series  converges  rapidly  for  0<x<  |  and  thus  enables  us 
to  compute  log  T{x)  in  the  interval  1  <  a;  <  |. 

147.  Graph  of  (r)j:  for  Real  x.  By  virtue  of  144, 8)  tho  value  of 
r(3;)  for  any  positive  x  is  known  when  its  value  is  known  for 
values  of  x  in  the  interval  (0,  1).  By  virtue  of  144,  13)  the  value 
of  r  is  known  for  a;  <  0  when  it  is  known  for  x>D.  Tliis  rela- 
tion also  shows  that  the  value  of  F  is  known  in  (0,  1)  if  it  is 
known  either  in  (0,  J-)  or  indeed  in  any  interval  of  length  ^. 
Gauss  has  given  a  table  of  log  U(3>')  for  0  <  ic  <  1  calculated  to 
20  decimals.  This  gives  us  the  value  of  log  T(x)  for  l<a3<2. 
A  four-place  table  is  given  in  the  Tables  of  B.  0.  Peirce*for 
1  <  a:  <  2. 

Since  r(l)  =  r(2),  the  curve  has  a  minimum  between  x=l  and 
x  =  '2.     This  point  is  found  to  be 

3;  =  1.46163..- 

I,  p.  91. 
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From  145,  4)  we  see  that 

L"(_x)  >  0     ,     for  3^  >  0. 
Hence  the  graph  of  r(a:)  is  concave  for  a:  >  0. 


The  adjoining  figure  will  give  the  reader  an  idea  of  the  grapli 
for  real  x.  The  vertical  lines  x  =  n,  n=0,  —  1,  —  2  ■  ■  •  are  asymp- 
totes to  the  curve,  and  the  maxima  and  minima  of  the  curve  lie 
on  opposite  sides  of  the  ai-axis.  The  distance  of  the  elbows  from 
the  x-asis  increases  as  we  go  to  the  left. 

148,  The  r  Integral  for  Complex  z.    1.    For  real  x>0,  we  have 

T(x)-£,-'u-Mu  (1 

as  stated  in  141,  2),     Let  us  consider  the  integral 

G{z)^  C  e-''u'-^du,  (2 

where  z  =  x+  i^     ,     x>0. 

We  have  ,  i-i  _  ,  i-i  ;«  —    ^-i  i»iDEu 

—  u^~'\cos(y  logi/)+  J  sin  (plogu')^. 
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Thus 

Gr  =  f     e  "u^  ^  cos (y  log  u')du +i  I     e  "m^  ^  sin  (^  log  u')du 


Now  5"  and  ^are  convergent  since  x>0,  hence  the  integral  2)  is 
convergent  for  all  2  for  which  a:  >  0. 

2.  Let  us  show  that  (r(3)  is  an  analytic  function  of  z.     To  tliis 
end  we  use  86,  1).     Now 


-r- 


As  these  derivatives  are  also  continuous  functions  of  a;,  ?/  for 
x>0,  wo  see  that  (?  is  an  analytic  function  of  s  for  all  s  lying  to 
the  right  of  the  imaginary  axis. 

Since  (?(3)  as  defined  by  the  integral  2)  and  r(3)  as  defined 
by  an  infinite  product  144,  1),  are  analytic  functions  which  have 
the  same  values  along  the  positive  half  of  the  real  axis,  they  also 
have  the  same  values  for  any  z  =  x  +  i>/  for  which  «  >  0. 

149.  T(^z)  expressed  as  a  Loop  Integral.  1.  In  the  foregoing 
article  we  have  expressed  the  T  function  as  an  integral  which 
converges  for  all  z  =  x  +  iy  for  which  a^  >  0.  Let  us  now  show 
that  it  may  be  defined  as  a  loop  integral  whicli  is  valid  for  all 
values  of  2  for  which  r(s)  is  defined,  that  is,  for  all  SifcO,  —  1, 
-2,  ■... 

To  this  end  let  us  consider  the  integral 


ffW-Je-.- 


Mu, 


the  path  of  integration  being  the  ,;r\  a 

loop  L  extending  to  00  as  in  Pig.  1.  ( ( '^o~ 

Let  ,^  n^.^c,  VCL- 

As  value  of  m'~^,  we  take 


y  Google 


306  FUNCTIONS   OF   A   COMPLEX   VARIABLE 

The  integral  1)  is  thus  defined  for  all  values  of  z  and  is  a  one- 
valued  analytic  function  of  a  by  104,  since  its  derivative 

da 


i,  continuous  function  of  z. 


udu 


-  i)r(e). 


2.  We  now  show  that 

To    this    end    we    need    only         /^^~~\ 

prove  2)  for  z  =  x>  0,  by  vir-    _£L_ — ^°  — -»a) 

tue  of  the  principle  of  analytic         vl^'' 
continuation,  113.     Let  us  re- 
place the  loop  L  by  the  loop  2  as  in  Fig,  2.     The  radius  r  of  the 
circle  ajS'y  converges  to  0,     Thus 


(3 


•'fi      •'»        *'"3t      ''^ 


Now  on  the  segment  (od,  «),  ^  =  0,  hence 

f''e--u^^du=  -  r(3;)         as  r  =  0. 

On  the  segment  (7,00),  (f>^2-!r.  For  when  v,  passes  over  the 
circle  a0y,  tf>  increases  from  0  to  2  tt.  Thus  w'"^  has  on  the  seg- 
ment (7,  00)  the  value 

Thus  ^^  ^» 


Finally 


I    /•   I  I    /sa"  I 


<    277 
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Thus  passing  to  the  limit  ?•  =  0  in  3)  we  get  2)  for  real  x>0. 
But  as  the  two  sides  of  2)  are  analytic  functions  of  s  and  as  the 
relation  2)  holds  for  real  a;  >  0,  it  holds  for  every  z. 


3.  Let  us  show  that 


:  re'''u^^du^ 


For  2)  may  he  \ 


But  by  144,  13) 


ritten 
G-  = 


2  'Trie'"'' 

r(i-.)" 


.r(^) 


=  2  ie'^  sin  ttz  ■  r(s),  by  58,  8). 


•r(^)  = 


This  in  5)  gives  4). 

Since  e"*'  is  an  integral  transcendental  function  having  no  zeros, 
and  since  r(l  —  s)  has  poles  of  the  first  order  at  z  =  1,  2,  8,  ■•■ 
and  no  other  singular  points,  we  see  that  the  function  Ci'(z)  defined 
by  2)  ig  an  integral  transcendental  function  whose  zeros  are  2  =  1, 
2,  3,  •■■  each  of  order  1,  From  the  standpoint  of  the  function 
theory,  the  G  function  is  simpler  than  the  V  function. 

150.  The  E  Function  as  a  Double  Loop  Integral.  1.  In  a  similar 
manner  we  can  show  that 


ff 


B(»,  .)  = 


-(l-^-)(l- 


r(«)rw 


(2 


u,  V  being  any  complex  numbers  for  which  the  quotient  on  the 
right  of  2)  is  defined.  Tiie  path  of  integration  i  is  so  chosen 
that  the  many-valued  integrand  in  1) 
returns  at  the  end  of  the  circuit  to  its 
original  value.     Such  a  path  is 

where  ^g,  ^j  are  loops  about  s  =  0,  s  =  1 
in  the  positive  direction  as  in  Fig.  1. 
It  is  easy  to  see  that  L  may  i)e  replaced 
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by  the  loop  §  in  Fig.  2,  without 
changing  the  value  of  the  inte- 
gral 1).  The  loop  SJ  is  a  double 
loop. 

i'inally  we  must  specify  which 
of  the  many  values  of 

we  start  with  at  the  point  z  —  e.     We  take 

log c  -  log r  +  i«     ,     logo -o)=\Qgs+i 


as  indicated  in  Fig.  1, 
log  z=logp 


The  values  of 

^ie  ,  iog(i- 


.)= 


at  any  point  of  L  depend  only  on  0  and  <p,  since  log  p,  log  a-  are 
the  arithmetical  logarithms  of  the  positive  real  numbers  p,  a. 

To  prove  1)  we  shall  first  show  that  1)  is  true  when  w  =  a;, 
V  =  y  are  real  and  positive.  Then  reasoning  as  in  114,  s  we  see 
that  1)  holds  for  complex  values  of  u  and  v. 

2.  Let  now  s  run  over  the  loop  l^^.  When  z  first  reaches  a, 
0  =  a;  on  reaching  a  after  the  circuit  about  s  =  0,  the  value  of  0 
is  «  +  2  TT.  Thus  when  z  returns  to  2  =  c,  the  value  of  0  is 
a  +  2  TT.     On  the  other  hand,  the  value  of  4>  is  unehanged. 

Similarly  when  z  passes  over  the  loop  l^,  the  value  of  0  is  un- 
changed, while  tf>  goes  over  into  0  +  2  tt,  etc. 

We  may  thus  write 

f=f(',  /3)  +  J'(»  +  2  T,  ff)  +J^Ca  +  2  TT,  /3  +  2  ^) 


-X' 


+  («,  ^ 


-2,r) 


where  the  numbers  in  the  parentheses  indicate  the  values  of  6 
at  the  beginning  of  the  corresponding  circuit, 

we  see  that  /.  /• 
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Similarly     ^ 

J  (»  +  2  TT,  /)  +  2  ,r)  =  e«V*  I  (.,  fly, 

Now  ,.  „.  ,..  , 

since  the  integral  over  tlie  little  circle  about  s  ~  0  is  0. 
Similarly, 

^£(«,/3)=(i -,«.*)  I"; 
A.,  «=(.-".- i)r, 

J  I,-'  Jo 

J_(«,/3)  =  (l -«-■■'•)£'. 

Putting  these  values  in  *i)  we  get  1)  for  real  positive  u,  v. 

Asymptotic  Expansions 
151.  Introduction.    In  various  parts  of  mathematics  it  is  impor- 
tant to  have  the  approximate  value  of  a  function  for  large  values 
of  the  argument.     For  example,  when  a:  is  a  large  positive  integer 
n,  we  shall  see  in  157,  9  that  r(l-|-3^)  or  m!  is  nearly  equal  to 

V2  mre~"n'',  (1 

a   result  o£  great   value  in  the  theory   of  probabilities  and  the 
kinetic  theory  of  gases. 

Another  approximate  expression  of  this  type  is  the  following. 
Letting  J^(x)  denote  the  Bessel  function  of  order  w,  its  value 
for  large  positive  values  of  x  is  approximately,  as  we  shall  see  in 
253,  2, 

IT    ^x  ^  -t  / 
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This  asymptotic  expression  shows  at  once  that  <^„(3t)  has  an  infinity 
of  real  roots,  a  result  of  utmost  importance  in  the  mathematical 
theory  of  heat,  etc. 

Connected  with  these  approximate  values  of  a  function  for 
large  values  of  the  argument  is  a  class  of  divergent  series 

which  have  this  remarkable  property:  — 

The  sum  of  the  first  n  terms  U^  gives  the  value  of  /"C^)  with 
great  accuracy  for  values  of  n  not  too  large,  although  the  series  U 
itself  is  divergent. 

For  example,  we  shall  see  in  156,  6)  that  Euler's  constant 


,1,1, 


=  .57721566  ■■ 


is  given  rapidly  and  with  great  accuracy  by  using  the  divergent 
series  ^  ^  ^  ^ 


where 


are  the  Bernoullian  numbers  introduced  in  139,  3. 

Divergent  expansions  of  this  type  have  long  been  used  with 
utmost  advantage  in  astronomy.  On  account  of  their  growing 
importance  even  in  pure  mathematics  we  shall  give  a  brief  sketch 
of  them  as  far  as  they  relate  to  the  F  and  Bessol  functions. 

We  begin  by  developing  a  few  properties  of  the  Bernoullian 
numbers  and  a  class  of  polynomials  also  named  after  Bernoulli. 

152.  Bernoullian  Numbers.    1.  In  139,  12)  we  saw  that 

col  2=^-2^2^  r.V- 

are  the  Bernoullian  numbers.     Now 

.         cos  z      .e*^  +  «■"*" 
sm  3       e"  —  e~" 
'^  coth  z  =  i  cot  iz. 
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If  we  set  23  =  m,  this  gives  for  |w|  <  2  7r 


(2 


"''«'•  i;,  =  -J     ,     _B3  =  B.__B,  =  ...=0  (8 

""■^  -B,.=(-l)"*'r„-i        »>0.  (4 

Thus 


where  as  usual 


(_l).««^iiiff  (5 


Instead  of  T^  we  may  with  Lucas  regard  the  fi„  as  Bernoullian 
numbers.  They  may  be  defined  therefore  as  the  successive  deriv- 
atives of 


2.   Let  U8   introduce   with    de   la  Valine- Poussin   the  symbol 
Je{^  by  the  relation 

We  observe  that  the  series  in  the  middle  is  obtained  from 

by  replacing  in  it,  B^  by  -B„. 

This  new   symbol  has   an  addition   theorem  analogous   to  the 
exponential  function.     It  is  expressed  by  the  relation 


=  l+(£  +  Ofr  +  C-B+0'|;  +  - 
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From  7)  we  have 


=(."-i)i.i»'-.-i. 


or  using  8) 


Expanding  and  equating  coefficients  of  the  diilerent  powers  of  u 
on  both  sides,  wc;  get  the  stfmhoUa  relations: 

(B+1)-S  =  l 

(^B+iy-B^  =  0  (10 

(^+ 1)3  _  53=0,  etc., 

where  (5+1)"  stands  for  the  espression  obtained  by  replacing 
5""  by  5„  in  the  development  of  (S  +  l)"  by  the  Binomial  for- 
mula.    Thus: 

1  =  1 

2B^  +  1  =  0  (11 

SB^  +  SB^+I^O,  etc. 

From  these  j-ecursion  relations  wo  find  readily  the  values  of  the 
?'2»-i  given  in  139. 

The  relations  11)  show  that :     The  BernouUian  numbers  are  all 
rational. 

153.  Polynomials  of  Bernoulli.     1.  Instead  of  the  function  on 
the  left  of  152,  2)  let  us  develop 


in  a  power  series  about  m  =  0.     Since 
we  have 


=  2  +  ft»i+A(z)i+  ... 
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On  the  other  hand  1)  gives 


Comparing  this  with  2)  gives  the  symbolic  equation 

These  ^„  wliieh  enter  as  eoeffleients  in  power  scries  2)  are  the 
polynomials  of  Semouilli. 
From  3)  we  find 

ft«  =  Jz(2-|)(2-t), 

ft« = i  K=i  -  »(^- yc^i"  -  2  -  i). 

etc. 
2,  Let  us  set  3  =  m  a  positive  integer  in  1).     We  get  on  per- 
forming tlie  division  imlicated  in  tiie  middle  member 
F-\  +  e-  +  e'-+  ...  +ei-ii- 


Ki-^»+^-H^--) 


+  f  l+(™-l>+^ ^-p^ + 


("'-DV, 


Comparing  tile  eoefticients  of  M"  in  tliis  expansion  and  2)  gives 

1  +  2- +  . 3- +•••  +<»i-l)- =  «.(»•).  (4 
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which  connects  ^„  with  tlie  sum  of  the  Jith  powers  of  the  integers 
1,  2,  3,  .... 

3.  The  polynomials  ^„(2)  have  3  =  0  and  z=\  as  roots. 

That /3„(0)  =  0  follows  at  once  from  3).    To  show  that  yS/1)  =  0 
we  set  z=l  in  3)  and  get 

=  0  by  152,  10). 

4.  If  we  differentiate  3),  we  get  the  derivative  of  ^„: 

K(2)-(B  +  s)''  =  n/3„_.(z)+_B„.  (5 

We  recall  that  B^^^y  =  0  when  n  >  0. 

5.  We  now  show  that : 

''•©-;^(-^.>".        (« 

For  ,     1, 

Now  the  coefficient  of  s""^'  in  the  development  of  the  first  member 
is  in  symbolic  notation 

(i!  +  |)"*'  +  Jf*'  =  («  +  l)&(J)  +  2iJ„„  (7 

using  3),  while  that  in  the  development  of  the  last  member  is 

Equating  7),  8)  gives  6). 

Since  ^^n+i  =  ^  ^^^  m  >  0,  we  have  from  6)  that 

/3.«)=0.  (9 

6.  The  polynomial  ^^+i,  does  not  take  on  the  same  value  at  more 
than  two  different  points  in  31  =  (0,  1). 

For  then  its  derivative  would  vanish  at  least  at  two  different 
points  within  St-     Biit  by  5) 
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Thus  ^^(je)  vanishes  at  least  at  two  points  within  21 ;  hence  by  3, 
^2,  vanishes  at  least  at  three  points  within  31.     But  by  5) 

A.(«)=2.A^,(»)+B^.  (10 

Hence  ^i„_i  takes  on  the  same  value  at  least  three  times  in  31; 

each  take  on  some  value  at  least  three  times  in  31.     But 

is  of  the  second  degree,  and  can  take  on  the  same  value  but  twice. 

7.  No  BemouUian  number  iviih  even  index  B.^^  can  equal  0. 

For  by  6)  ^a,_i(«)  would  vanish  at  x=  \.  This  is  impossible 
b,  6. 

8.  The  polynomial  As+iC^:)  does  not  change  its  sign  in  St  =  (0, 1). 
For  then  it  would   =  0,  at  three  different  points  in  St,  which 

contradicts  6. 

9.  The  polynomial  ^^X^^  vanishes  at  a:  =  0,  ^,  1  and  at  no 
other  point  m  31  =  (0,  1). 

For  suppose  ^j,  =  0  at  two  points  within  %.  Then  ;Si,(a:)  =  0 
at  least  at  three  points  within  St.  Then  10)  shows  thatyS^,.!  takes 
on  the  same  value  at  least  three  times  in  St  and  this  is  impossible 
byfi. 

154.  Development  of  P,(j:)  in  Fourier  Series.  1.  Let  us  develop 
the  polynomials  ^„(x)  in  a  Fourier  series,  valid  in  the  interval 
21  =  (0,  1).     We  beg'in  by  showing  that 


i)=-«r^22i(i- 


ftW  =  ?(--l)  =  -S^,2;i(l-="2»,r«) 
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Let  ua  denote  the  right  side  of  1)  by  F{x}.  Since  ^i(0)  =  J'(0), 
we  need  otily  show  that  /S^  and  ^  have  the  same  derivative  in  %. 
The  left  side  of  1)  gives  at  once 

On  the  other  hand,  from  110,  8)  we  have 

,            lv«iii2"'ra^  /.-J 

^^3=--2^ n ^ 

But  differentiating  the  series  F,  that  is  tlie  last  member  of  1),  we 
get  precisely  the  series  on  the  right  of  2).     This  estabiislies  1), 

2.  From  1)  we  can  express  all  the  other  /3's  as  Fourier  scries 
by  using  the  relations  153,  5).     Thus  for  n  =  2,  we  have 


«W- 

2ft(a!)  +  S,. 

ting. 

we  get, 

using  1), 

ftW  = 

-5- 

1    V  sin  2  rnrx 
27r»'r'"      til" 

^B^x. 


The  constant  of  integration  is  0  as  ^2^^)=  ^-     Using  152,  5),  the 
last  relation  becomes 


\i'>=-J-,t" 


?>.   Let  us  now  set 

_  v^  sin  w  '2jTt 


s  an  even  integer, 
s  an  odd  integer. 


Also  as  before  let 
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Then,  by  using  153,  5)  and  reasoning  from  n  to  n  +  1,  we  have  for 
any  integer  s  >  0 

A.W  =  (-i)-«£|iJi  (?„(»), 

valid/or  0  <  a:  <  1. 

We  notice  that  for  m  an  integer  or  0, 

a,,im)=  74  =  (-!)-' f;,^-B^         B  =  l,  2,  ...         (6 

and     /.^  r     i-i» 

/     ajx')dx  =  *-„     J  <?.+i(3;)  +  const. 

4.  From  5)  we  see  that  in  the  interval  31  =  (0,  1)  the  signs  of 

A     <     ft     ,     ft     - 
^^^  _  +  _     ... 

respectively. 

5.  Also  we  see  from  5)  that  at  any  point  x  in  S(,  the  sign  of  S2, 
is  the  opposite  of  that  of  As+s- 

6.  In  passing  let  us  prove  a  formula  we  shall  need  later.  Let 
m  <  K  be  positive  integ'ers.  Then  by  partial  integration  we  have, 
using  T), 

(-a,(x)dx_  1  rg.fr)]-     1  ('•a,ix)dx 

J.      \  +  x        2,rLl  +  iJ.      2,r./..   (!  +  »!)" 

^°'"  <?/,»)  =  (?,(,) =a,.|' 

by  6)  and  139,  9).     Tims 

As  this  =  0  as  M  =  00  we  see  that 

r-a^yix  „ 
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155.  Euler's  Summation  Formula,  t.  To  derive  this  important 
formula  we  employ  an  elegant  method  due  to  Wirtinger.*  Let 
f(ix)  be  a  real  or  a  complex  function  of  the  real  variable  x,  having 
a  continuous  derivative  in  the  interval  ?[  =  («,«  +  nft),  where  5  >  0 
and  m  is  a  positive  integer.  Let  m  be  a  positive  integer  <n. 
Then  as  in  93,  i  we  have 

/(«  +  «6)  -  f(a)  =  S  f"fia  +  hx^dx 

f(a  +  nby-fia  +  I>)    =  ft  /'"/'(«  +  ^■■<:')dx 
f(a  +  nb)  -  /(«  +  2  ft)  =  ft  J"/'  («  +  ^>^)^^ 

f(a  +  nh)-f(a+nb)=bpf{a  +  bx}dx 

where  the  last  equation  is  added  for  symmetry.     Adding  thesew  +  1 
equations  gives 

(n+l)/(«  +  Bft)~2  /(«  +  sft)  =  ft  V  rfia  +  bxyJx.     (1 
Now  ^„       ^,+1        .<,.,  ,„ 

If  this  is  put  in  1),  we  see  that  every  integi'al  of  the  type 

r 

occurs  just  8  +  1  times.     Thus  the  sum  on  tlie  right  of  t)  may  be 
written 

Now  within  the  interval  (s,  s  +  1) 

s+l^I!(x-)+l 
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where  -E(a:)  is  the  greatest  integer  contained  in  x.    Thus  the  sum 
2)  equals 


(?i  being  given  in  154,  4).     Tims  the  right  side  of  3)  equals 
r\a{x-)  +  x  +  i\fXa  +  hii-)dx 

-  j" a(x)S'(.'>  +  hx-)it+  j" xf(m+hx)dz+\  j"fXi  +  hz)ix.  (4 

But  by  partial  integration 

J  ("xJX(t  +  bx')dx  =  nJ(a+nb)-  C" { {a  +  lx)dx. 

Thus  1)  and  4)  give 

in  +  \)fia  +  nl-)-if(_a  +  Bh-)  =  h  r  a(x)f<ia  +  hx-)<lx 

+  nfia  +  nb)  -   rj(ia+bx)dx  +  l  j/(«  +  hn-)-f(a)  \ . 
Hence 

ij(a  +  ,V)  =  \\I(_a  +  hi-)  +  S(ay\  +  £]{a  +  bx)dx-R    (5 

"  ""  R  =  b  t"  (KiTjJXf  +  lix^dx.  (6 
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2.  The  remainder  li  iiiiiy  be  transformed  by  partial  integration. 
Thus 

r^fia  +  bx')dx=^-  raj(x-)f(a  +  hx)dx 

}l^  =  -^^l"a,Cx}f'(a  +  bx)di.  (8 

3.  Thus  by  repeated  partial  integration  we  get  Euler's  formula 
of  Summation ; 

/(«)+/(■.  + })  +  /(»  + 2  S)+...+/(o  +  »S) 

+  S'f«l/"'(«  +  S«)-/"'(«)!+- 

(ti  !  +  2) : 
where  ^ 

ii„,  =  (-  1).«-,|1—  y  "(f,.*2(i)/'"'(»  +  l"!)dx.       (10 

If  we  integrate  partially  in  10)  we  get,  since 

G^E.^3(^)  =0,  fora^  =  0,a^  =  K, 

4.  In    10)  and  11)  we  have  expressed  the   remainder   It,   in 
terms  of  the  functions  (?2,^-a  a^nd  (?ja+a ;   let  us  ni 
terras  of  the  0  polynomials- 
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From  11)  we  have,  setting  for  simplicity  h  =  l, 

-«=,fe^{xvr— x:i 

Now 

-  ii$r  /'<?»«/'-'(«  +  »^  +  »)<;»!-  ^.  -  -B-        (13 

But  by  154,  5) 

2..-i„..      S'^  '      (2.-1)!        2»-'7r«      "■ 

■"""  A.-(,^,^:'i4i/--»(<.+».+i)-/"-»(.+».)i, 

iJ,  -  (JTZlM  /"  A.-,W/'-'(«  +  a'  +  »•)<*» 

+  (-_1)'*V,.  r/l'->(a  +  »  +  m)<Ja^- 

Here  the  last  integral  is  A„,.     Tiuia  12),  13)  give 

ii-.-^,~_\    ,J'A-.W  l/'"(«  +  «^) 

+  /'"(o  +  i  +  ))+  -  +/™(o  +  2:  +  «-1)|ii«.     (14 

5.   Let  us  return  to   Euler's   formula  9).     We   may  write    it, 
setting  J  =  1, 

-*'-/(«)+/(«  +  l)  +  /(«  +  2)+  -  +/(»  +  ") 

=  ii/(»  +  »)  +  /(«)!  +  r  "■'■('•  +  '■)*  +  -"■  +  ^''        ('^ 
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where  D,  is  the  Bum  of  the  first  s  terms  of  the  series 

-D  =  §  \n^  +  «)-/'(«)!  +  If  \f"'i'^  +  n)-S"'ia~)\+  ... 

=  t^j  +  (/j  +  1^3  +   ■■■ 

As  the  Bernoullian  numbers  B-^^  increase  very  rapidly  as  n  =  oo, 
the  series  16)  is  in  general  divergent.  Suppose,  however,  that 
f-^+^^x),  /'^+*'(3!)  have  the  same  sign  in  (a,  a  +  n).  As 
^a+i(^)t  /3ij+a(^)  iy^^^  opposite  signs  in  (0,  1),  the  relation  14) 
shows  that  M,  and  S,^i  have  opposite  signs.     Thus 

\Jt,\<\B,-Jt,^i\=\d,+,\. 
We  have  therefore  in  this  case  the  remarkable  result : 

Altkovffh  the  series  16)  is  divergent,  the  sum  of  its  first  s  terms,  D„ 
enables  us  to  ealeulate  the  sum  F  in  15)  mth  an  error  numerically 
less  than  the  (s  +  l)«t  term  in  16). 

156.  Asymptotic  Expansion  of  1  +  -++■■■  +  -.  In  155, 15) 
let  us  set 

Then  11  111  _        _ 

l+^  +  ^  +  -"  +  -  =  7r-+^  +  log  ™  +  A  --B,,         (1 

2      6  m      Im      z 

n.  -  (2.  +  2)Jk.,W  {^j^.  +  ^^^  + ... 


Now  the  Eulerian  constant 

(7=lim(l  +  ^+  ...  +  i-log, 


Let  us  therefore  keep  s  fixed  and  let  m  =  oo  in  1);  we  get 


-  ^  dx.     (3 
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Returning  to  1)  we  have,  using  4), 

l  +  l  +  ...  +  i=,7+J-+log»-{f  . 


''■-'-"^''>rx^iTw 


Since  the  derivatives  /'^"""^'(a;),  /'^"^'*'(^)  have  the  same  sign,  we 
are  in  the  case  considered  in  155,  5.     The  formula  6)  is  thus  an 

asymptotic  development  of  1  +  -  +  ■■■  H — . 

Prom  7)  we  see  that  U,  has  the  form 

77.  =  ^'^^i,  (8 

where  e^  =  0  as  m  =  co  .     For  in  the  interval  (0,  1) 

(2  »  +  2)  -'?'-i±l(5)..,  <  „.*?--         ff  some  constant. 
Hence  ^      -. 


■  a  r"-!^         by  22,  1) 


2  s  +  2  m^"-^' 
Thus  8)  holds  since 
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157.  Stirling's  Formula  for  n\.    In  155,  5),  6)  let  us  set 

Then 

J=0  Jo  Jo  -1  +  ^ 

By  partial  integration 


/         log  (1  +  x'jdx:  =  m  log  J? 


Thus  1)  gives 

logil.2.^-m-)  =  -l(2m  +  l-}\ogm-m  +  -i~  (^""^a^x)-—.  (2 

We  now  transform  2)  by  using  Wallis'  formula,  127,  5) 

^^224466  , 

2l"^'3'5'5'7'"  ^ 

From  2)  we  have 

2  log  (2  ■  4  .-  2  m)  =  log(  22-42.  6^ ...  (2  m)^) 

=  (2m-|-l)logm+2mlog2~2m+2-2r"'"'(?(3T)-^.    (4 

Ako  if  we  replace  wi  by  2  ™  +  1  in  2)  we  get 

log(1.2.3...  2m+  1)--  (2m  +  l  +  i)log(2m+l) 


-""-/y'-'^Th 


From  4),  5)  we  get,  on  subtracting, 

2-4.6...2m     „  li      2. 2. 4. 4. ..a».. 2m 

*  l-3-B..-2m  +  l      2     "l-3.3.5-5-.-2>»+1.2»i 


h2>>ilog2+2  -sf"  '+  f' 

=-(2™  +  l)log(l  +  ^)-ilog(2m+l)  +  2^1og2-J""'+jf^" 
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Thus 

\  "^  i./.3'//.:.V;!'?^-Ti = -  (2  •» + 1)  '»i^  (i + B 

(m-l  />2m 

*""'  KM(2™  +  l)lc,g(l+J-).l, 

Thus  letting  m  =  oo  in  6)  and  using  3)  wo  get 

This  in  2)  gives 

X'"  G(x')dx 

If  we  use  this  relation  in  154,  8)  we  get  Stirling'^  Formula : 

log™!=|(2m+l)logm-)«  +  logV2^  +  j|^'  (8 

^^'^^^■^  0  <  .^  <  ^. 

This  may  also  be  written 

158.  Asymptotic  Development  of  r(jc).    t.   In   Euler's  summa- 
tion formula,,  155,  5),  6)  let  us  set 

S=l     ,     a  =  x     ,    f(^a  +  x)=\og{u  +  x}, 

then  we  get,  as  in  156,  1),  taking  the  principal   branch  of  the 
logarithm, 

^log(x  +  s)  =  (x  +  m  +  l)log(x  +  m-)~(x-h-)\ogx 

Jn  X  +  U 

valid  for  any  complex  a:^  0,  —  1,  —  2  •■■, 
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From  157,  2),  we  hiiv« 
logl.2.3..-m+l  =  (m  +  ?)log(m+l)-».-J"^(|MS.    (2 

Subtracting  1)  from  2)  and  then  adding 

to  both  sides,  we  get 

,       l-2-3---m  +  l     ,,,,.,  /      ,       ,   1\,      iB  +  l 

'°g..»+i...,  +  ».-^'°  +  "    =-('°+'+2)'°g,;^T^. 


Thus  letting  m  =  no  ill  3)  and  using  144,  4)  and  157,  7),  we  get 

logr(ai)=-»+(ji->)logai  +  logVri;  +  7(a^),  (4 

In  this  relation  let  us  set 

Then  since  G(it)  admits  the  period  1, 

J»    y  +  v 

We  may  thus  write 

In  these  integrals  let  us  change  the  variable  setting 
u^v  +  iB-1)     ,     s-1,2,... 
Then  the  limits  of  integration  become  0,  1.     But  in  this  interval 
ffW=  i  -  V. 
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Thus 


J,^t   x  +  u       J,  v  +  z+a-1     J,  v  +  x  +  t-1 

=  («+.-l)log(l  +  -^)-l.  (8 

This  in  7)  gives  a  development  of  7(»)  due  to  Q-udermann. 

2,    In  5)  let  us  integrate  by  parts.    We  get,  using  the  functions 
(?i,  ffg  ■■■  of  154,  4)  and  the  relations  6),  7)  of  that  article, 

^^'~,J,      x  +  u  2^±x  +  ui.,     aW.    (»+«)' 

"•^       2    a:     sW.      (j!  +  «)'  ^ 

Integrating  again  by  parts,  we  have 

J.      (x+uy      '^i^l(x  +  u)'i^     ttJ,     («  +  «)• 

^. ,  1  i"a,(ti)du 


As 

we  have 


,sff,(0)_O. 
Integrating  again  by  parts, 


,/,      (!  +  «)»  2,rL(«  +  «)»J»,      2tJ,      (!:  +  »)•    ■ 


(10 


2V  , 


9)  and  10)  become 

'^   -^       1.2   rr      3-4  i"      4i7y.      (i  +  it)' 

3.    If    we    continue    integrating    by    parts   we    get    Stirling's 

Series: —  , —  ,        ,    , 

log  r(a:)  =  log V2  TT  -  I  +  (»  -  J) log  2! 

+  3L.l  +  ^.i+   »L.L+...  +  ii^,  (12 

1 .  2  I      3  .  4  i»     5  ■  6  »^ 
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Since  here  f^ix  +  m),  /P"+='  (a;  +  it)  have  the  same  sign,  we  are 
mider  the  case  considered  in  155,  5,  and  the  series  12)  is  in  fact 
an  asymptotic  development  of  V(x'). 

From  13)  we  see  R^^  has  the  form 

wiiere  6„  :i  0  as  a:  =  00  ,     For  if  we  integrate  by  parts  we  have 

X   {x  +  uy"    2uL(^  +  «)H    ^X    (x  +  uy-^ 

<  -^ ,  where  (?  is  a  constant. 


159.  Asymptotic  Series.     1-    In  the  foregoing  articles  we  have 
been  led  to  divergent  series 

i)(E)^a^  +  '^  +  ^+  ...  (1 

such  that  the  sum  of  tlie  first  n  tefms  D„(iz')  gives  a  very  good 
approximation  of  some  function  /(s)  for  large  values  of  s,  pro- 
vided n  is  not  taken  too  large.  More  specifically  we  may  say  that 
the  series  t)  is  so  related  to  the  function/(3)  that 

/(z)=Z)„,(z)  +  S^     ,     e.iO,  (2 

as  3  =  00  along  the  positive  real  axis. 

Such  a  series  is  called  an  asymptotic  series,  and  we  write 

/W~"o  +  *  +  S+-  (8 
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Hereby  we  will  not  restrict  z  to  move  along  the  z  real  axis,  but 
permit  it  to  =00  along  any  radius  vector  so  that 

z  =  re''     ,     r  ^  CO     ,     &  =  constant.  (4 

This  we  call  the  mymptotic  vector. 

Asymptotic  series  figure  quite  prominently  in  astronomy  and 
also  in  some  parts  of  the  theory  of  linear  differential  equations. 
We  shall  meet  them  in  this  latter  connection  when  we  come  to 
study  the  Bessel  functions. 

We  wish  now  to  see  how  the  ordinary  operations  on  conver- 
gent series  may  be  extended  to  these  divergent  series.  We  shall 
suppose  that  a  =  oc  along  the  same  asymptotic  vector  unless  the 
contrary  is  stated. 

Let  us  first  show  that : 

/  (z)  does  not  admit  two  different  asymptotic  developmevis  along 
the  same  vector. 


-°--  +  '!;     ,     ,.iO, 


we  have 


=  („„_J„)+<i^ii+...+5i^4 


Letting  z  =  -Ji   we  get  a^  =  h^.     Thus 

From  this  we  get  as  before  iij  =  ij,  etc. 
2.  Addition  and  Subtraction.    Suppose 

/«~».+^+  - 
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For  5)  stand  for 


where 


«n        1        JJii  =  **  as  3  =  QO  . 


Thus  ,  I     ,  «i  ±  ^1  ,  ,  <^n±K  ,   K 

Hence  6)  holds. 

3.  Multiplication.     The    functions   /(s),  ^(2)    admitting    the 
asymptotic  developments  7),  let  us  show  that 

/■y~«.  +  ?  +  §+-  (8 


as  in  the  multiplication  of  series. 
For  7)  gives  j 

A = /*  +  j^  feft  + 1./.)  +  ^•• 

where  fi„  is  a  polynomial  of  order  <n  —  1.     Thus  8)  is  valid. 

4.  Division.    Since  .  , 

6-     ■"    9 
the  problem  of  dividing  one  asymptotic  development  by  another 
may  be  reduced  to  finding  the  reciprocal  of  an  asymptotic  devel- 
opment. 

Let  us  suppose  in  5)  that  ftg^fcO.     We  will  write 
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Thus 

1  _      1      _  Jl  _  e.  J^ 

Hence  1      ^^  ^.iii  4.  ^  +  ...  ^.  £.  ^_  ^      ^     ,.^^1^  (lO 

7  z      z  z"      z"  ttfi 


where 


fl„=  0  as  E=  CO. 


5.  Integration.     We  show  that : 

J.n  asymptotic  development  of  /(s)  maj/  5e  integrated  terrnwise 
along  the  asymptotic  vector  when  the  function  f(z}  is  integrahle  along 
this  vector  as  indicated  in  12). 

For  from  7)  we  have 

f   f(z)dz=  C    f^^id2+    f  ^^dz.  (11 

Now  along  the  asymptotie  vector 

X-^r-l dz  \  <  -"        3,,  =  0     ,     as  s  =  cc. 
Thus  11)  may  be  written 

f"  a^   ,        Ca,  ,  /•"«„+,   ,       ^„(3) 

^J      J(?2+/      -l<i^+ •■■  f     ■^<^^  +  —^^^ 

where  ^    ■  r.  -  „ 

Thus  from  ,     .  a,      a^ 

fi^)-%  +  i  +  -^l+- 
we  can  infer  that 
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6,  Differentiation.     Suppose  that  we  know  thatf(z)  has  an  asijmp- 
totic  development 

aUo  thatf'(s)  has  an  asymptotic  development  of  the  form 

/'W~|  +  |+-  (11) 

Then  the  anymptotic  development  of  f(%')  may  be  obtained  from  that 
offi^")  by  termwise  differentiation. 

For  from  14)  we  have,  using  5, 

J'/(2),i=.~J"-^l&+J"*!*+  ...  (15 

^"'°°  /(»)  =  lim/«  =  0,         by  13), 

we  have,  from  15), 

Since  by  l,  a  function  admits  but  one  asymptotic  development 
along  the  same  vector,  the  comparison  of  13),  16)  gives 

6a=~«i     ,     h^=~1a^.: 

These  in  14)  establish  the  theorem. 
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THE   FUNCTIONS  OF  WEIERSTRASS 

160.  Limiting  Points.  1.  At  this  point  it  is  convenient  to  in- 
troduce a  notion  which  is  fundamental  in  many  parts  of  mathe- 
matics, tliat  of  a  limiting  point. 

Let  ?t  be  a  point  set.  If  in  any  domain  -O(S)  of  the  point  6, 
thei'e  lie  an  infinite  number  of  points  of  St,  we  say  5  is  a  limiting 
point  of  %     The  point  b  may  or  may  not  lie  in  3(. 

Example  1.  Let  31  =  1,  ^,  ^,  ■■■.  Then  the  origin  0  is  a  limit- 
ing point  of  %     It  does  not  lie  in  2t. 

Example  2.  Let  W  denote  all  the  points  within  a  circle  S.  Then 
any  point  of  SI  is  a  limiting  point  of  31.  Also  any  point  k  of  the 
circumference  S  is  a  limiting  point  of  SK,  although  k  does  not  lie 
in  31. 

2.  A  set  of  points  %  which  lie  in  some  square  @  is  called  limited, 
otherwise  unlimited. 

A  set  of  points  which  embraces  an  infinity  of  points  is  called  an 
infinite  point  set,  otherwise  a  finite  set. 

Thus  the  point  set  formed  of  the  points  corresponding  to  the 
positive  integers  «(  =  1   2  ^   ... 

is  an  infinite  unlimited  set.     For  obviously  no  square    contains 
them  all. 

The  set  of  points  on  an  ellipse  form  a  limited  point  set. 

We  now  prove  the  fundamental  theorem  : 

Every  infinite  limited  point  set  3t  has  at  least  one  limiting  point. 

For  31  being  limited  lies  in  some  square  ©.  Let  us  divide  @ 
into  4  equal  squares.  Since  31  contains  an  infinite  number  of 
points,  at  least  one  of  these  squares  contains  an  infinite  number 
of  points  belonging  to  31.     Call  this  square  S^.     This  we  divide 
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into  4  equal  squares.  At  least  one  of  these  must  contain  an  infinite 
number  of  points  of  31.  Call  this  S^.  Continuing  in  this  way  we 
get  a  sequence  of  squares 

©,     ,     ©2     ,     ©3     ...  (1 

each  contained  in  the  foregoing.  As  the  sides  of  these  squares 
=  0,  the  squares  1)  shut  down  to  a  point  «  which  lies  in  all  of 
them.  Since  each  square  contains  an  infinite  number  of  points 
of  81,  any  circle  about  a,  however  small,  will  contain  an  infinity 
of  points  of  St.     Thus  a  is  a  limiting  point  of  St. 

3.  Suppose  the  point  set  %  is  not  limited.  Then  there  are  an 
infinite  number  of  points  of  %  without  any  circle  ^  about  s  =  0  ; 
that  is,  there  are  an  infinity  of  points  of  31  in  any  domain  of  the 
point  2  =  CO.  It  is  convenient  to  say  that  s  =  co  is  a  limiting 
point  of  91. 

We  may  thus  say  that : 

Evert/  unlimited  point  set  admits  z  ~  <xi  as  a  limiting  point. 
Putting  this  in  connection  with  the  theorem  in  2  gives : 
Every  infinite  point  set  has  at  least  one  limiting  point.      TJtis  may 
be  the  ideal  point  z  =  x. 

4.  Let  the  one-valued  analytic  function /(^z)  take  on  the  value  cfor 
the  points  of  some  set  31,  Any  limiting  point  of  SI  is  any  essentially 
singular  point  off(z'),  provided  f  is  not  a  constant. 

161.  Periodicity.  1.  Let  the  one-valued  analytic  f  miction /(a) 
satisfy  the  relation 

/(s  +  w)  =/C0     ,     w  constants  0,  (1 

for  every  z  for  which  /  is  defined.  We  call  m  a  period  of  /  and 
say/  admits  a  as  a  period.  We  shall  of  course  exclude  the  case 
that/(3)  is  a  constant.     Thus 

e'    ,     sins     ,     tans  (2 

admit  respectively         o  ~;         9  ~  ca 

as  periods. 

Obviously  if  ft)  is  a  period  oif(z")  so  are 

..-,  -  3  w,   -2  «,-«,<«,  2  «,  3  m,  ...  (4 
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Thus  if  /  admits  one  period,  it  admits  an  infinite  number  of 
periods.  Sometimes  these  lie  on  a  right  line  as  in  the  case  of  tlie 
functions  2);  sometimes  they  are  spread  over  the  plane  as  we  saw 
in  the  ease  of  the  functions 

y=3,  4,  -  (5 


considered  in  123,  (i. 

It  will  be  convenient  to  say  that  two  points  a,  b  are  congruent 
when  their  difference  a  —  h  is  any  period  of  f(z).     This  we  write 

and  read  a  is  congruent  b.     If  we  write  more  specifically, 

a  =  i     ,     mod  to, 
read  a  is  congruent  b  with  respect  to  the  modulus  o),  we  mean  that 

a—  b  =  mfo     ,     m  some  integer  or  0. 

If  we  write  _ »  „    i 

a  —  o     ,  mod  a)^,  w^i 
we  mean 

a~b  =  jMjWj  +  m^to^  ,     wjj,  ?»2  integers  or  0. 

If  Wj,  0)3  are  any  two  periods  of  /(s),  so  are  obviously  »U;^  +  a>3, 
and  0)^  —  Wj  periods  and  still  more  generally  jkjWj  +  nt^fHii  are 
periods,  m^,  m^  being  integers  or  0. 

If  a,  h  are  not  congruent  we  say  a  is  incongruimt  b  and  write 

2.  Let  ^  denote  the  totality  of  all  the  periods  of  f(z).  The 
point  set  fj  must  Lave  3  =  00  as  a  limiting  point  as  it  always  con- 
tains a  set  of  points  as  4),  and  nw  ^  od  as  w  =  00.  On  the  other 
hand,  we  now  prove  the  important  theorem  : 

The  point  set  *P  has  no  limiting  point  in  the  finite  part  of  the  plane. 

For  suppose  t)  were  a  limiting  point.  Then  within  -Dj(j))  there 
are  an  infinity  of  points  of  %  however  small  S  is  taken.  If  a,  /3 
are  two  of  these,  7  =  «  —  j9  is  a  period  and  1 7 1  <  2  S.  As  S  is  small 
at  pleasure,  this  shows  that /(a)  has  periods  which  are  numerically 
<  any  given  e  >  0,  But_f  (2)  is  an  analytic  function  and  cannot 
have  such  periods.     For  if  z  =  «  is  a  regular  point  and  /(«)  =e. 
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we  know  that/(3)  cannot  =  c  in  some  D/Xa).  But/(s)  having 
periods  t)  numerically  <  u,  we  have 

and  a  + 17  lies  in  DJ'(a),  which  is  a  contradiction.  This  shows  that 
every  point  s  is  a  singular  point  of  f(z),  and/(2)  is  not  analytic. 

3,  Let  01  be  any  period  of  f(z').  On  the  line  I  passing  through 
the  origin  and  w  will  lie  an  infinity  of  periods,  for  at  least  the 
periods  4)  will  lie  on  I.  Since  the  origin  is  not  a  limiting  point, 
there  are  two  periods  ±\oa.l  nearer  :;  =  0  than  the  others. 

All  periods  on  I  can  he  expressed  as  multiples  of\. 

For  let  ID  be  any  period  of/(2)  lying  on  I.     We  can  write 

and  take  the  integer  n  so  large  that  1 1)  |  <  |  X  |-  H  now  ij  ^  0,  it  is 
a  period  on  I  which  is  nearer  0  than  X,  which  is  contrary  to  hy- 
pothesis.    We  call  X  a  primitive  period. 

Thus  the  periods  3)  are  primitive  periods  of  their  respective 
functions  2). 

162.  Jacobi's  Theorem.  1.  If  the  one-valued  analytie  function 
/(e)  Aas  more  than  one  primitive  period  w^,  there  exists  a  primitive 
period  to^  such  that  every  period  off  has  the  form 

mjMj  +  m^(o^,  (1 

where  mj,  m^  are  integers  or  0. 

For  let  Q)  be  any  primitive  period  other  than  (Mj.  In  the 
parallelogram  Q  whose  sides  are  0<i>^  and  Oo)  there  are  but  a 
finite  number  of  periods.  None  of  these  can  fall  on  the  edge 
of  Q.  For  if  17  were  such  a  period  ij^^i}  would  fall  in  ( 0,  a^)  and 
as  t;j  is  a  period,  oi^  cannot  be  a 
primitive  period. 

Let  now  a^  be  that  period  in  Q 
for  which  the  angle  at^Oa^  is 
least.  Then  every  period  of  / 
has  the  form  1). 

For  let  P  be  the  parallelogram 
whose    sides    are    Oco,,    Own.      If 
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there  is  a  period  o  of  /  not  included  in  1),  let  to'  be  that  point  of 
P  which  is  =  £0.     Then  &/  is  a  pei'iod  and 

Angle  fti'  Owj  <  Angle  w^  Oco^ , 

which  is  contrary  to  hypothesis. 

2.  An  analytic  function  f(z)  which  has  more  than  one  primi- 
tive period  is  called  a  double  periodic  function. 

Two  primitive  periods  w^,  w^  such  that  all  other  periods  of  the 
double  periodic  function  /(h)  can  be  expressed  linearly  in  terms 
of  them,  as  in  1),  form  a,  primitive  pair  of  periods. 

The  functions  e',  sin  2,  etc.,  are  simply  periodic.  All  their 
periods  are  multiples  of  a  primitive  period. 

As  examples  of  double  periodic  functions  we  may  take  the 
functions  -. 

p  an  integer  >  2  considered  in  123,  6, 
Tliese  functions  have 

as  poles  of  order  p.  All  other  pointy  in  the  finite  part  of  the 
plane  are  regular.  The  point  s^oo  is  of  course  an  essentially 
singular  point. 

3.  Let  /(z)  be  a  double  periodic  function  having  w,,  a>^  as  a 
pair  of  primitive  periods.  Let  a  be  another  point.  The  parallelo- 
gram i*  whose  four  vertices  are 


is  called  a  primitive  parallelogram  of  periods.     By  drawing  par- 
allels to  the  sides  of  P  through  the  points 
a  +  mj<uj  -1-  rngfUg 
we   may   divide   the   whole   plane   into   a  set  of  parallelograms 
similar  to  P. 

Any  parallelogram  Q  built  up  on  two  periods  ijj,  t/^  not  neces- 
sarily a  pair  of  primitive  periods  will  be  called  a  parallelogram  of 
periods.  We  shall  often  have  occasion  to  integrate  over  the 
edge  of  such  parallelograms,  and  in  such  cases  we  shall  suppose 
the  point  a  chosen  so  that  the  edge  of  the  parallelogram  does  not 
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pas3  through  a  singular  point  of  the  integrand.      To  indicate 
what  periods  tj^,  ri^  are  used  we  may  denote  Q  by  Q{vj^,  ij^). 

The  fact  that  /(s)  admits  w^,  Wg  as  a  primitive  pair  of  peiiods 
we  may  indicate  by  the  notation 

4.  From  one  primitive  pair  of  periods  o>j,  a)^  it  is  possible  to 
form  an  infinity  of  other  pairs. 
For  let 


where  the  m,  n  are  integers.     Obviously  ijj,  r]^  are  also  periods. 
For  them  to  form  a  primitive  pair  it  is  necessary  that  the  deter- 


""»»■"                                 S  =  «,n,-m,n, 

is  ±1.      In  fact,  solving,  we  get 

-=  =  °"-"^- 

Hence  when  Z»=±l,  w^,  w^  are  linear  functior 

IS  of  )jj,  j?2  with 

integral  coefficients. 

Let  us  call  the  set  of  points 

Zl&.l  +  ^0>2  ^1,^2=0,   ±1,   ±2... 

a  network.     We  may  denote  it  hy  (a>^,  m^). 

We  now  see  that  the  (t/j,  ij^)  network  is  the  yame  as  (wj,  a 
when  and  only  when  2>  =  ±  1. 

5.  Let  P  be  a  parallelogram  formed  by  the  points 

o),  =  aj^i5,  m^  =  a^  +  ib^, 

we  know  from  analytic  geometry  that 


Area  -P(wi,  w^)  = 


«i    ^iL 
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Thus  the  area  of  P(ijj,  ij^)  is 

^^"'^^  Area  F(vv  V2)  =  ^-  Area  F(a>^,  to^),  (7 

where  A=\  D\. 

163.  Various  Periodic  Functions.  1.  From  a  periodic  function 
/(s)  admitting  to  as  period  we  can  form  an  iniinity  of  others  ad- 
mitting this  period.     For  example 

g(z-)  =  ef^(z)         m  an  integer,  (1 

admits  tlie  period  w.     For 

giz  +  ..)  =  ef"(z  +  ■»)  =  c/^Cs)  =  </Cs). 

If  o)  13  a  primitive  period  of/,  it  does  not  need  to  be  a  primitive 
period  of  1).  For  example  2  tt  is  a  primitive  period  of  sin  z,  but 
it  is  not  a  primitive  period  of  sin^  z,  whose  primitive  period  is  tt. 

2.  IffC^y,  ,9(2)  admit  the  period co,  their  sum,  differenee,  product 
and  qtwHent  will  also  admit  this  period. 

For  example  let 

■'■''™  J,(_z  +  »)  _/(2  +  a,)g(z  +  »)  =  f(z)g(z)  -  i(a). 

We  must,  however,  guard  against  the  ease  that  h  reduces  to  a 
constant.     Thus /=ssin^s,  ^  =  cos^2  admit  the  period  tt.     Their 

is  not  properly  periodic  at  all. 

From  the  above  it  follows  that  any  rational  function  /*  of  the 
periodic  function/(z)  is  also  periodic,  guarding  against  the  case 
of  course  that  J  is  a  constant, 

3.  Let/j(3),/3(3)  "■/„(2)  he  one-valued  analytic  functions  ad- 
mitting (D  as  a  period.  TJien  the  analytic  function  w  satisfying  the 
equation 

«,-+/,(z)«.--'  +/,(a)„.->+  ...  +/.(z)=  0  (2 

will  admit  M  as  period. 
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For  let  w  (z)  be  a  value  of  w  corresponding  to  a  value  of  w  at  z. 
The  value  of  w  at  the  point  s  +  m  will  he  w(3  +  w).     As  the  co- 
efficients of  2)  have  the  same  value  at  3  +  w  as  at  z,  we  see 
w(3  +  0})  =  W(S). 

4.  If  the  one-valued  analytic  function /(s}  admits  m  as  a  period, 
so  does  its  derivative  f  (^z). 

For/(3)  is  the  limit  of 

B"t  j(.  +  .)=/&±^L±ll=/e+iiL>=,(.).  (3 

Passing  to  the  limit  A  =  0  in  3)  gives 

/(z +  »)=/(.). 

5.  If  /(s)  admits  the  period  a),  we  cannot  say  that  the  primitive 
function  -f  (2)  admits  this  period,  as  the  following  example  shows. 

^"^  /(3)=coas  +  2. 

Then  ^^^-^  ^  r^^^  ^  _^_  g-j^^  =  sin  s  +  2  s  +  <7 

is  not  periodic  although/(3)  admits  the  period  2  tt. 

There  is,  however,  an  important  ease  when  the  primitive  func- 
tion J'Cz)  does  admit  the  period  a,  viz. : 

Let  the  derivative  f(^z')  of  the  one-valued  function  F(z)  admit  the 
period  <o.     If  F  is  an  even  function,  F  admits  the  period  w. 

For  from  /(.  +  „)=/(.) 

we  have,  on  integrating, 

In  tliis  relation  set  2  =  —  - ,  then 


As  ■*'(|)=-*'(-f).  "'"  Si»es  (J=0;  tlms 

_F(z  +  a>)  =  i'(z), 
and  i'' admits  the  period  o). 
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6.  From  a  one-valued  periodic  function/(E)  having  no  essen- 
tially singular  points  in  the  finite  part  of  the  plane  let  us  show 
how  to  construct  a  periodic  function  having  z  =  a  aa  an.  essentially 
singular  point. 

To  fix  the  ideas  let  us  take 

/(Z)=00t2. 
This  lias  the  period  tt  and  the  poles 

p^  =  m-7r        m  =  0,  ±1,  ±2,.-- 
Let  us  set  1 

/^(2)  =  Ac0t(^-«-O, 

where  fflj,  a,^--is  a  properly  chosen .  sequence  which   =0.      For 
example  we  may  take  here 


Consider  now 


K2)=X/.(z)=5icot(2-«~i). 


The  poles  aif„(z)  are 

i'n™  =  «  +  -  +  ^m         m  =  0,  ±1,  ■..  (5 

n 

No  two  terms /„/,  have  a  pole  in  common.  Let  ^  be  the  set  of 
points  formed  of  the  sets  5)  and  their  limiting  points 

If  2  —  i  is  not  in  %  we  can  describe  about  it  a  circle  S  which 
contains  no  point  of  ^.  Then  each  and  every  /„  in  4)  is  nu- 
merically <  some  fixed  (?  for  any  z  in  ^.  Thus  each  term  of  4) 
is  numerically  <  the  corresponding  term  in  the  convergent  series 

Hence  the  series  4)  converges  steadily  in  S"  and  as  each  term  o£ 
4)  is  analytic  in  ®,  the  function  giz)  is  regular  at  2  =  6. 

On  the  other  hand,  each  pole  q  of  any  term  /,  of  4)  ia  a  pole  of  g. 
For  we  have  giz)=U%)+K^). 
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where  h  is  the  series  obtained  from  4)  by  omitting  the  term  /,. 
-From  the  foregoing  reasoning  h  is  regular  at  q.  Thus  g  has  a 
pole  at  q  and  of  the  same  order  as/,. 

The  point  s  =  a  is  an  essentially  singular  point,  since  it  is  the 
limiting  point  of  the  set  of  poles 

<!«.'>  =  (i  +  l- 

Finally  g(z')  admits  the  period  ir  since  each  term  of  4)  does. 
This  shows  that  not  only  a  but  also  L  =  <*  +  wx  are  essentially 
singular  points.  This  is  as  it  should  be,  since  the  ?„  are  limiting 
points  of  the  poles  5),  and  g(z')  has  the  period  tt. 

7.  Instead  of  the  function  cot :;  we  can  take  a  double  periodic 
function  as  . 

With  this  we  can  construct  a  series  of  the  type  4)  which  will  de- 
fine a  double  periodic  function  having  a  given  point  2  =  a  as  an 
essentially  singular  point.  Of  course  all  points  s«  will  also  be 
essentially  singular  points, 

164.  Elliptic  Functions.  1.  Having  now  an  idea  of  some  of  the 
singularities  a  double  periodic  function  may  possess,  let  us  pick 
out  a  class  of  great  importance  called  the  elliptic  functions.  These 
are  defined  as  one-valued  analytic  double  periodic  functions  which 
have  no  essentially  singular  point  in  the  finite  part  of  the  plane. 
The  reader  will  recall  that,  as  we  saw  in  12S,  every  periodic 
function  must  have  s  =  no  as  an  essentially  singular  point.  Thus 
the  elliptic  functions  are  the  simplest  double  periodic  functions, 
in  that  they  are  one-valued  and  the  number  of  their  essentially 
singular  points  is  the  least  possible. 

Such  functions  are 

where  2  o)j,  2  q>^  are  any  two  complex  numbers  not  coUinear  with 
the  origin  and  m^,  m^  range  over  all  positive  and  negative  integers 
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and  0.  We  notice  that  p^  is  the  derivative  of  ^j,  p^  the  derivative 
of  p^t  etc.  These  functions  are  essentially  the  functions  con- 
sidered in  123,  6 ;  we  have  replaced  m^,  m^  by  2  «j,  2  w^  to  avoid 
writing  the  fraction  J,  as  we  shall  sec. 

2.  From   ^1(2)    we   can   get    by   integration   another    elliptic 
function  of  fundamental  importance.     In  fact  let  us  write 

y.W'-f  +  i'W.  (3 

where  the  first  terra  on  the  riglit  corre.sponds  to  the  values  mj  =  0, 
mjss  0  in  1). 

The  function  ,9(2)  is  regular  in  any  part  of  the  plane  which 
does  not  contain  one  of  the  points 

2  mjWj  +  2  m^Wa     ,     m^  =  m^  =  (i  excluded. 

In  particular  it  is  regular  about  s  =  0.     Thus 

("giz^dz  =  -  2  V'  r^^— '^"'    ,.  . 

J«  ^  Jo    iz-'2.mj^co^-2m^to^f 

"^   1  (s  -  2  mim\  -  2  m^w^y  ~  (2  mj6>^  +  2  m^f^^fl  ^  ^"^^-*'     "-"^ 

where  the  dash  indicates  that  in  effecting  the  summation  the 
combination  )ji^  =  m^  =  0  is  excluded.  This  dash  we  shall  often 
employ  in  this  sense.     Let  us  now  set 

p(^')  =  j,  +  K^')-  (5 

Then  i, 

p'iz-)=-f^  +  ff(z)  =  p,(z).  (6 

Thus  5)  is  the  primitive  of  6).  Let  us  now  show  that  h{z)  is 
even.  For  to  the  term  indicated  in  4)  there  corresponds  nnother 
term  in  which  mj,  %  have  the  same  values  but  with  opposite  signs. 
Thus  h(^—s)  =  k{2)  and  h  is  an  even  function.  Hence  by  163,  5 
the  function  5)  is  double  periodic  admitting  the  same  periods  2  Wj, 
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Tims  the  funcUon 

is  an  elliptic  function  admitting  2a>^,  2cd^  as  periods.  It  is  the 
fundamental  elliptic  function  in  Weieratrass'  theory.  To  denote 
it,  he  lias  invented  a  modified  p,  viz.  the  symbol  p,  and  this 
has  heen  generally  adopted.  We  shall,  however,  retain  the 
ordinary  p. 

By  virtue  of  6)  we  sec  that  the  fiinLjtions  defined  in  1),  2)  are 
the  derivatives  of  p(m). 

165.  General  Properties  of  Elliptic  Functions. 

1.  Every  elliptie  function  has  at  least  one  pole  in  any  parallelogram 
of  periods  P. 

For  having  no  singular  point  in  P,  it  has  no  singular  point  any- 
where in  the  infinite  plane.     It  is  thus  a  constant  by  121,  2. 

2,  Letf{z)  be  an  elliptic  function  admitting  o>^  and  m^  as  periods. 
Then  n 

jfdz=0,  (1 

P  being  a  parallelogram  of  periods  not  passing  through  a  pole  off. 

Now  ^  ^ 

since  /  has  the  same  value  at  z'  =  z+  w^  ■'■^  '^^  ^^^  ^^  ^'  ^J  virtue 
of  its  periodicity.^     Hence 


I-X 


Similarly 


Thus  the  right  side  of  2)  vanishes. 
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3.  The  sum  of  the  residues  off(z')  in  any  parallelogram  of  periods 
P,  not  parsing  through  a  poJe  off  is  0, 

For  this  sum  is  by  124,  l 

which  =s  0  by  2. 

4.  The  sum  of  the  orders  of  the  poles  of  an  elliptic  function  in  any 
parallelogram  of  periods  not  passing  through  a  pole  is  at  least  2. 

For  if  the  sum  is  1,/ean  have  but  a  single  polo  2  =  a  in  i*  and 
its  development  must  have  the  form 

f=-^+o,  +  c,Cz-a-)  +  :.  (3 

^^"^  c=Res/(2> 

As  the  sum  of  all  the  residues  in  /*  is  0  by  3  and  as  there  is  but  a 
single  pole,  we  must  have  c  =  0.  But  then  3)  shows  that/  has 
no  pole  at  a,  which  is  contrary  to  liypothesis. 

5.  Definition.  The  sum  of  the  orders  of  the  poles  in  a  primitive 
parallelogram  of  periods  not  passing  through  a  pole  is  called  the 
order  of  an  elliptic  function. 

From  4  we  have  : 

There  is  no  elliptic  function  of  order  less  than  2. 

By  means  of  this  theorem  we  can  often  show  that  a  pair  of 
periods  of  an  elliptic  function  form  a  primitive  pair,  as  the  follow- 
ing theorem  shows : 

6.  Let  oil,  (»2  he  a  pair  of  periods  of  the  elliptic  fv/netion  f(z'). 
This  is  a  primitive  pair  if  the  sum  of  the  orders  of  the  poles  off  in  a 
parallelogram  -P(<»i,  <i>^)  not  passing  through  a  pole  is  2. 

For  if  not,  let  )?j,  ijg  be  a  primitive  pair.     Then 

and  .       I  , 

A  =  I  m^Wg  —  m^n^  \ , 

is  >  1  by  162,  i.  Now  by  162,  5  the  area  of  i*(<i>„  eoa)  is  A  times 
that  of  i'Cijj,  1)2).     From  this  it  follows  geometrically  that  there 
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are  tj  parallelograms  which  either  contain  no  pole  or  a  pole  of 
order  1,  As/(2)  behaves  in  all  parallelograms  of  periods  just  as 
it  does  in  any  one  parallelogram,  we  see  that  /  violates  the 
theorem  i.     Hence  «j,  m^  must  form  a  primitive  pair  of  periods. 

7.  From  this  we  see  that  2  Wj,  2ia^  form  a  primitive  pair  of 
periods  of  the  function  ^(m)  defined  in  164,  7. 

For  as  we  have  seen,  its  poles  are  the  points  of  the  network 
(2  <0-^,  2  Mj)  and  each  is  of  order  2. 

From  118,  i  and  163,  i  we  also  see  that  2  Oj,  2  w^  form  a  primi- 
tive pair  for  the  derivatives  p'(M)'y(")  ■■■ 

8.  On  account  of  periodicity  an  elliptic  function  takes  on  the 
same  values  at  a  and  b  =  a+<o  where  w  is  a  period.  Thus  in 
counting  up  the  points  where  an  elliptic  function  takes  on  the 
same  value  in  a  primitive  parallelogram  of  periods  we  agree  to 
consider  only  one  of  the  two  opposite  sides.  Also  if  /(s)  =  c  at 
s  =  (T  the  function  ^(3)  =  /(3)— c  will  have  a  zero  at  a.  If  this 
zero  is  of  order  s,  we  will  say  that/(2)  takes  on  the  value  c  at  a, 
s  times. 

This  being  agreed  upon  we  now  prove  : 

An  elliptie  function  fCz)  of  order  n  takes  on  any  given  value  c  just 
n  times  in  a  primitive  parallelogram  P. 

For  choosing  P  so  that  no  zero  or  pole  of /(s)  lies  on  its  edge, 
e  have,  by  124,  4, 

,       -^dz^m^-m^,  (4 

where  m^  is  tlie  sura  of  the  orders  of  the  zeros  and  m^  the  sum  of 
the  ordei-s  of  the  poles  of /(s)  in  7*. 

Now  P  being  a  parallelogram  of  periods  of  /(3),  it  is  also  for 

the  function  -J^'i  ■    Thus  the  integral  in  4)  vanishes  by  2.     Hence 

But »»«  =nhj  definition.     Thus/  vanishes  n  times  in  P. 

Consider  now  a(z\=  f(z\  —  c 

This  vanishes  when/=  c.  On  the  other  hand,  P  is  a  primitive 
parallelogram  for  g  as  it  is  for/.    Finally,  g  having  the  same  poles 


2  7rJ,/(=!) 
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as/,  and  to  the  same  orders,  the  order  of  ^  is  n.     Hence  ^  vanishes 
n  times  in  P. 

9.   A  tlieorem  of  great  use  in  the  elliptic  functions  is  the  follow- 


Tm  elliptic  functions  having  the  same  periods,  the  same  zeros,  and 
poles  to  the  same  orders,  ean  differ  only  by  a  eo-nstant  factor. 

For  iet/(z).  ^'(2)  be  two  such  functions.  In  the  vicinity  of  a 
zero  or  a  pole  s  =  a  we  have 

/  =  (z  -  a)-*(z)         »  -  (2  -  «)-t(z) 
where  <f>,  tjr  are  regular  ;it  a  itnd  do  not  vanish.     Hence  in  the 
vicinity  of  a  zero  or  pole 

'    »W    +(z) 

is  !iu  analytic  function.     If  we  give  to  qat  a  the  value 

t(«)' 
q  is  regular  at  a.     Thus  q  has  no  singular  points  in  the  finite  part 
of  the  plane.     It  is  therefore  a  constant.     Thus 
/W  =  (1,(2). 
10.   A  similar  theorem  but  not  so  often  used  is  the  following  : 
If  the  elliptic  functions  f(z')  g(z')  have  the  same  periods  and  at 
each  pole  the  same  characteristic,  they  differ  only  hy  an  additive  con- 
stant. 

For  at  a  pole  z  =  a,  let 

where  0  is  the  common  characteristic  at  a.     The  functions  F,  G 
are  regular  at  a  by  118,  2, 

Thus  /(e)  —  ^(3)  =  A  is  regular  at  a  as  it  is  the  difference  of  two 
regular  functions.  Thus  the  function  is  regular  everywhere,  and 
is  therefore  a  constant.     Hence 

/(z).,<,(z)+C 
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11.  AheVs  Relation.  Letf(%)he  an  elliptic /unction  of  ordern. 
Let  P  be  a  primitive  parallelogram  of  periods  not  passing  through  a 
zero  or  pole  of  f.  If  a^  a^--  a„  are  the  zeros  and p^,  p^  •■■  Pn  '^^ 
poles  which  fall  in  P,  then 

(«i  +  «a+  ■■■  +«»)-(i'i  +  ^aH +^n)  =  ci  period.         (5 

Before  proving  tliia  theorem  lot  us  see  its  significance  in  the 
function  theory.  It  is  often  convenient  to  construct  functions 
having  iissigned  properties,  and  it  is  therefore  necessary  for  us  to 
know  which  such  functions  are  possible. 

For  example  we  know  it  is  possible  to  construct  a  one-valued 
analytic  function  which  vanishes  at  a,,  Og  .-.  a„,  which  has  poles  at 
P\i  F^'"P''  ^^^  which  has  no  essential  singularity  even  at  co. 
Such  a  function  is 

C^-^l)    -i^-pn)' 

Now  if  we  were  asked  to  construct  an  elliptic  function  having 
these  zeros  and  poles  in  a  primitive  parallelogram  of  periods  P  we 
would  say  at  once  that  this  is  impossible  unless  in  tlie  first  place 
m  ==  m  by  8.  This  is  the  first  restriction.  Abel's  relation  5)  is 
another  restriction.  It  says  that  having  chosen  2  n  —  1  of  the 
zeros  and  poles  in  P,  the  last  one  is  no  longer  free  to  choose  ;  ifc  is, 
in  fact,  completely  determined  by  5).  Are  there  any  other  con- 
ditions to  inpose?     We  shall  see  in  166,  4  that  there  are  not. 

Let  us  note  that  we  may  write  5) 

la^m^p^     ,     modwi,  «2-  (^ 

We  turn  now  to  the  proof  of  this  relation. 

From  124,  2  we  have 

fl'f+fu\r. 

Jp       ./12       J23       JsA      ./« 

Let  US  change  the  variahle  setting 
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=  Cudlo^fiu)  +  ,t>hogfiu)Y^\      (9 

Now  if  the  reader  will  remember  that  an  integral  is  the  limit  of  a 
SLim,  he  will  see  that  the  letter  ehosun  ior  the  variable  has  no 
influence  on  its  value.     Thus 

fudlogfiu)  =  Czd\ogf{z)  =  f. 

Jl2  •'12  ^13 

Also  if  logf(u)  has  the  value  log /(e)  at  m  =  e,  its  value  at  c  +  m^ 
is  one  of  the  many  values  log /(e  4- Wi)  has  at  this  point.  But 
/(c  +  aij)  =  /  (fi)  ;  thus  the  value  log/  has  at  c  +  m^  is 

log /(e)  —  2  m^-n-i         m^  an  integer. 
Thus  9)  gives  ^        ^ 

Similarly  ^         , 

1/33       .'41 

Thus  7)  gives 

■iinjp 
=  a  period, 
12,    From  Abel's  relation  we  have  : 

Let  the  elUptie  fiinetion  /(z)  =c  at  the  points    2j,  ^3  ■■■  z„  in  P. 
Then  -v         -^  /-fA 

For  ,  ,      j-r  . 

has  the  same  poles  as  /(s),  and  its  aeros  are  s^  •-■  z^.      We  thus 

need  only  to  apply  6)  to  the  function  g. 

Eemarh.     In  Abel's  relation  5)  the  a's  and  ^"s  lie  in  one  and 

the  same  primitive  parallelogram.     We  can  give  this  relation  a 

slightly  more  general  form  as  follows.     Let  us  say  that  any  set  of 

points  form  an  ineonffruent  set  when  no  two  of  tliem  are  congruent. 

Lot  then  III  /1 1 

a[  a'^  -■■  <  (11 
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he  any  incougruent  aet  of  zeros,  and 

p'l  P2  -  P'n  (12 

any  incongruent  set  of  poles  of/(2).     Then  5)  may  be  written 

«i+  ■■■  +a'„=p[+  ■■■  +p'n.  (13 

For  each  «J.  must  he  congruent  to  some  «„,  and  no  two  of  tlio 
points  11)  are  congruent  to  the  same  «„,  since  then  they  would  be 
congruent  to  each  other,  in  which  case  11)  would  not  be  an  incon- 
gruent  aet.     Thus 

flj+  ...  -\-a'„  =  ai+  ■■■  +«„  +  a  period. 


Similarly 


=  Pi+  •■■  +  j^g  +  a  period. 


Thus  13)  is  a  consequence  of  5). 

A  similar  remark  holds  for  the  relation  10).  Here  it  is  not  nec- 
essary that  the  s^  ■■■  z„  all  lie  in  the  same  primitive  parallelogram  ; 
they  can  be  any  set  of  incongruent  points  for  which /(z)=  e. 

13.  In  case  of  an  elliptic  function /(s)  of  order  2  Abel's  relation 
enables  us  to  solve  the  problem  of  finding  all  the  values  of  z  for 
which /(e)  takes  on  a  given  value  as  follows  : 

Let  p^ ,  p2  he  incongruent  poles  of  an  elliptic  function  /  (s,  Wj ,  a^') 
of  order  2.     If/  takes  on  the  value  e  at  s  =  Zq,  then  all  the  roots  of 

/»  =  <>  (14 

are  given  by  ,  ,  ,., , 

°  ■'  Zq  +  m^oij  +  m^Mj  (15 


WilOlC  ft       ,    -i        ,    o 

?iij,  wij^  0,  ±1,  ±2  ... 

For  if  2^  is  the  other  value  of  z  for  which /=  c  in  the  primitive 
parallelogram  P(">^,,  03)  in  which  z^  lies,  we  have,  by  Abel's  relation, 


^0  +  %  ~  C?*!  +  i'a)  =  ^  period. 
h  =  Pi+P'i~\ 


Thus 
as  stated  in  15). 

Remark.     In  case/(2)  has  a  double  pole  p  we  replace  Pi-^p^ 
in  15)  by  2  p. 
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14.  Between  the  poles  of  an  elliptic  function  of  order  2  and  the 
zeros  of  its  dei-ivative  there  exists  a  remarkable  relation  which  is 
expressed  in  the  following  theorem  : 

If  the  elliptic  function  f(s,  eoj,  (Uj)  of  order  2  has  p^,  p^  as  incon- 
gruertt  simple  poles,  its  derivative  f  (^z)  is  of  order  4  and  admits  the 
ineongruent  points 

3^  =  a±B      ,      2^  =  s^  +  ^I      ,      £^  =  2^  +  ^      ,      3^  =  3^  +  ^i^l-^a 

as  zeros. 

That /'(a)  is  of  order  4  follows  from  118,  i.  That  the  points 
16)  are  ineongruent  is  easily  seen.     For  suppose 


is  a  period,  which  is  not  so,  since  Wj,  <d^  form  a  primitive  pair. 
From  13  we  have 

fip^+P^-z)=fiz). 
Hence  fi^z^-2^=-f<(z).  (17 

As  2^  is  ineongruent  to  p^  or  ^3,  it  is  not  a  pole  of  f'(z').     Let  us 
therefore  set  a  =  S|  in  17).     We  get 

or,  2/' (a,)  =  0. 

This  shows  that  z-y  is  a  zero  of /'(a). 

Again,  set  z  =  %^  m  17);  we  get 

/'(2«i-z,)  =  -/'(z,).  (18 

Now  „  ».  ». 

Thus  18)  shows  tliat/'(S2)  =  -f'iz^)  or 

2/'(z,)  .  0. 
Hence  S3  is  a  zero  of /'(a).     Smiilarly  we  show  the  other  points 
of  16)  are  zeros. 
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15.  Similar  reasoning;  applied  to  17)  givos  : 

If  the  elliptic  function  f(z,  to^,  m^)  of  order  2  has  the  double  pole 
p,  its  derivative  is  of  order  3,  and  it  admits  the  ineongruent  points 

as  zeros. 

Remark.  The  reader  may  ask :  Why  does  not  the  same  reasoning 
prove  that^  is  also  a  zero  oif'iz)  ?  As  we  know  that  a  pole  of/ 
is  also  a  pole  of/'(!;),  our  reasoning  would  then  be  quite  fallacious, 
since  p  cannot  be  at  once  a  zero  and  a  pole  of  an  analytic  function. 

The  fault  in  such  reasoning  on  p  would  lie  in  setting  z-=p  in 
17).  Since  we  know  that  z=p  is  a  pole  of  f'iz),  this  latter  is 
not  defined  at  this  point.  The  relation  17)  holds  for  values  of  s 
near  p  but  not  at  p. 

16.  An  elliptic  function  of  the  second  order  having  simple  poles 
satisfies  a  very  simple  differential  equation,  as  t!ie  following  theo- 
rem shows : 

Iff(z)  is  as  in  14,  it  satisfies 

(f  T = '^^-  '''>^^  ''"^^  '''>^-^~  "'^'      '-^'' 

where  f{z^  =  e^,  m—  1,  2,  3,  4,  attd  z^  are  the  numbers  16). 

Let  us  first  show  that  the  e'a  are  all  different.  For  if  e^  =  e^, 
for  example,  then 

and  either  z^  ^  ^i' 

or,  3i  +  z^=p^  +^2,         by  13. 

Neither  is  true.     Let  us  now  set 

ffJ.^)=f<M)-e.    .     m=l,  2,  3,4, 
and  ff(z^  = 


We  show  that  g  admits  at^,  a>^  as  periods  and  has  the  same  zeros 
and  poles,  and  to  the  same  order  as  (/'(z))^  =  h.  Thus  k  and  g 
differ  only  by  a  constant  factor  by  9. 


y  Google 


THE  FUNCTIONS   OF   WEIEESTEASS  353 

For  in  the  first  phice  /  and  g  obviously  have  the  same  periods. 
Next  g  being  the  product  of  four  factors  of  order  2,  is  of  order  8. 

As  5m  =:  0  for  2  =  z^,  we  see  that  g  vanishes  at  the  four  points  2,„' 
Each  of  these  points  is  a  zero  of  order  2  for  ^C^)-     In  fact 

9'(f)  =  9\  •  9i9%9i  +  /a  "  9x9%9i  +  9'%  ■  9i9i9i  +  ^4  ■  9i9^9r 
Let  us  set  3  =  2^  in  this  relation.     The  first  term  on  the  right 
vanishes,  since  the  factor 

»;(2i)=/'W  =  »      by"- 

The  other  three  terms  =  0,  since  each  contains  the  factor  g^. 
Thus  g'(z-^)=  0  and  hence  z-^  is  a  sero  of  g(z')  of  order  2  at  least. 
Hence  g(z')  and  h(z)  have  the  same  zeros  to  the  same  order, 

The  poles  of  g(z)  are  fi^  p^  each  of  order  4.  The  same  is  true 
of  A(z).     Hence  hj  ^,li=  0 -g. 

17.  When  the  elliptic  function  of  order  2  has  double  poles,  we 
have: 

If  f(z~)  is  as  in  15,  it  satiiifleii  the  differential  equation 

(fj=  !?(/-«,)(/-«>:>(/-«,).  (21 

where  f(z,^  =  e„,  m  =  1,  2,  3,  and  ^  are  the  points  19). 
The  proof  is  entirely  analogous  to  that  in  IG. 

18.  Applieation  to  the  p  function.    Thia  function  is  defined  by 

■^^^^^"^  ,-1-9™  ,1   -1-9™  «, 

Here  p  =  0  is  a  double  pole,  and  the  periods  are  2<»j,  2a>^. 
Thus  19)  becomes 

"■"*  K".)=«l     .    ?(«=)-«=     .     P(«i  +  ««)  =  V         (24 

Hence  21)  shows  that  pC^)  satisfies  the  differential  equation 

[fj- dip -'Mr -',)(?'-',)■  (25 
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From  this  follows  that 

(26 


^/v 


'V6'(p -■«,){;. -e,)(y-«,T 

Memark.  The  reader  can  now  see  why  we  have  denoted  the 
periods  of  p(z')  by  2(Uj,  2(»3  instead  of  ooj,  Wg.  It  is  the  half 
periods  which  enter  in  the  definition  of  the  e^,  e^,  e^,  and  theae 
quantities  are  of  fundamental  importance.  Also  in  many  other 
relations  the  half  period  figures.  If  we  call  the  periods  2o>i,  2a)^, 
we  avoid  the  fraction  ^  when  using  the  half  periods. 

The  reader  will  also  note  that  the  period  of  sins  is  denotud 
by2,r. 

19.  It  will  greatly  simplify  our  equations,  as  the  reader  will 

see  later,  if  we  introduce  a  half  period  aig  by  means  of  the  relation 

«)i+a,,  +  «3-0.  (27 

Then  p  being  an  even  function  we  see  that 

Thus  the  three  equations  24)  can  be  written 

K».)=<>.         .  =  1,2,3.  (28 

Also  the  zeros  of  ^'(s)  are 

:=  0)1     ,      M^     ,     Wj,.  (29 

16fi.  Elliptic  Functions  expressed  byo-(z).     1.   Let  the  elliptic 
function  /(s)  of  order  n  have  P(2(0j,  Sw^)  as  a  primitive  paral- 
1  of  periods.     Let  its  zeros  be 

,     a,     ,     a,     ...  (1 

(2 


arranged  so  that  1  «„  |.,  I  >  I  ((„  I  ^t  0  ;  let  its  poles  be 
arranged  so  that  1  ;,„.,i  I  >  j  ?)„  |  ^  0.     Then  by  140,  4,  and  0, 


nfi-iVi-ki)- 


ii('i_iy-*'(*.'' 
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2—  .  2— - 


converge. 

To  determine  T\et  us  observe  that 

also  admits  2(Dj,  2<D^i\,s  periods.     Thus 

is  double  periodic. 

Now  each  2  here  admits  2  wp  2  tug  as  periods.     Hence 

admits  ii  Wj,  2  m^  as  periods.     As  2'  is  an  integral  function,  so  is 

T".     Hut  then  ™,.  .      „ 

T"  (z)  =  2  e,     a  constant. 

The   infinite   products   entering   3)   can   be   expressed   as  the 
product  of  m  simpler  products  as  follows  ;     Let 

Pi    >    P^     —P^ 
be  the  zeros  and  poles  which  fall  in  the  pa  rail  el  o  gram  P.     Let 

«„     ,     H..     ■     'n     -  (6 

be  all  points  1)  which  are  =  Cy     Let 

^'ii     '    Pia     '    Pi3     —  C^ 

be  all  the  points  2')  which  are  ^Py     If  we  treat  the  other  points 
in  5)  in  a  similar  manner,  all  the  zeros  1)  will  be  thrown  into  m 
classes,  the  points  in  each  class  being  =  some  zero  in  5).      A 
similar  remark  applies  to  the  poles  2). 
Let  us  therefore  set 
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Then  the  numerator  and  denominator  in  3)  are  each  the  product 
of  m  factors  of  the  type  8),     We  have,  in  fact, 

■"-'  t(2,j,,)l(2,y^...t(a,y.) 

2.  The  simplest  t  function  is  obtained  by  taking  c,  at  the 
origin.  It  is  denoted  by  (7(z)  and  is  called  Weierstrass'  gigma 
function.     Thus  ,  \       i/-  %s 

aiz}  =zIl{l--\-^~i^«K  (to 

where         w  =  2  m^m^  +  2  m^to^         m^^mg^O     excluded. 

By  140,  the  zeros  of  a(z)  are  2  =  0  and  the  points  a>.  They  are 
of  order  1.  By  using  the  <r  function  the  formula  9)  can  be  much 
simplified.     To  show  this  we  make  use  of  the  fact  that 

From  10)  we  liave 

log  »(2)  =  log  z  +  5  j  log(l  -  ^)  +  i  + 1(-^  J  j .        (12 

The   derivative  of  this  function   is  so  important  that  it  has  a 
special  symbol ;   we  set  with  Weiersti'ass 

(13 

f(^)  =  ^  +  H^+i  +  i|-  <" 


E(2)  = 

lilogTW 

V(z) 

.)=! 

+  Xi^  + 

1+4 

Hence  finally 


?W=-y«- 


Let  us  note  that  o-(s)  is  an  odd  function. 

For  replacing  s  by  —  s  in  the  II  in  10)  it  becomes 


n[i  +  '- 


-M©-.  (16 


As  w  and  —  w  give  the  same  network  of  points,  we  can  replace  aa 
by  —  a>  in  15);  but  then  15)  goes  back  to  II  in  10).  Thus  this 
product  n  is  an  even  function.     As  a-  —  sll  we  see  o-  is  odd. 
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As  a-'(^z)  is  now  seen  to  be  even,  the  definition  of  ir(s)  given  in 
13)  shows  that  f  is  also  an  odd  function. 

We  have  introduced  these  relations  at  tiiis  point  in  order  to  see 
how  <r(s)  behaves  when  z  is  replaced  by 

s  +  2o>i     or     S  +  2M3. 

We  start  with  the  relation 

Integrating  gives 

t(2  +  2„,)=f(2)+C. 

To  determine  the  constant  6"",  we  set  s  =  —  oij ;  we  get 

««,,)=  r(-«,)+c- -«»,)+(■', 

since  f  is  an  odd  function.     Hence 

0=  2  ?(«,). 
Let  us  set  for  brevity 

,,  =  K»,)    ,    .,,=  ?(»,).  (10 

These  two  constants  are  of  constant  occurrence.     Then  we  have 

f(z  + 2  «,)=?» +2,1, 
J(z  +  2<.^  =  r(2)  +  2,,. 

Integrating  the  first  etjuation  of  17),  we  get 

log  o-(z  +  2  «,)  _  log  » W  +  2  ,,2  +  C 
or  ,(2  +  2«,)-«»»<z). 

To  determine  u  we  set  2  =  ~  ojj,  and  remember  that  (r(s)  ii 
function  ;  wc  get 

„(«,)  =  «-'-.'.  ,t(-  .,)  =  -  »«--.',  .r(»,)- 


(17 


Hence 
Thus 


■r(s  +  2.,)  =  -«-.'»-.V(»), 


(18 


3.    Using  the  relations  18),  we  can  now  simplify  9)  as  follows. 
We  saw  from  Abel's  relation  that 

t^i  +  ^2  +  ••-  +  c„  -  (pi  +  P2-^ +  y^)  =  a  period.  (19 
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Let  us  therefore  pick  out  a.  set  of  incongruent  zeros  a-^,  a^  •■■  a„ 
and  a  set  of  incoiigrueiit  poles  6j,  ■■■  h^so  that 

ai-\'a^+ h«m=  61  +  63  +  ■-•  +h„.  (20 

From  19)  this  can  be  done  in  an  infinite  variety  of  ways.     Let  us 
now  form  the  function 


For  from  18) 


»(»)■ 

,r(z~aO-<riz~a.) 

We  .show  that  ff  admits  2  w^,  2  0,3  as  periods. 

(,(z  +  2»,) 

«"■»•— *-'n„(.- a.) 

«■>.«-'.*-.' n^(z- J.) 

But  by  20) 

Sa,.  =  2J, 

Thus 

Kz  +  2o,)=4'W- 

Similarly 

4.(si  +  2»,)  =  <,(2). 

On  the  other  hand,  the  zeros  and  poles  of  21)  are  the  same  as 
those  of /(2),  and  to  the  same  order.  Thus  by  165,  0  /  and  g  dif- 
fer only  by  a  constant  factor.     Hence  the  theorem : 

Let  /(z)  be  an  eUiptie  funetion  of  order  in  having  2  (»i ,  2  oo^  a»  a 
primitive  pair  of  "periods.  Let  Kj,  ■■■  «„;  S^,  ■■■  h^  bea  set  of  incon- 
gruent  zeros  and  poles  such  that  2a„  =  2J„.     Then 


^(z-b,)...a(z-b^') 


(22 


From  this  we  conclude  that  elliptic  functions  exist  having 
i  zeros  and  poles  provided : 
1°  the  sura  of  the  orders  of  the  zeros  in  any  pai'allelogram  of 
pe^'iods  equals  the  sum  of  the  orders  of  its  poles,  and 
2°  tlie  zeros  and  poles  satisfy  Abel's  relation, 
In  fact  these  functions  are  all  given  by  22). 

5.  The  relation  22)  shows  that  every  elliptic  function  can  be 
expressed  by  moans  of  the  a-  function,  which  thus  dominates  the 
theory  of  elliptic  functions. 
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It  is  interesting  to  note  liow  naturally  we  have  been  led  to  con- 
sider this  function.  By  Weierstrass'  factor  theorem,  140, 4,  e,  every 
elliptic  function  must  have  the  form  3).  The  products  in  3)  can 
be  decomposed  into  simpler  products,  each  vanishing  for  one  of  the 
m  classes  of  zeros  or  poles  of  the  given  function.  Of  all  these 
simple  products  9)  the  simplest  is  the  product  10).  It  is  an  in- 
tegral transcendental  function  like  sin  z,  and  as  the  circular  func- 
tions can  be  built  up  on  sin  2  as  a  fundamental  function,  so  the 
elliptic  functions  can  be  expressed  by  means  of  this  new  transcend- 
ent. It  is  natural  to  denote  it  by  ©-(s)  where  a-  reminds  one  of 
the  first  letter  s  of  sine. 

The  first  logarithmic  derivative  of  sin  z  gives  cot  z  which  has,  as 
poles  of  order  1,  the  zeros  of  sin  3.  The  first  logarithmic  deriva- 
tive of  <t(z')  gives  a  f  anction  which  Weierstrass  has  denoted  by 
^(z).  This  also  has,  as  poles  of  order  1,  the  zeros  of  (7(3).  It  is 
not  periodic  since 

Its  first  derivative  is  periodic,  and  this  leads  to  the  ^-function 


pCzy^^ 


dx 


The  minus  sign  is  inserted  so  that  the  term  —  in  the  expression 

164,  7)  has  a  positive  sign.     The  letter  p  reminds  one  that  the 
most  essential  characteristic  of  this  function  is  its  dovhle  periodicity. 

6.  If  in  10),  11),  14),  defining  the  functions  o",  ?,  ^,  we  replace 

hv 

we  sec  that  ^  •,  ^  x 

o-  ii^Z,  lioy^,  liw^)  =  (t.T  (z,  Wj,  &>2), 

\l(llZ,  /iWi,  IMi,^=:-Z(z,  Wi,  0)2),  (23 

p(_liz,  /ia>^,  /iG>3)  =  —p  (s,  o>i,  a-a), 

which  shows  that  rr,  ^,  p  are  homogeneous  functions  of  z,  a^,  ta^  of 
degrees  1,-1,-2  respectively.     This  property  is  useful  at  times. 
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The  relations  16)  show  that 

Vr  (^«]  1  MW2)  =  -  vX-^v  ^s)  r=:l,  2.  (24 

Since  e,  =^(w,)  we  see  that 

.,(M«i ,  M«,)  =  -\  ^^.C^r  «'2)         s  =  1 ,  2,  ;^.  (25 

167.  Elliptic  Functions  expressed  by  p(2'),J^(_z).  1.  We  sup- 
pose first  that  the  elliptic  function  /(s)  is  an  even  function  of 
order  2  s.  Then  if  z  =  a  is  a  zero  or  a  pole  of  /(z),  so  is  e  =  —  a. 
Let  a  set  of  in  congruent  zeros  and  poles  be 

±«i     ,      ±  ffla     ,      ■■■      ;      ±^1     ,      ±^2     .      ■■■ 
o£  orders 

»"■*'         2m,  +  2m,+  ...  =2,,  +  2»,+  ...  =2.. 

TFt!  e<msider  first  the  case  tliat  none  of  theae  KCfos  and  poles  is 
=  0.  Let  p(^z)  have  t!ie  sanie  periods  as /(s),  we  consider  the 
function  ^(pz-pa.^-^Cpz-pa.r^... 

{pz-pb^yiCpz-pb^y,- 

It  has  the  same  zeros  and  poles  and  to  the  same  orders  as  /(a). 
As  ff  admits  the  same  periods  as  /,  we  see  that  it  can  differ  from 
/(s)  only  by  a  constant  factor. 

Next  let  us  suppose  that  z  =  0  is  a  zero  of  /(s) .  Sinci^  /  is  an 
even  function  by  hypothesis,  the  order  of  this  zero  must  be  an 
even  integer,  say  2  m.     Suppose  now 

0     ,     ±ai     ,     ±a^     — 
form  a  set  of  incongruent  zeros  of  orders 

2  m     ,     wii     ,     m^     — 
respectively.     Then  as  before 

2ra-f-2mj  +  2ma+  .•■  =2  8. 
Let  us  now  form  the  same  function  g  as  before,  where  no  factor, 
however,  corresponds  to  z  =  0.     The  numerator  is  of  degree  s  —  1 
in  p  and  the  denominator  of  degree  s.     As  a  =  0  is  a  pole  of  ordc 
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2  for  p(2),  it  follows  that  z  =  Q  is  a  zero  of  order  2  m  for  gC^^}- 
Thus  as  before  g  has  the  same  zeros  and  poles  and  to  the  same 
orders  as  /(a).  It  can  differ  from  /  only  by  a  constant  factor. 
We  get  the  same  result  if  3  =  0  is  a  pole  of  /(s)-  Thus  in  all 
cases  when  /(e)  is  an  even  function, 

(_pz  -  pbiY'C pz  -  pb^)"!  — 

where  we  use  a  set  of  incongruent  zeros  and  polea,  always  omit- 
ting that  one  which  may  be  sO. 

Case  2.     /(s)  is  not  even.     Let  us  form 

which  give 

/(z)  =  !,(z)  +  K«)p'W. 

As  g  and  h  are  even  functions,  they  may  be  expressed  as  in 
Case  1.      We  liave  thus  proved  the  theorem: 

Ani/  elliptie  function  is  a  rational  funetion  of  p(^z'),  p'(z). 

168.  Elliptic  Functions  expressed  by  %{.z).  1.  In  166,  167  we 
have  learned  two  ways  of  expressing  an  elliptic  function.  Both 
require  a  knowledge  of  the  zeros  and  poles  of  the  function /(s). 
When  these  are  not  readily  found,  it  is  convenient  to  have  another 
representation.  Such  is  the  following,  which  depends  on  the 
knowledge  of  the  characteristic  at  each  of  the  poles. 

We  will  suppose,  therefore,  that  a,  5,  ■■■  are  the  poles  of /(3)  in 
a  primitive  parallelogram  of  periods,  and  that  its  character  is  tics 
at  these  points  are 
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We  now  construct  ii  ^  function  on  the  periods  2  oij,  2  (o^  oC  /(s) 
and  then  the  function 

+  7?^  A?'^-"  (^  -  «)  +  B.iiz  -  i)  ^  B,^'  {z  -  b) 

+|'f"(2-«)+  -  +  (~_'iy'^>^"'"':'-')+  -    (^ 

*'  fW-'/'W    .    ?"«  =  -?'«    - 

all  the  terms  in  the  2i.l,  3d  ■■■  columns  on  the  right  of  2)  are 
periodic. 

On  the  other  hand, 

?(s+2«j)=f(3)+2^„ctc. 


But  J.J,  B^  ■••  -dvn  the  residues  of/(s)  in  a  parallelogram  of 
periods.     Their  sum  is  0  by  165,  3.     Thus 

J(2  +  2  «,)  =  »(")■ 
A  similar  relation  holds  for  2  a^.      Hence  ff  also  admits  2  w^,  2  a^ 
aa  periods. 

Let  us  now  show  that  g  has  at  each  pole  as  2  =  u  the  same  char- 
acteristic as/.     For  from  166,  14),  we  have  obviously 

lHz-a)=^  +  h(z), 

where  k  is  regular  at  e  =  «.     lleni^e 

Thus  the  characteristic  of  g(z)  at  3  =  a  is  given  by  the  lirst  row  in 
2),  Thus/  and  g  have  the  same  characteristic  at  z  =  a.  The 
same  is  true  at  the  other  poles.     Thus  by  165,  lO 

f(z)  =  g(z')+  constant.  (3 
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2.   From  the  foregoing  we  have  : 

An^  elliptia  function  can  be  expressed  in  terms  of  ^(z)  and  its 
derivatives. 

169.    Development  of  c,  "C,,  p  ia  Power  Series.    1.  We  have  now 
aeen  that  the  three  functions 


,7(z)  =  2n(^i-i)«i'Ki)", 

(: 

K^'-i-St^  +  i  +  i). 

(2 

-«==^2((i^-ii- 

(3 

t^Wj  +  2  m^Wg          m^  =  m^  =  0  excluded 

(1 

where 

may  be  taken  as  the  basis  of  a  theory  of  the  elliptic  functions. 
We  propose  in  the  articles  which  immediately  follov/  to  develop 
some  of  the  properties  of  these  three  functions. 

We  begin  by  developing  them  in  a  power  series  about  2=0. 
Since  ^ 

is  regular  at  s  =  0  it  can  be  developed  in  Taylor's  series 

which  is  valid  within  n  circle  j£'  which  passes  through  the  noartisfc 
point  CO  in  4), 

,^(">(z)  =  (-  l)''(n  +  1) !  2^      _  ^        . 
Hence  i.^(.;(0)  =  (n+ 1)  i;  A.. 


Let  us  therefore  set 


*Ve  note  that  when  n  is  odd,  »„  =  0. 
For  to  each  2  m^oj,  +  2  jto^w^  iu  s,  there  corresponds  a 
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When  n  is  odd,  the  two  corresponding  terms  in  s„  will  have  oppo- 
site signs  and  cancel  each  other.     We  thus  havo 


?W-j,+  3 

s,z'  +  5  .,3»  + 

Integrating,  we  have 

fW  =  ;-»2 

''-»4«°-- 

Integrat' 

\ng  again  gives 

log<r(z)=l(>gz- 

-JV<-iV 

Hence 

<^)  =  3^i 

,,2»-JV'- 

2.  Differential  Equation  satisfied  hy  'p(z').  Further  coefficients 
in  the  developments  6),  7),  9}  can  be  obtained  by  a  recurrent  re- 
lation which  we  deduce  from  a  differential  equation.  In  fact,  we 
saw  in  165,  25)  that  p  satisfies  a  very  simple  differential  equation 
which  we  now  proceed  to  find. 

From  6)  we  obtain,  on  differentiation  and  slightly  changing  the 
notation, 

pXz-)  =  -\  +  Qc^z-\-2(ic^#-\-  ... 
This  squared  gives 

Also  cubing  the  series  6)  gives 

?«'  =  J  +  !'''2^>+15«,+  .- 

Let  us  now  set 

<?,=  60e,  =  602;i     ,     5,  =  140  03  =  14(1  g^F-  <" 

These  are  called  the  invariants.     From  the  foregoing  equations 
we  get  on  adding 

p'(zy  -ip(zf-\-g^p(z)  +  y^  =  z{a^  -\- a^z  +  ■■.) 
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It  thus  admita  2  wj,  2  w^  and  yet  admits  no  pole  in  a  parallelogram 
of  periods.  It  is  therefore  a  constant.  Since  it  vanishes  for 
s  =  0,  we  have  the  desired  differential  equation 

From  thia  we  get  on  differentiating 

p"  =  &p'^-\g^.  (12 

3.    We  can  now  get  the  desired  recursion  formula.      Let  us  write 

^(^>  =  ^  +  «i^^  +  V  +  «3^' +  - 

and  put  this  in  12).  Equating  the  coefficients  of  z'"''^  on  each 
side  of  the  resulting  equation  gives 

2 »(2 «  -  1)  a„  =  6 (a„  +  a,a,_,  +  -■  +  «„_,«i  +  «„)• 
Hence  ., 

«(2  W  —  1)  —  6 

Thia  shows  that  tfg,  a^,  a^  ■■■  can  be  expressed  as  integral  rationai 
functions  of  M^,  Kg,  tliat  is  of  g^,  g^  since 

For  ft  =  3  we  get  fioiii  13) 

For  n  =  4,  a  ,-         .         ^  a 

In  this  way  we  may  continue.     Thus  wc  find 

afz)=s+» &!* «! *? (U 

•  '  2«  ■  3  .  5      2»  ■  3  ■  6  .  7       2»  ■  3!"  ■  5  ■  7  ^ 

t(3)- j+»-  gi.Vs"  ■2i'.5.7~2<-3"-52^  '■'" 


.52'.72«-3- 


(16 
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Fi'om  tlio  definition  of  g^,  g^  we  see  tliat 


(18 


170.  Addition  Formulae.    1.   We  liave  seen  how  important  are 
the  addition  tiieorems 


sin  (w  +  !i)  =  sin  u  cos  v  +  cos  u  sin  v,  etc. 

for  the  elementary  transcendental  functions.  We  wish  to  estab- 
lish analogous  formulEe  for  the  new  functions,  viz.  : 

«„  +  .)  =  t(.)  +  fW  +  l(i^),  (2 

zduxfu—pv  J 
These  relations  are   fundamental  and  of   constant  service.     We 
begin  by  proving  1). 

Regarding  w  as  a  constant  let  us  look  at  the  zeros  and  poles  of 

in  the  parallelogram  of  periods  /*(2  tu^,  20)3).  Obviously,  /=  0 
for  v  =  u,  and  hence  for  vsu.  As  p(— m)=p(m),  it  follows 
that  /=  0  at  v  =  —  M,  and  hence  at  n  =  —  u.  As  /  is  of  order  2, 
it  can  vanish  only  twice  in  P.  Thus  all  the  zeros  of  /(v)  are 
m±  u.     The  poles  of  /(")  are  w  =  0,  and  these  are  of  order  2. 

Thus  the  two  functions  of  v,  on  the  two  sides  of  1),  have  the 
same  zeros,  poles,  and  periods.  They  can  only  differ  by  a  con- 
stant factor  0. 

To  determine  this  we  develop  both  sides  about  if  =  0  and  com- 
pare the  coefficient  of  — .     Now  by  169,  14), 
<r(.)=, +  «»=+... 
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Thus  1       ^   1     .!_,_... 

To  develop  (r(M  +  i^),  (7(w  —  n)  about  v  =  0,  we  set 
5(«)=<«  +  r)  =  KO)+V(0)+- 

Similarly  ^^^^  ^  v)  =  o-(u)  -  vo-'  (m)  +  -■  ■ 


Thus  the  left  aide  of  1)  has  1  as  coefficient  of  — .     The  same  is 

true  of  the  right  side.     Hence  (?=  1  and  1)  is  established, 

2.    To  prove  2)  we  take  the  logarithmic  derivative  of  1)  with 
respect  to  v,  and  get 


f  («  +  .)- fo. -«)- 2  f(.)  = —£^ 


pv  —  pu 

But  this  relation  holds  for  u  as  well  as  for  v.     Thus  interchanging 
M,  V  gives 

tC«  +  .')+f(«-")-2f(«).^ Eli_. 

pv  —  pu 

Adding  and  dividing  by  2  gives  2). 

3.  To  prove  3)  we  need  only  take  the  derivative  of  2)  with 
respect  to  m. 

4.  Anotlier  form  of  the  addition  theorem  for  the  p  function  is 
the  following : 

y(.  +  .)  +y(«)  +?(«)-j(^^i-:-^v)'-  (4 

To  prove  this  we  square  2),  getting 

\ pu  —  pv  J  ^ 

Let  us  denote  the  left  side  of  this  relation  by  ^(m),  regarding  v 

as  a  constant.     The  right  side  of  5)  shows  that  ^(w)  is  an  elliptic 

function. 

We  propose  now  to  express  g  by  means  of  ?  and  its  derivatives, 

using  368.     To  this  end  we  must  find  the  characteristics  oi  g(v,') 

about  its  poles.     These  are  s  0  and  —  v,  eacii  pole  being  of  order  2. 
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Developing  about  w=  0  we  liavci 

£:(«  +  .)  =  ?(.)  + Mr  (f)  +  - 
Hence  _  -. 

?(«+.)  -  ?(»)  -  K.)  =  -i+«r('')  +  ■•• 

and  thus  -, 

K») -i- 2  f  (•)  +  ••■  (6 

Hence  in  this  ease  the  coofHcients  A  In  108, 1)  are 

Let  U3  now  develop  about  the  point  u  =  —  v.     We  have 

Km)  .fi^« +  («  +  «)!  =K -.)  +  («  +  »)?(-«)  + - 

=.-?«  +  («  +  .)?'(.)+■■■ 

Hence 

f(«  +  .)  -  C(»)  ^  R.)  =  ^^  -  (»  +  v)?(v)  +  ... 
Thus  , 

The  coefficients  i?  iu  1(>8,  1)  are  here 

B,  =  0     ,     -Ej  =  1. 
Putting  these  values  of  A^,  A^  B^,  B^,  in  1 68,  2)  gives 
g(^u)  =  -  ?(»)  -  r(»+  «)  +  0,  or 

i!:(«+»)-K»)-fWl'-K»)+y(»  +  '')+  <^.        (' 

To  determine  the  constant  6',  let  us  equate  the  absolute  terms 
of  the  developments  of  both  sides  about  u  =  0.  From  6)  this  term 
ou  the  left  side  of  7)  is  2p(^v'). 

On  the  right  side  of  7)  it  is  p(v)  +  C.     Equating  these,  we  get 

C=piv). 
This  in  7)  gives  4). 
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171.  The  ttt„  Tii,  ei  and  g^-,  g^-    1.   We  saw  in  169,  11)  that 

On  the  other  hand  we  saw  in  165,  18,  tliat  f'Cz)  =  0  for  z  =  &>,, 
Mg,  o)^.     The  three  roots  of  the  cubic 

if-ff<ip-^s  =  ^  (2 

are  therefore  e^=p((Oi')         2  =  1,2,3. 

Thus  we  can  write  1) 

p'i^r  =  Kpz  -  e,)(pz  -  e^)Cpz  -  e,-),  (3 

which  shows  that  tlie  constant  0=  i  in  165,  25). 
Since  the  coefficient  of  p^  in  2)  is  0,  we  have 

e,  +  e^  +  e^=0.  (4 

The  other  coefficients  of  4)  give 

To  complete  the  symmetry  let  us  introduce  ijg  deiined  by 

V1+V2  +  Vx  =  0-  (6 

We  show  that  also  ^,    ,  ,- 

Since  ?  is  an  odd  function, 

=  -^K)^fK)     by  170,  2) 
=  -Vi--V2  =  vs    :    I'y  '^), 
and  this  establishes  T). 

2.  Between  the  toi,  ij^  exists  a  relation  due  to  Legendre.  Let 
us  suppose  that  we  pass  from  a  +  at^  to  a  +  m^  by  a  positive  rota- 
tion of  angle  <  tt  as  in  the  figure.  Then  Legendre's  relation 
states  that 

Let  us  take  the  parallelogram  P  so  that  3=0  lies  within  it. 
Then  -.       „ 
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But  ^  has  only  one  pole  in  P,  viz.  2  =  0,  and  by  169,  2)  its 
residue  is  1.     Thus  /-y 

Now  />  /*  ^^ 

^j'\Kiz)  +  ^n^\dz     ,     by  160,  17), 

=  /  ?(?3  +  4  j/jw^. 

Similarly  -,  -, 

/  i;{zydz=  j   S'fis  +  4  )7,W2. 

Jp  Jl2       .'33       'hi       .'41 

=  -4)j2Wi  +  4)?,w2- 
Putting  this  in  9)  gives  8). 

By  using  6)  and  <i>-^-\-w^  +  o>^  =  Q  we  have  for  any  two  indices 
r,  8  =  1,  2.  3, 
■il,w,-ii,o},  =  e'^,  (10 

where  e  =  1  when  we  pass  from  to,  to  to,  by  a  positive  rotation  of 
angle  <  tt  ;  otherwise  e  =  —  1. 

3.  The  relations  166,  17),  18)  may  be  at  once  extended  to  fog 
and  give  for  r  =  1,  2,  3, 

<r(«+2^,)=-.V(=-.V(s),  (11 

?(z  +  2«,,)  =  f(2)  +  2^,.  (12 

172.  The  Co-sigmas  CrC-?)-    1-   We   introduce   now  three   new 
sigma  functions 

„(""  A.  ,.,\ 

=  1,  2,  3.  (1 


T(^,) 
This  we  can  transform  as  follows.     From 
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we  have,  setting  u  =  —  z  —  a,. 


This  in  1)  gives 


',W- 


e'>r'iT(03^  —  s) 


Replacing  2  by  —  ^  in  1)  and  using  2),  we  get 

.r,(-z)  =  <r,(2)     ,     „,(0)=1. 
We  find  without  trouble 

,r,(z  + 2  »,)  =  -<!■* '.*-'„,(.), 

.r(z±»,).±e±--H",)i',«. 


(4 
(6 
(6 


where  r,  s,  t  are  the  integers  1,  2,  3  in  any  order. 

For  example  let  us  prove  7)  for  the  +  sign.     From  1)  v 

or  using  171,  11),  ^  ■, 

<r(z) 


=  —  eir( 

'+'">■'    '    ', 

which  is  7). 

o-m. 

2.    In  1)  let  us  set  z  =  w,,  then 

cr,o),  =  —  (;""'■ 

ir&)r' 

(9 

since   o-((Or+ o>,)=  o-(- «0  =  —  <^o'i- 

Here   as   usual   r,   s. 

,   (  are 

1,  2,  3  in  any  order. 

Setting  z  =  to^m  2)  gives 

<r,(«,)=0. 

(10 

Let  us  put  9)  in  8),  we  get 

tr,(z±c,)=e^v^. 

a,,<x,Z. 

(11 
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In  this  formula  with  the  lower  sign,  set  z  =  a>,.     As  o-,(0)  =  1 

b,  3),  it  gives  «..  =  ,,„.,.„..  (12 

Let  us  now  make  use  of  tills  in  7),  it  gives 

From  the  definition  1)  we  see 

3.    In  170,  1)  let  us  set  v  =  a,,;    we  get,  using  1),  2), 

This  shows  that  the  square  root  of  the  left  side  is  a  one-valued 
function  of  z.     We  set 

which  determines  the  sign  of  the  radical. 
Let  us  set  z—to^  in  16),  we  get 

and  the  sign  of  the  radical  oji  the  left  is  determined. 
Putting  9)  in  17)  gives 

Interchanging  r  and  s,  we  get,  dividing, 

Hence  using  Legendre's  relation  171,  10) 

Vgj  —  e^=  i  Vfij  —  ^1     ,      Ve^  —  e^  =  —i  Vsg  —  e,     , 

vr"ir7"  -  ,v<.  -  f  ■  (18 

V  ^2  —  Bg  —  I V  Bj      eg  ^ 

Here  we  suppose  Mj,  to^  such  that  we  pass  from  aij  to  Wj  ^J  ^  posi- 
tive rotation  <  w. 

The  relations  18)  enable  us  to  replace  in  our  formula  a  radical 
Vcr  —  ^s  hy  Ve,  —  e^,  a  substitution  which  is  often  useful  to  make 
reductions. 
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4.  In  15')  let  us  replace  2  by  2  +  m^,  we  get 

or  using  6),  13), 

o^ft),        e=''.=o-2Q,,    0-2(2;)  ■ 
Using  15),  17)  this  gives 

y(z  +  .i..)  =  ..+  ':'-^^g'>--a)-  (19 

5.  To  find  the  development  of  tXp)  in  a  power  series  about  the 
origin  wo  have,  from  16), 

Now  from  169,  16) 

™™  n  1  li 


=i-i«y-i(6.?-ay-- 

(20 

6.    We  have  obviously 

(21 

173.  The  Inverse  ^  Function,     Case  1.    1.   We  have 

K^)=^.r+- 

(1 

?'»=-l+*^+- 

(2 

=  802^.     .        "'-""S^     •        -'S^rt  +  ^m,., 

,■        (!) 

The  relation  1)  defines  ^  as  a  function  of  z.     We  wish  now  to 
consider  the  inverse  function  %  oi  p. 

Case  1.  wj  real  and  positive,  m^  =  i^g,  Wg  >  0,  We  note  first 
that  the  invariants  ff^,  g^  are  real.  For  in  w  to  each  positive  m^ 
corresponds  a  negative  value  —  m^.     Then  the  two  values  of  w. 
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are  conjugate  imaginary.  Thus  the  terras  in  ^j,  g^  enter  in  pi 
which  are  conjugate  imaginary  numbers.  As  the  sum  of  two  c 
jugate  imaginaries  is  real,  g^,  g^  are  real. 

From  1)  we  see  that^  is  real  for  real  values  of  2,  say  for  3  — 
As p  has  the  real  period  2  wj,  j)(3;)  is  periodic. 

The  relation  1)  shows  that  the  ^-axis  in  Fig.  1  is  an  asymptc 

Prom  2)  we  see  that 
p'(x')  is  negative  foi' 
small  values  of  x.  Thus 
p  decreases  until  p'ix) 
vanishes.  The  roots  of 
y(z)  =  Oareffli,  a.3,  (Ug,  of 
which  only  the  lirst  is 
real. 

Thus  p  decreases  from 
a;  =  0  to  a:  =  oil,  at  which 
last  point  ^(<i>i)  =  e^ 
Since   ^(3;)    is    an    even 

function,  p  is  symmetric  with  respect  to  the  j!)-axis.  Thus  p  de- 
creases as  X  ranges  from  0  to  —  m^.  As  p  has  2  w^  as  period,  the 
graph  of  p  in  the  interval  (w^-,  2  wj)  is  the  same  as  in  (—  oii,  0). 

2.  The  graph  of  p  —  p(x~)  shows  that  the  relation  1)  defines  a 
many -valued  inverse  function 

X  =  *(y),  (4 

one  of  whose  branches  may  be  eliaracterized  by  the  conditions 


(5 


1° 


=  0a 


2°  X  is  positive  for^  >  e,. 

This  branch  is  shown  in  Fig,  2. 
We  show  now  how  this  inverse 
function  may  be  represented  by  an 
integral.     The  derivative  of  ^(a;)  is 
df  _ 
dx~ 
To  dete] 


=  ±  -J^f-g^f-g^. 

c  the  sign  of  the  radical 
we   observe  that   for  ^<x<  fUj,  -^ 


y  Google 


THE   FUNCTIONS   OF  WEIERSTEAS8  375 

is  neffative,  while  the  polynomial  under  the  radical  is  large  and 
positive.  We  must  therefore  take  the  minus  sign  in  6),  Then 
the  derivative  of  the  branch  of  4)  as  determined  by  5)  is 

.^^  _  J_  _   ^1 ^_^  ^y 

dp     ^      -V4j.3-^,p-7g 
dx 

Fi'om  this  follows  that  the  inverse  function  x  defined  by  4),  6)  is 

In  fact  the  quantity  under  the  radical  is  p'C^^^;  it  is  therefore 
positive  for  p  >  e-^.  Also  as  ^  ^  +  co  the  integral  8)  converges 
to  0.     Thus  the  conditions  5)  are  satisfied. 

From  j>(mj)  =  fij  follows  now  that  x  —  w-^  when  p  =  Sj.  Putting 
this  in  S)  gives  „^ 

^        .,=  r ^v   ^.  (9 

Je,    +^ip^~gzp-g2, 
This  expresses  the  period  2  w^  as  a  real  integral, 

3.  We  show  now  how  w^  can  be  expressed  as  an  integral.  To  this 
end  we  note  that  1)  shows  that  pCp)  is  real  and  negative  for  small 
values  of  z  of  the  form  z  =  iv.     We  have  in  fact 

5=y(,V)  =  -i-g.'--  (10 

By  analytic  continuation  the  series  10)  will  give  the  values  of  q 
for  all  values  of  a  from  0  to  oij,  that  is,  for  values  (i<v<a>^. 

As  the  terms  of  10)  are  all  real,  the  values  of  q  obtained  by 
this  process  will  be  real.     When 

v  =  m^.     q  =  p(i^^)  =  ^C«>a)  =  ^2, 
which  is  therefore  real. 

As^'(z)  does  not  vanish  as  s  moves  from  0  to  w^  until  it  reaches 

Wj,  -^  does  not  vanish  as  v  moves  from  0  to  S^-  ""til  it  reaches  aJ^. 

The  graph  of  q  considered  as  a  function  of  v  is  given  in  Fig.  8. 
It  shows  that  10)  defines  a  iniiny-valued  inverse  function. 

v=irCq^,  (11 
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entirely  analogous  to4).     One  of  its  branches  is  given  in  P'ig.  4 
and  is  characterized  by 

t.  =  0  as  ^  =  -  30  ;      i}>0  iorq<e^.  (12 


To  reproHunt  this  inverse  function  by  an  integral  we  o 
that 

As  the  derivative  is  real  and  positive  for  this  branch,   i 

p(z'y  =  p(iv')=  q,  we  may  write  this 

dv^ 1 

dq       +V-{'if-g^q-!^^} 

the  radical  being  rea.1  and  positive  for  q  <  e^. 
Let  us  now  consider 


=£: 


We  see  this  is  positive  f or  j  <  —  e^  and  that  v  =  0  3.s  q 
is  therefore  the  function  defined  by  11),  12). 
Setting  q  =  e^,  we  have 

dq 


=/: 


From  this,  we  have  expressed  oi^  =  tM^  as  an  integral. 


(13 


(14 
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4.   We  have  seen  that  e^,  e^  are  real.     As  g^,  fl's^re  real,  all  the 

are  real.     Since  _L*_i_„_n  fA(^ 

^1  ~r  ^2  "I"     3  —      '  \    " 

it  follows  that  at  least  one  root  e  must  be  negative.     As  the  first 
root  of  15)  which  we  meet  as  p  moves  from  —  «>    toward  the 
origin  is  e^,  this  root  is  certainly  negative. 
The  sign  of  the  root  e^  is  given  by  16). 

■  174.  Case  2,    Periods  Conjugate  Imaginary.   1.    Let  us  suppose 
"""^that  ,^^,^,v     ,     ,^  =  „  +  ,V     ,     ^'>^.  (1 


As  in  Case  1,  the  invariants  g^,  g^  are  real. 


For 


2miWj+  2ni2at2  =  2(mj  +  ma)<B  +  2i(»'(m2  — Mij). 


On  interchanging  m^,  m^  this  period  goes  over  into  one  whic!i 
is  conjugate  imaginary. 

From  the  series  173,  1),  2),  we  see  that^(s),  p'is~)  are  rpal  for 
real  s,  and  that  p  is  real  for  purely  imaginary  z. 
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As  in  Case  1,  we  see  that  as  x  moves  from  0  to  2  m,  'p(x')  de- 


yW=p(.,)-.3, 
at  which  pointy  hits  a  mininium,  and^'(o)g)=:  0. 

Let  us  note  that  p'(»)  has  only  one  incongi'uent  real  root,  as  o 
ft>2  are  complex. 

The  inverse  function  defined  by 

p=p(x) 
is  many-valued.     One  of  its  branches  is  given  by 

__^P  _  ^ 

which  is  positive  for  p  >  e^,  and  wliicli  =  0  as  ^  =  oo. 
When  p  =  e^,  x  =  2  &>.     Thus 


< 


+  V4» 


~9iP~lls 


2.    Let  vs  now  express  m'  as  an  integral.     Knowing  w,  w',  we  can 
express  the  periods  2  wj,  2  wj  ^s  integrals  by  1), 

As  2  =  iv  moves  from  0  to  2  ia'^p  is  real  and  moves  from  ~  oo 

p(2i(c'')  =  piw^')  =  e^. 
We  have  ^ 

^_2 

Thus  q  is  increasing  for  small  values  of  v.     As  —J-  does  not 

vanish  unless  p'(z}  =  0,  and  as  the  first  root  of  this  on  the 
imaginary  axis  is  Wg  =  2  j'w',  we  see  that  q  increases  steadily 
from  —  CO  to  e^. 

Thus  the  relation  6)  defines  an 
inverse  function  v  oi  q,  one  of 
whose  branches  is  characterized  by 
the  condition  that 


^0     as 


and     v>0 
(6 
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ThuK,  as  in  Case  1,  this  branch  is  represented  by 

„=r — Ji (7 

As  ti  =  2  to'  for  q  —  eg,  this  gives 

2  a>'  ^  f' ^'f  ~ .  (8 

175.  The  p  Function  defined  by  ffj,  g^.  1.  Up  to  the  present  we 
have  considered  ^(w)  as  defined  by  means  o£  the  periods  2  q>^, 
2  dig.  These  numbers  being  talcen  at  pleasure  but  not  collinear 
with  the  origin,  we  constructed  the  sum 

as  in  169,  3),  and  showed  that 

pis')  =  -  +  *  +  ^e^  +  ^-^  z*  +  ■..  (2 

all  of  whose  eoeffieients  are  rational  integral  functions  of  the 
invariants  ,  ■. 

We  ask  now:  Can  we  start  with  two  numbers  g^,  g^  taken  at 
pleasure,  and  find  the  periods  2  (»i,  2  a>^  with  which  to  construct 
the^  function  1)? 

Let  us  consider  the  roots  Sj,  e^,  %  of  the  cubic 

ie-g4-gg  =  QoT4:(t-e{)it-e^)(t~e^~)=d.  (4 

We  must  in  the  first  place  suppose  that  two  of  them  are  not  equal. 
For  we  have  seen,  169,  11),  that  p(z')  satisfies  the  equation 


,  this  gives 

*=2(?-«i)VF^.  (6 


-L 


2(y-,,)V;.-«, 


(I 
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Thus  z  (iaii  be  expressed  by  means  of  the  elementary  funotions, 
and  p  cannot  be  a  double  periodic  function. 

2.  The  roots  e,  bein^  unequal,  let  us  suppose  they  are  real. 
We  define  2  Wj,  2  a>^  by  the  equations 

(8 


Hf-lk 

2a,,  =  2  i  C"  — '-  (9 

X.V-(4(« -,,;,<-,<,,) 

where  we  suppose  the  e's  so  nunibered  that 

«,<«.<  «r  (10 

Then  2  oi^  is  real  aad  2  (d^  is  purely  imaginary,  since  the  radicals 
in  both  8)  and  9)  are  positive.  As  2  Wj,  2  m^  are  not  collinear 
with  the  origin,  the  series  1)  constructed  with  these  two  numbers 
i  an  elliptic  function  ;p(s,  2mj,  2a>^  which  we  have  seen 
s  5).  The  reasoning  of  169,  2,  3  shows  that  this  function  p 
will  have  the  development  2)  about  z=  0  and  that  g^,  g^  will 
satisfy  3). 

3.  Let  us  next  suppose  one  root  Sg  of  the  cubic  4)  is  real,  while 
the  other  two  are  conjugate  imaginary.  We  define  2  w,  2  &»'  by 
the  equations 

2q>=  /  "^^ 


(11 


.L^^-r4t^-gd-g,) 


-(4:t^-g^t-g^) 

These  are  real  and  positive,  since  the  radicals  in  11),  12)   are 
both  positive. 
We  now  set 

Since  these  are  not  collinear  with  the  origin,  the  series  1)  eon- 
verges  and  defines  an  elliptic  function  p(z,  2  Bj,  2  m^).  As  before, 
we  see  that  this  function  satisfies  the  differential  equation  5);  its 
development  about  s  =  0  is  given  by  2)  and  g^^  g^  satisfy  tlic 
relations  3). 
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4.  Suppose  finally  that  g^,  y^  are  any  complex  numbers,  such 
however  that  the  cubic  4)  does  not  have  two  equal  roots.  From 
algebra  we  know  that 

(?-(.,-  e,~)\e,  -  e,n.,  -  e,}'  =  J,(<,i  -  27  r,|).  (14 

Obviously  4)  will  have  equal  roots  when  and  only  when  G-  =  0. 
For  this  reason  (?  is  called  the  diseriminant  of  the  cubic. 

We  shall  not  treat  the  general  cage  but  merely  state  that : 

If  we  set 

dt 


^4f?-ff^t-gs  A    V4i»-j7a(-^3 

t}ie  series  1)  constructed  on  these  numbers  is  convergent  and  defines 
an  elliptic  fwncHon  p(s,  2  Mj,  2  toj)  having  2  <Bj,  2  (o^  as  a  primitive 
pair  of  periods.  This  function  satisfies  5),  its  development  about  the 
origin  is  2),  and  g^,  g^  satisfy  3). 

176.  The  Radicals  'vp(z}  —  e,,,.     These  are  factors  in 
In  172,  16  we  saw  that  they  are  one-valued  functions  of  z,  viz. : 

^¥^:.=°--^    '"=1,2,3.  (1 

Let  us  set  in  general 


(2 

They  are  homogeneous  functions  of  s,  w^,  Wg,  of  orders  - 

-  1,  1,  0 

respectively. 

Of  these  12  functions,  f>  are  reciprocals  of  the  other  6. 

Let  us 

consider  one  of  them  as 

-  .  (-■)   "^"'^  -      ' 

(3 

'       "           ">(»)      Vy(2)-«, 

Prom  172,  1  we  liiwe 

5(z  +  2«,)  =  -}W     ,     {(z  +  2»j)=,(3). 

Thus  q  admits  4  Wj,  2  ©^  as  period.s. 
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As  tCz)  =  0  for  3  =  0  mod  2  w^,  2  lUji  we  see  that  the  zeros 
of  q  are  s  0,  mod  2  Wj,  2  w^. 

As  CTj^?)  =  0  for  z  ^  (Oj,  we  see  that  the  poles  of  q  are  =  oo^' 
mod  2  Mj,  2  (Bj,  and  simple. 

Thus  q  is  an  elliptic  function  of  order  2  for  which  4  Wj,  2  w^ 
form  a  primitive  pair  of  periods. 

By  165,  14  the  zeros  of  y'(3)  are  = 

"i     ,     3  Ml     ,     (U3     ,     W3+2W1         mod4(0j,     2w2. 
At  these  points  ^  has  respectively  the  values 

]  -1  1  -1 

Thus  by  165,  10  j  satisfies  the  differential  equation 

\az/  y  ^1  —  "2  M  "3  ~  *2  J 

To  determine  the  constant  Q  we  observe  that 

=  s!l+««-'+  ...  I. 


Putting  these  developments  in  4)  and  equating  the  absolute  terms, 
we  get 


1  =  - 


Thus  4)  becomes 

fST=fi-(«.-<^.>«'iii-fe 
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CHAPTER    XI 
THE  FUNCTIONS  OF  LEGENDRE  AND  JACOBI 

177.  Rectification.  1.  In  the  previous  chapter  we  have  studied 
the  elliptic  functions  from  the  point  of  view  of  their  most  charac- 
teristic property,  viz,  as  double  periodic  functions.  Historically 
they  presented  themselves  from  quite  another  standpoint,  and  this 
we  wish  now  to  develop. 

The  integral  calculus  enables  us  to  find  the  lengths  of  a  great 
variety  of  curves  found  by  effecting  the  integration  in  the  formula 

iTS-d^:  (1 

for  example,  the  circle,  parabola,  catenary,  cycloid,  eissoid  of 
Diodes,  the  cardioid,  etc.  When  the  contemporaries  of  Newton 
and  Leibnitz  attempted  to  rectify  the  ellipse,  hyperbola,  and  the 
lemniscate  by  means  of  1)  they  met  a  most  unexpected  difficulty. 
In  spite  of  every  effort  they  could  not  effect  the  integration. 
Let  us  see  how  these  integrals  look. 

2.    The  Ullipse.     The  equation  being 

aV  +  i>ix^  =  aW,  (2 

we  have         .  ^       a^ 

3^1  r <^-'^ ^ax     ,     <^  =  a^-h-^.  (3 

Instead  of  the  equation  2)  we  may  use  the  parameter  equations 

of  the  elhpse,  -     ,  .  ,  /a 

X—  afi\n<p    ,    y  =  b cos  9.  (,* 

^^'^"  «  =  a  f^a^  cos^  0  +  62  ginS  ^  .  d(f>,  (5 

or  setting  ^^  ^  a^-jg  ^  ^  .g 
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As  we  now  know,  the  integrals  3),  7)  cannot  be  expressed  in 
terms  of  the  elementary  functions ;  the  efforts  of  the  mathemati- 
cians of  the  seventeenth  and  eighteenth  centuries  in  this  direc- 
tion were  doomed  to  fail.  And  yet  only  failure  in  a  narrow  sense, 
for  from  their  apparently  fruitless  efforts  has  sprung  a  whole  new 
branch  of  mathematics,  the  elliptic  functions. 

3.    The  Lemniscate.     If  we  taJie  the  equation  in  polar  foi'm,  it  is 


Then  1)  gives 


a  OOH^  2  0. 

^  r dB 

V  Vi~2sin^^' 


If  we  set  x=  sin  d,  we  get  alsc 


"/: 


-\/il~x^)(l-^x^) 


178-  Elliptic  Integrals.  1.  Many  problems  of  pure  and  applied 
mathematics  lead  to  integrals  whose  integrands  are  rational  func- 
tions of  X  and  the  square  root  of  a  polynomial  P  of  the  third  or 
fourth  degree,  that  is,  to  integrals  of  the  type 


/*■ 


e,  Vi')iT. 


(1 


Such  integrals  are  called  elliptic  integrals;  they  include  the  inte- 
grals 3)  and  9)  of  177,  and  cannot  be  expressed  in  general  in 
terms  of  the  elementary  functions.  They  therefore  define  new 
functions  in  the  same  way  that 


/?  •  /; 


Vl-^ 


define   transcendental   functions   although   their   integrands   are 
algebraic. 

The  question  arises,  how  many  different  types  of  integrals  are 
included  in  1).  We  propose  to  sliow  that  all  these  integrals  may 
be  reduced  to  three,  viz.  : 
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(2 


V(l  -  J?)(l  -  tW} 


/dx 


(3 
(4 


which  are  called  elliptic  integrals   of   the  l",  '2'.  luicl  3°  species, 
respectiYcly. 

The  number  k  is  called  the  modulm,  the  number  a  which  enters 
4)  is  called  the  parameter. 

2.    To  reduce  the  integrals  1),  let  us  note  that  if  the  polynomial 
P  is  of  the  third  degree, 

irf  +  W+a+ti,  (5 

the  integral  1)  may  be  replaced  by  one  in  which  the  polynomml 
under  the  radical  is  of  the  fourth  degree. 

For  let  o  be  a  root  o{  5),  then  -P  has  the  form 

i'-(a,.-n)(y»'  +  9i  +  >-).  (6 


Let  us  set 


^  =  ^^ 


then  ^j)  ^  yVpif  +  «f  +  qif  +<^)+r 

and  tlie  polynomial  under  the  radical  is  of  the  fourth 

But  if  ;?  =  0,  the  polynomial  _P  is  of  the  second  degree,  as  6) 
shows,  and  this  is  contrary  to  hypothesis. 

3.   Let  us  suppose  then  that 
Since  ^  is  a  rational  function  of  x  ami 
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let  us  arrange  its   numerator   and  denominator  according  to  y. 

'^'"'°  j,,i.+j..V  +  V+-.  (8 

we  see  that  8)  has  the  form 

where  A,  B,  0,  D  are  polynomials  in  x. 

If  we  multiply  numerator  and  denominator  in  9)  by  (7—  Dy,  we 

where  .E,  .F,  (?  are  rational  functions  of  x.    Thus 

Cil,dx=  Cl!dx+    C-^dx.  (10 

Here  the  first  term  on  the  right  may  be  integrated  by  means  of 
the  elementary  functions  as  shown  in  the  calculus.  We  are  thus 
led  to  consider  /-g^a. 

J  V?' 
4.   As  (?  is  a  rational  function  of  x,  it  may  be  broken  up  into 
partial  fractions  as  shown  in  122,  4).     Thus  G  is  the  sum  of  a 
polynomial  which  may  reduce  to  a  constant  and  a  number  of  terms 
of  the  type  n  a  n 

Thus  the  integral  11)  reduces  to  integrals 

I and  i  —^-  (lii 

J   ^P  J  (_x^ayVP 

Both  of  these  may  be  represented  by 

if  we  let  m  be  a  positive  or  negative  integer  or  0,  and  a  any  num- 
ber including  0,     There  are  now  two  cases. 
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5.    Oane  1.     a  is  not  a  root  of  P.     Then  we  may  write 
P  =  A^Cx -  «)*+  4  A(^  -  «)H  6  A^{x  -  af 

+  4^(a;-a)  +  ^4  (14 

and  J.j^O.  For  setting  x^a  in  14),  it  reduces  to  A^^  and  if 
tills  were  0,  P  would  =  0  for  x  =  a,  wliich  is  contrary  to  out 
hypothesis. 

Let  us  note  now  that  for  any  integer 

Hence,  integrating, 

^  ^  J  VP  2,7  VP 

If  we  put  in  the  value  of  P  and  P'  as  given  by  14),  we  find 
(x-ay^P  =  Cn+2)AaQu^3+K^  m  +  3)Ji§„„5 +6(«+ l)^l3„^, 
+  2(2  «  +  1)^3§„  +  nA^Q^_,.         (15 

If  we  take  n=  —  1,  this  relation  enables  us  to  express  Q_^  in  terms 
of  6-1'  d>  ^2  i^i'd  ti'i  algebraic  function.  If  we  take  n=—  2,  we 
see  §_3  can  be  expressed  by  means  of  ^.j,  Q_^,  Q^.  But  we  have 
just  seen  that  Q_^  can  be  expressed  in  terms  of  $_j,  Q^,  Q^.  Thus 
Q_2  can  be  expressed  in  terms  of  §_j,  t?,,,  f?^,  Q^.  In  the  same 
manner  we  may  reason  for  higher  negative  values  of  n.  This 
shows  that  the  integrals  13)  when  m  is  negative  may  be  reduced 

JV-P  J(a;-a)VP 

and  to  Q„  with  positive  indices. 

Oase  2.    Suppose  a  is  a  root  of  P.     It  cannot  he  a  double  root 
of  P.     For  then  P  would  have  the  form 

P  =  Cx-  afipx^  +qx  +  r), 

and  hence  ,—  , — ^ 

vP  =  (x  —  a)^px^  +  qx  +  r, 
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that  is,  the  polyiiomial  P  under  the  radical  can  be  replaced  by  one 
of  degree  2.  But  in  this  case  the  integral  1)  leads  only  to  the 
elementary  functions,  as  is  shown  in  the  calculus. 

In  the  present  case  therefore  ^^  =  0  but  A^  ^  0.  Thus  the  last 
term  in  l-l)  disappears,  but  not  the  next  to  the  last  term  in  15). 
Hence  if  we  set  n  =  —  1  in  15),  this  relation  enables  us  to  express 
^_i  in  terms  of  Q^  and  Q^. 

If  we  set  n=  — 2,  it  gives  Q_^  in  terms  of  Q_^  and  Q^,  etc. 
We  are  thus  led  to  the  first  integral  in  16)  and  integrals  of  the 
type  13)  for  which  m  >  0. 


6.   Wlien 

m  >  0,  the  integrals  13)  give  ri: 

se  tu  i 

integrals  of  the 

form 

A*. 

(11 

In  the  relation  15)  we  may  set  «  =  0,  then  the  Q's  will  go  over 
into  the  integrals  17),  The  relation  14)  shows  that  the  A's  are 
the  coefficients^  in  7). 

In  15)  let  us  take  m  =  0  ;  this  enables  us  to  express  B^  in  terms 
of  iJg,  R^,  and  R^.  If  we  set  n=  1  in  15),  it  shows  that  R^  may 
be  expressed  in  terms  of  fig,  R^^  and  B^  and  hence  in  terms  of 
H^,  Ry,  and  R^,  as  just  seen. 

Thus  all  the  integrals  13)  reduce  to 

/dx  r  xdx  r^dx  ,-.a 

VP     ^    J   VT    '    J   VR 


179.  Linear  Transformation.    1.  To  complete  the  reduction  let 
IS  show  how  to  determine  the  linear  transformation 


-riS 

so  that 

*                       liy 

vr    -ydf-siXs-SiiCs-i/sMs-!/,) 

dm                        dx 

»"V(l-a^)(l-4'a?)      JlfVX 
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Let  lis  determine  a,  b,  c,  k  so  that  when 

we  have  respectively 

.=  1,  -1,  1  ,  4.  (3 

Then  .^i        ^  ,1   ,     \ 


Set  a^  =  —  1,  i/  =  i/j  in  the  tirst  equation  ol  4),  then 

Similarly  if  we  put  the  other  pairs  of  values  of  3)  in  the  remaining 
equations  of  4)  we  have 

These  relations  give 
From  4)  we  have 


Set  here 


a  -  ft    1  + »  1  +  * 
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Also  in  5")  set  1  , 

Ih  ~  Ih  ^  l-g  .  1  +  ^ .  (-7 

From  6),  7)  we  find 

(l^y^UiJZ.^^  .^z^lA  =  p2,  say.  (8 

l+f 
From  6),  7)  we  have  also 

\l+c/     y^-yz    y^-ij^ 
This  gives  -.  _ 

To  get  er,  6  we  sttivt  with  1)  or 

//  +  exy  —  a  —  bx:=  0, 

For  at  =  1,  «/  =  !/p  this  gives 

yi  +  ey^-a-h  =  0. 

For  a;  =  —  1,  ^  =  j/^  it  gives 

Adding  and  subtracting  these  two  relations  give 

«  =  K^i  +  ^2  +  "C^/i  -  3'2))' 
5  =  K^i  -  ^2  +  '^(^/i  +  ^a))- 

To  find  Mwe  differentiate  the  second  equation  in  4),  which  gives 


(11 


(12 


The  fourth  equation  of  4)  gives 


'I'J-'St 


(k-e)dx 

ii  +  e^y 
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'^'"""'  if  = .  JlaZSSSZ&l.  (14 

*  4 

2.  Students  familial'  with  analytical  geometry  will  recognize 
that  p  in  8)  is  the  cross  ratio  of  the  four  roots  y^  y^^  ?/g,  y^.  These 
four  roots  can  be  permuted  in  4!  =  24  different  ways,  to  which 
correspond  6  values  of  ^.  This  the  reader  can  verify  without 
trouble.     We  find  these  6  values  are 

We  observe  that  three  are  reciprocals  of  the  other  three. 
To  illustrate  our  meaning,  let  us   interchange  y^,  y^  in  8). 
The  middle  term  becomes 


Corresponding  to  this,  the  value  of  k  in  9)  is 


-p 


(17 


We  observe  that  9)  and  17)  are  reciprocals.     We  have  there- 
fore established  this  important  result : 

By  means  of  the  linear  transformation  1)  we  can  reduce 

^  to  '^  (18 

VF        i»fV(l-a^)(l-A^) 

in  such  a  way  that  the  modulus  k  is  numerically  less  than  1. 
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3.   Let  lis  return  now  to  our  general  elliptic  integral 

f4>{x,  ^P')dx.  (19 

We  had 

P  =  Pi,^  +  Pl^^  +  P2^  +  Ps,^  +Pi 

The  relations  4)  show  that  the  linear  transformation  1)  con- 
verts V!P  into 

"     (l  +  cxy    ^  (l  +  cxy 

Thus   this  transformation  converts  the  integral  10)  into  an  in- 
tegral of  the  same  form 

ft(.^^  VX)dx  (20 

except  the  radical  VP  has  been  replaced  by  VX  which  is  the 
form  used  by  Legendre. 

If  we  had  made  this  transformation  at  the  stwrt  and  had 
reasoned  on  the  integral  20),  the  middle  integral  in  178,  18) 
would  be 

xdx 

'  V(l-Lc2)(l~A2i2")' 


/v 


If  we  set  31^  =  u,  this  becomes 


If- 


du 

V(i^^wXi-^M)' 


which  can  be  expressed  by  elementary  functions. 

The  final  result  of  our  investigation  may  be  auramed  up  thus: 

The  general  dliptie  integral  may  he  expressed  in  terms  of  the  ele- 
mentary functions  and  the  integraU 

"'"'"  JC=(l-j?){l~iV}. 
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We  have  therefore  established  the  statement  made  in  178,  1). 
Tlie  integrals  2t)  may  be  regarded  as  standard  or  normal  forms  of 
the  three  species  of  elliptic  integrals. 

180,  Legendre's  Normal  Integrals.  1.  Instead  of  the  three  in- 
tegrals 21)  of  the  liist  article,  Legendro  employed  as  normal 
integrals 


r dx /"Vi  - 

J  v(i-a^)(i-*V)  '  J  vr^ 

p dx _^ 


Let  us  show  how  the  former  integrals  may  be  expressed  in  terms 
of  these  latter. 

The  integral  of  the  1°  species  is  the  same  in  both  cases.  To 
express  the  second  integral  of  1T9,  21)  in  terras  of  Legendre's 
3  we  observe  that 


rx'dr     rp    k^'^     ,     1  r  dx     i  /Vi-jtv, 


Thus  the  normal  integral  of  the  tlie  2°  spooios  adopted  in  179  is  the 
sum  of  an  integral  of  the  1°  a,nd  of  the  2°  species  as  adopted  by 
Legend  re. 

Turning  to  tiie  third  integral  of  179,  21),  we  have 


r      dx      ^  _a^  +  «  CA^- 


^-h 


xdx 


■)VX       J    {x^~a^}VX^ 


The  first  integral  in  the  last  member  can  be  expressed  by  ele- 
mentary functions,  as  we  saw  in  179,  3, 
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The  last  integral  becomes,  on  setting  n  — -, 

1  r     1 dx 

aj  (1  +nx-^)  V(l-ic2)Cl-^a:2)' 

which  aside  from  a  constant  factor  is  Legendre's  integral  of  the 
3°  species. 

2.      Let  us  set  with  Legeiidre 

X  =  sin  <|>, 
Then  , 

-^^— =#. 

The  integrals  1)  become,  on  putting  in  the  limits  0,  0, 

J'(.j>.^)=  p  #  ,     S(<l,.  k-)=  r*  VI  "  F  sin^  4,  ■  d<f>. 

Jo    Vl  —k^sm^(f>  J« 

n(0,  n)=  f\        \,^  .  '^^  -  (2 

^      ■'     Jo     l  +  MSin^^     Vl-vt^sin^^ 

The  radical  which  enters  in  these  expressions  and  which  is  of 
constant  occurrence  in  this  theory  is  denoted  by  Legendre  by 

A(0),  thus  

i(0)  =  Vl-7c2Bin2  0. 

When  1^  =  ^,  the  first  two  integrals  in  2)  are  denoted  by 

"'I'm  •  ^=£'^<*y'i'-         (=> 

They  are  called  the  complete  integrals  of  the  1°  and  2°  species. 
Legendre  denoted  the  integrals  3)  by  the  letters  F',  E\  hut  we 
shall  follow  the  modem  usage.  As  we  shall  see,  they  play  the 
same  role  in  the  theory  of  Legendre  and  Jaeobi  as  (Uj,  ijj  do  in 
Weierstrass'  theory. 

In  practice  the  modulus  k"^  is  usually  real  and  <  1.     Legendre 

k  =  sni  0  (4 

and  calls  0  the  modular  angle. 
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To  make  the  elliptic  integrals  useful  for  numerical  purposes 
Legendre  calculated  at  great  labor  tables  for  the  integrals  l'(0), 
^(<^)  for  values  of  -p  and  9  for  every  degree  from  0°  to  90°. 
They  are  to  be  found  in  Vol.  2,  p.  292  seq.  of  his  great  work: 
IS-aitS  des  Fonetions  MHptiquea,  Paris,  1826.  Shorter  tables  are 
to  be  found  in  various  works  which  treat  of  these  integrals,  for 
example  in  the  Tables  of  B.  O.  Peirce  referred  to  on  p.  91. 

The  reader  will  note  that  the  functions  -P(^,  k),  E(4>,  i)  are 
unhke  the  functions  log  x,  sin  a;,  etc.,  in  that  they  depend  on  two 
variables  i^,  h  and  so  require  tables  of  double  entry.  This  makes 
their  tabulation  extremely  laborious. 

Turning  to  the  elliptic  integral  of  the  3°  species,  we  see  that 
this  depends  on  the  argument  0,  the  modulus  k,  and  a  number  m 
which  we  call  tYis  parameter ;  in  all  on  three  variables.  Its  tabu- 
lation would  thus  require  a  table  of  triple  entry,  which  is  quite  out 
of  the  question.  Legendre,  who  had  the  numerical  side  of  these 
integrals  close  to  his  heart,  was  delighted  when  Jacobi  showed 
how  they  may  be  computed  by  means  of  the  %  functions. 

3.  Example.  To  illustrate  the  use  of  the  tables  let  us  compute 
the  arc  of  an  ellipse.  We  saw,  177,  7),  that  the  length  of  an  arc 
starting  from  the  major  axis  is  for  a  =  1, 

3  =  r*  Vl  -  A^  ginS  0  ^0  =  £'(0,  ]c), 
where  k  is  the  eccentricity  of  the  e 


Suppose 


i=s 


then  6  =  30°.     For  A  =  45°  we  have  from  the  tables 


For  0=60°, 


s  =  . 76719. 
5  =  1.00755. 


Thus  the  length  I  of  an  arc  between  0  =  60°  and  0  =  45°  is 
^=.  24036. 
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181.  Real  Linear  Transformations.  In  the  foregoing  reduction 
we  have  not  been  concei'netl  whether  the  transformations  em- 
ployed were  real  or  complex.  In  many  of  the  applications  our 
elliptic  integrals  are  real,  and  it  is  often  desirable  to  use  only  real 
transformations.     With  this  in  view  let  us  show  that : 


(1 


Jfwe 

set 

,    p  +  <iy 

1  +  y 

we  may 

redU' 

''  dx                                 di 

V±P      V±(»-a)(i-^)(j;-7)(a)-8) 

UtUfi 

iq-r^dy 

where 

V«(</'-%)(/-^j) 
«=  ±  (?-•)(?- /3)({  -  7)(«  -  8). 

(p-7)(p-8) 
(«-tX'/-S)' 

provided 

J)  =  a  +  /3-7-S 

is  ^  0. 

In, 

;Mse  _D  =  0,  M)e  set 

(4 
(6 


(8 

(9 

Moreover  j/'  (Ae  eoeffioients  of  t^e  polynomial  P  are  real.,  the  coeffi- 
cients p,  q  of  the  transformation  1)  will  be  real.  Also  the  tran^or- 
mation  8),  which  is  to  he  employed  when  7)  =  0,  is  real  whai  a,  /3  or 
7,  B  are  real  or  cotyugate  imaginaries.     Finally,  jJj  and  ijj  are  real. 

The  verification  of  these  statements  is  purely  algebraic  and  aside 
from  its  length  involves  no  difficulty.  We  therefore  sketch  it 
only.  Let  us  consider  first  the  transformation  1).  By  direct 
calculation  we  find  that 

dx     _  {q  —  f'ydy 
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wlieri: 
Q^lp-a-i-iq-  a)>/\lp-  0  +  (q  -  &)y\\p  -  7  +  (?-  7)«/| 

]p-B-\-ifi-Z)y\. 

Lei  iis  now  chonae  p  and  q  ho  that  the  odd  powers  of  y  drop 
out  of  Q.     This  requires  that 

(;,-«)(,/-/?)  +  0;-^)(?-«)  =  o. 

(j,  _  ^)(^  _  S)  +  (y  _  S)(.^  -  7)  =  0. 

I)    ' 

^■^^  p  =  A  +  ;i     ,     5  =  \  -  ^. 

To  show  that  p  and  </  are  real,  wo  observe  that  the  coefficients 
of  P  Ijeing  by  hypothesis  real,  there  are  three  cases  to  consider: 

1°  Roots  all  real.     Take  «  <  /9  <  y  <  S. 

2°  Two  roots  real.     Take  a  =  m-  i6,         ff=  a  —  ih. 

8°  AU  roots  imaginary.  Take  a,  0  as  in  2°  and  y  —  c+  id, 
B  =  c—  id. 

Obvioualy  in  each  case  X  is  real.  Thus  p,  q  are  real  if  ft  is 
real  and  >  0.     We  now  consider  the  three  eases  separately. 

Oase  1°  All  the  factors  of  iHf  are  <  0;  hence  ilf  >  0,  Z*^  >  0, 
and  thus  fi  is  >  0. 

Case  2°    Here 

JIf  =  («  -  7  +  ihya~&  +  ibyia  -  7  -  lh)(a  -  h  -  iby 

Now  the  product  of  two  conjugate  numbers  is  real  and  positive, 
as  we  saw  in  2,  ti.  Thus  M,  being  the  product  of  two  such  pairs, 
is  real  and  >  0, 

As  D  is  real,  fi  is  real  and  >  0. 

Oaae  3°  This  is  treated  in  a  precisely  similar  manner.  Thus 
in  every  case  /t  is  real  and  >  0. 
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Filially,  ^,  q  being  real,  we  see  that  jj^  ti^  are  real.  Thus  our 
theorem  is  proved  for  the  case  that  D^O.  The  case  that  D=0 
ia  at  once  disposed  of,  and  needs  no  comment. 

188.  Real  Quadratic  Transformations.  Let  us  now  show  how  by 
a  quadratic  transformation  we  can  convert 


^<?/'~vD(.f-V2)    VF 


^     '     Vv  V2  1' 


in  such  a  way  that  if  the  variable  y  ranges  over  some  interval  H  for 
■which  Y  is  real  and  positive,  the  variable  z  will  range  in  the  interval 
93=!  (0,  1),     Moreover  M and  F  will  he  real  and  0  <  ifc^  <  1. 
There  are  six  cases,  as  indicated  in  the  table. 


1  +  +  + 

2  -f  -  + 

4  -  +  + 


Case  1.    Suppose  ■t|-^  <  tj^.     As  K  is  to  be  >  0,  wc  must  have 
either  „  ^  „  ^ 

(4 


(5 
(6 


jr  y-  ^  ,„ 

!l  =  '^li 

■Jl! 

Then 

we  tail! 
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C'fise  2.     As  Yis,  to  be  >  0,  we  must  have  y^  >  ijg. 
We  set  ,— 


VI -z' 


(8 


Vo(,;"-,,)  •),-•!, 

Cane  3.     Here  3^>  0  for  all  values  of^. 
Let  I     1,1 

We  sot 

Then  -. 

M=       ^  .     ^2  =  1  -  ^-  (10 

V  — «j;2  ''a 

(7ase  4.     As  Kis  to  be  >  0,  we  must  have 
We  set  V^ 

Then  i  «   „  ^ 

V— (11,2  ''^ 

C«ae  5.     For  Kto  be  >0  we  must  have 

We  set  ^  =  V^  Vr^72.  (13 

Then  ^^ \  ^     k^= -3^ —  (14 

~\/ —  a(_i}2 ~  V])  V2'~Vi 

Case  6.     As  Th  to  be  >0,  this  case  is  impossible, 

183.    Rectiflcatioii  of  the  Hyperbola.     As  an  example  let  us  find 
the  length  ot  an  arc  of  the  hyperbola 
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We  liavo 

If  we  set  fi*  „ 

we  have  , 

l'?il<l'?al- 

The  integral  1)  falls  under  Case  3  of  182.     We  set  therefore 

ffi         z  . 

"   Vl  —  z^ 


and  get 


dz  \    dz 


Vw  +  S')(y+3     jV(l-,>)(l-i%>) 


6   v'z  '■' 


We  note  that  t  is  the  reciprocal  of  the  eccentricity  of  the  hyper 
bola.     Thus  pntting  2)  in -ff  we  get 


■'  (1 


then  ^ 


»r-;i,!t»ii*-A<f  +  ^-P(«^S(«i. 


S' 


Hence  finally 


in  which  the  modulns  k  has  the  value  determined  by 
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184.  Rectification  of  the  Lemniscate.    We  saw  in  177,  9)  that  tlio 
arc  s  of  the  lemniscate  is  given  by 


~V2.A 


V(l  -  a")(l  - 


V(x'-l)(»^-i) 


Here  0  <  a^  <  }  if  the  are  falls  in  the  firat  quadrant.     We  take 
ijj  =  ^,  j)2  =  1  and  use  the  transformation 

of  Case  1  in  182.     We  get 


V2J. 


V(l-s')(l- 


=  ^'»>- 


set  k  =  sill  ^,  we  see  d  =  46°.  The  valno  of  tlie  complete  integral 
^ffir  this  modular  angle  is  given  by  Legendre's  Tables  Traits, 
vol.  2,  p.  327,  as 

^         '  ^=1.85407. 

185.  Elliptic  Integral  of  the  First  Species.    1.   Let  us  now  con- 
sider the  function  w  of  a  delined  by 


./o    %■ 


When  the  modulus  k  —  0,  this  function  degenerates  to 


^f: 


— ^=^  =  arc  sin  z. 


Now  the  many-valued  arc  sin  function  is  of  much  less  service  to 
us  than  the  inverse  function  z  =  sin  u  which  is  one-valued  and 
periodic.  So  we  shall  find  also  here  that  it  is  not  the  many- 
valued  function  w  of  3  defined  by  1)  which  interests  us  most,  but 
the  inverse  function  z  of  u.     This  we  shall  see  presently  is  one- 


y  Google 


402  FUNCTIOSS    OF    A    COMPLEX    VARIABLE 

valued  and  doubly  periodic.     In  analogy  to  the  sine  function  we 
denote  this  function  by 

2=  m(u,  ft)  or  more  shortly  hj  z  =  mu.  (2 

and  read  s,  n  of  u.     In  analogy  to  the  cosine  function  we  write 

Vr  —  z^  =  Vl  —  snhi  =  cuu.     (read  c,  n  of  u). 

If  we  set  3  =  sin  0,  as  we  did  in  178, 

Vl  -  /cV  =  Vl  -  F  sin^  0  =  A0 

in  Legendre's  notation.     In  memory  of  the  A  we  set 


Vl  —  Jehi^  =  dnu  (read  d,  n  of  u). 

Thus  with  the  integral  1)  are  connected  three  elliptic  functions 

snu     ,     enu    ,     dnu. 

These  are  the  functions  of  Legendre  and  more  especially  of 
Jacobi.  It  is  these  functions  which  occur  in  all  the  older  litera- 
ture of  elliptic  functions  and  which  to-day  are  still  used  by  many 
mathematicians. 

In  the  same  way  as  the  basis  of  the  Weierstrassian  theory  of 
the  elhptic  functions  is  the  o-  function,  so  the  base  of  the  Jacohian 
theory  are  the  i?  functions,  which  are  integral  transcendental  func- 
tions differing  from  the  it  function  only  by  exponential  factors. 

After  this  slight  outlook,  let  us  return  to  the  function  m  of  z 
defined  'by  1).     The  integrand 


V(l-s')(l-F»") 

is  one-valued  and  analytic  except  at 

k 
Obviously  each  of  these  points  is  a  branch  point  and  the  two  values 
of/ permute  when  z  describes  a  small  circle  ^  about  one  of  them. 
Thus  in  any  region  acyclic  relative  to  each  of  these  points  u  is  a 
one-valued  function  of  s. 
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One  of  the  values  of  u  for  2  =  0  is  «  =  0;  also  one  of  the  values 
of/ for  3  =0  is  +1.  Let  us  statt  with  these  values  and  And  the 
value  that  «  acquires,  call  it  u,  when  z 
describes  a  circuit  S  about  the  branch 
point  3  =  1.  Without  changing  the  value 
of  u  we  may  replace  S  by  the  loop 
(7=  (0,  «,  /3,  7,  0)  as  in  Fig.  1.  The 
circle  O  has  a  radius  r  as  small  as  we 
please.     Thus  *"''  ^' 


The  first  integral  on  the  right  differs  fror 

Jo    + 


i-V(l- 


(S 


■f  sign  indicates  that  the 


by  as  little  as  we  choose.     Here  the  ■ 
radical  has  the  value  +  1  for  s  =  0. 

Let  lis  look  at  the  last  integral  in  4).  When  z  leaves  3=0, 
/has  the  value  +  1.  On  reaching  «  it  has  a  large  positive  value 
p.  After  3  describes  the  circle  Q  and  arrives  at  7,  the  two  values 
which  /  ha«  at  tliis  point  have  interchanged  and  the  value  of  /  is 
now  —  p.  Thus  as  z  describes  the  segment  7,  0,  the  integrand  / 
has  the  same  values  as /had  in  describing  the  segment  0,  a  except 
that  its  sign  is  changed.  Hence  as  «  and  7  are  really  the  same 
point, 


z=K 


=  0. 


Turning  now  to  the  mi 

ddle  integral,  we  show  this 

sO 

2-1 

=  re^ 

, 

dz  =  rie''l-d<p. 

r  being  a  constant  on  C. 

The 

a 

V(l-.^)(1- 

-i?z^)=^z 

'V( 

z  +  r)(1-kV)  = 

Vs 

where 

\ffC^)\> 

some 

G 

,     for  all  z  on  0. 
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and  this  is  nmuerieally 

wbiuli  =  0  as  /■  =  0. 

aidwehaveflnrily  ^^iK.  Hence: 

If  we  start  with  the  value  m  =  0,/=  +  1(((s=0  and  let  z  descrih 
a  circuit  about  z=  1,  u  will  acquire  the  value  2  K  on  returning  ti 
z=0. 


2.  Let  us  set 

L-- 


-J^      +V(1-32)(1-*V) 


where  the  +  sign  indicates  that  on  starting  out  from  z  =  Q  the 
radical  has  the  value  +1.  Precisely  the  same  considerations 
show  that  if  we  start  out  from  3  =  0  with  the  value  m  =  0  and  make 

a  circuit  S  about  the  branch  point  z=  ■,  u  iicquires  tlie  value 
k 

■u^2L 
on  reaching  3  =  0  again. 

3,  We  now  suppose  that  s  starts  from  3=0  and  makes  a  cir- 
cuit S  which  includes  both  branch  points  1,  -.  We  start  with 
the  values  w  =  0,/= +  1  and  ask  what  value  u  has  acquired  on 
reaching  z  =  0  again.     If  we  denote  it  by  u,  we  liave 

S=  C-^^=  f-^..+  C-^-.  (7 

For  in  the  first  place  IS  may  be  replaced  by 
S'  ■  2  as  in  Fig,  2,  since  the  region  lying  be- 
tween these  two  curves  contains  no  singular 
point  of  /(a).  Secondly,  in  the  last  integral 
in  7)  we  have  the  —  sign  because  when  s 
reaches  3  =  0  after  the  circuit  ^  about  s  =  1,  ^'*^-  ^■ 

the  radical  has  the  value  —  1,  and  it  is  with  this  value,  therefore, 

that  we  start  out  to  make  the  circuit  S  about  z  =-■     Thus 

k 
u  =  2K-2L.  (8 
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Since  we  can  deform  any  path  of  integration 
without  changing  the  value  of  the  integral  u,. 
provided  that  in  so  doing  we  do  not  pass  a  sin- 
gular point  of  the  integrand/,  we  see  that  the 
circuit  $:  •  8  can  be  replaced  by  that  in  Fig.  3, 
which  we  will  call  m.    Thus 

J '-Si    J'^'>    J"-   +V      J<-\    Jb    -V 


Now  as  before 


f'"    dz  ro    dz 

.A    -V       A    -1-^ 


If  we  let  the  I'adius  r  of  the  two  circles  Cj,  C^  converge  to  0, 
the  last  integral  converges  to  a  value  denoted  by  Jacohi  by 


Ji  +V(1- 


V(l-2i)(l- 


(10 


These  results  put  in  9)  give 


=  2  iK'. 


(11 

To  explain  why  the  integral  10)  is  denoted  by  iK'  ii^stead  of  by 
K'  we  remark  that  in  practice  the  modulus  k  is  such  that  ^  is 
real  and  <  1.     Then  (1  —  ^)C1  —  A%^)  is  real  and  negative  in  the 

segment  [1,  -  j  and  thus  the  integral  10)  is  purely  imaginary.   The 

notation  iK'  in  10)  is  therefore  quite  appropriate. 
Equating  the  two  values  of  u  in  8),  11)  shows  thiit 


2K^ 


lL  =  -2  iK'. 


4.  Suppose  next  that  s  makes     ^:' 

a  circuit  S  as   in   Fig.  4,  which    (^j^lb 

includes   the   two   branch   points  ^°'  " 

z  =  ±^.    If  we  start  with  u  —  0,f=+1,  let  m  he  the  value  which 


a2 
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u  acquires  after  ©.     Then 


dz 

-V" 


J.   -^    ./«    +V" 
jver  sinct!/(-s)  =/(s). 


<?2 

+  7" 

Thus,  u^-i:K. 

5.  Let  us  now  aak  wliat  values 
u  can  acquire  when  beginning  with 
the  initial  values  3  =  0,  s  =  +  1, 
u=  0,  z  describes  any  path  $  not    ^—^ 
passing  through  a  branch   point,    v^J/ 
and  ending  at  some  point  z. 

Let  U  be  its  value  along  the  path 
Oz  aa  in  Fig.  5.  If  $  is  a  loop  g 
about  z=  1  followed  by  Oz,  we  have 


V" 


In  the  last  integral  the  radical  has  the  —  sign  as  indicated,  since 
on  returning  to  s  =  0  after  2,  /  has  acquired  the  value  —  1,  instead 
of+1.     Thus,  ^  =  <iK-U.  as 

If  ^  is  a  loop  8  about  + 1  and  - 1,  followed  by  the  path  Oz,  u 
has  the  value  -     ,  ^      , 
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For  on  returning  to  s  =  0  after  the  loop  S,  the  radical  has  changed 
its  sign  once  in  going  about  2  =  1  and  once  about  z  =  —  \.  It 
therefore  reaches  2  =s  0  at  the  end  of  S  with  the  value  +  1.     Tims 

u  =  4:K-l-U'- 

1  and  s~  -,  followed  by  Oz,  we  have 


If  ^h 


I  loop  8  about 

Js+V      Jo  +V 


=  2  iif'  +  U. 

If  ^  is  a  loop  8  about  2=1,  followed  by  a  loop  M  about  both 
=  1  and  a  =  —  1  and  finishing  with  Oz,  we  have 


=  2K- 

--•2K- 


\K-  U. 
U-ilC. 


We  see  this  differs  hy  —  i  K  from  the  value  of  u  in  13). 
choosing  various  paths  we  find  that  all  the  values  which  u 
acquire  at  a  point  s  are  given  by 


By 


and 


u^2K~  U+m4:K+ 
positive  or  negative  integer: 


K' 


where  m. 
state : 

Them 

hy  1)  is  an  infinite  many-valued 
function  of  z.  If  U  is  one  value 
which  u  has  at  a  point  z,  all  the 
other  values  which  u  has  at  this 
point  are  represented  hy  14). 

6.  We  have  seen  that  u  re- 
mains finite  for  finite  s.  Let  us 
see  what  value  u  has  as  s  ^  oo 
along  some  line  I  as  in  Fig.  6. 
The  calculation  is  easily  effected 


'UK',  (" 

r  0.     Thus  we  may 


y  Google 


408  FUNCTIONS  OF  A   COMPLEX  VARIABLE 

if  we  note   that  OzSs^O  is  a  circuit  ^  which  embraces  the  two 

branch  points  3  =  1,  -■    As  this  is  the  same  circuit  as  considered 

(16 
(16 


in  3  we 

have 

j:--- 

But 

.^r^M- 

The  seeond  integral        /i 
For  let  us  sot 

=  0     as     i(ioo. 

8  =  Be* 

so  that  ( 
Hence 

J®        Jiv 

"1-                      2£?.^ 

V(l-»^)(l-^%^) 

If  iiis 

tsiken  sufficiently  liiige, 

2                 1 

!v(i 

-2^)(1-Fz»)|   ■ 

for  all  i 

,  on®.     Thus 

Ifl 

lt'@l 


■  =  0     as     ^  = 


Now,  when  e  leaves  z  =  0,  the  integrand  /(«)  has  the  value  + 1. 
After  it  describes  the  circuit  Si  it  .returns  to  s  =  0  with  the  same 
value,  since  as  far  as  the  end  value  of/ is  concerned,  the  circuit 


each  of  these,/ olianges  its  sign.     Thus  it  changes  sign  twice  and 
so  returns  to  2  =  0  with  the  value  +  1.     Thus 


V(T 

-'')0- 

rW) 

the 

same 

value 

:  along 

03  as  along  Os 

ij.     Henee 

I> 

=X" 

\C- 

+  V(T- 

it 

ftf) 
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This  with  15),  10)  gives 

iff  =  f" '_%■-_■- .  (17 

Jn      +V(l-s'^)fl-yt^2''> 

Thus  the  different  values  which  u  has  for  a  =  no  are 

tK'  +  2mK+2m'iK'.  (18 

186.  lEversion.  1.    In  the  foregoing  section  we  have  considered 
the  function  m  of  z  defined  by 


V(l-z2}(l-yfc%2) 

Let  us  now  look  at  the  inverse  fnnction  3  o[  u.     This  we  said  is 

denoted  by  ,  ^  ,, 

^  z =  sn(u}.  (2 

Since  the  integrand  /(z)  is  a  one-valued  analytic  function  about 
s  =  0,  M  can  be  developed  in  a  power  series.  It  may  be  obtained 
thns:      Since  ,  , 

we  may  develop  each  factor 

(1-a^)"*     and     (1  - /t^s^)"* 

by  the  Binomial  Theorem  and  get  two  power  series  in  z.     These 
two  series  when  multiplied  together  give 

/=l+i(l  +  ft>^  +  i(3  +  2P  +  3iV+  - 
Integrating,  we  get 

w  =  3  +  Kl  +  ^')^'  +  A(3  +  2  /c3  +  ;j  Ai)z5  +  -  (3 

which  is  valid  for  \z\  <  either  1  or  j— . 

If  we  invert  this  series  by  125,  we  get 

2  =  „  _  1  (1  +  P)„3  +  J.  (t  +  14  /c2  _|.  ^-Jj^S  _  ...  (4 

which  is  valid  in  some  circle  c  whose  center  is  m  =  0. 
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By  analytic  continuation  we  may  extend  the  funetion  so  as 
to  define  it  for  values  of  m  outside  c.  It  can  be  shown  in  vari- 
ous ways  that  the  analytic  function  defined  hy  1)  is  an  elliptic 
function,  having  4  IC,  2  iK'  as  a  primitive  paii'  of  periods.  Its 
zeros  are  =  0  and  its  poles  are  =  iX'  mod  ^  K,  2iK',  each  of 
order  1. 

It  was  by  inverting  the  integral  1)  that  Legendre,  Abel,  and 
Jacobi  were  led  to  consider  the  elliptic  functions.  We  have  seen 
that  LeEfendre  set 

^  s  =  sin  0. 

From  this  point  of  view  it  was  at  once  evident  that  z  admits  the 
period  4  K.  But  Legendre,  using  for  the  most  part  real  variables, 
failed  to  notice  that  a  possesses  also  an  imaginary  period,  that  in 
fact  3  is  a  double  periodic  function. 

The  discovery  of  this  property  by  Abel  about  1825  enabled  him 
and  Jacobi  to  develop  the  theory  of  elliptic  functions  in  the  next 
few  years  far  more  than  their  predecessors  had  done  in  half  a  cen- 
tury. 

Because  of  the  fundamental  nature  of  the  double  periodicity  of 
the  elliptic  functions,  we  began  our  treatment  of  these  functions 
in  the  preceding  chapter  from  this  point  of  view.  At  the  same 
time  the  older  theory  is  so  interwoven  in  the  modern  that  we 
have  not  hesitated  in  treating  the  functions  of  Legendre  and 
Jacobi  to  start  from  the  elliptic  integrals  and  work  up  to  the  ellip- 
tic functions.  This  point  of  view  is  also  useful  in  those  applica- 
tions which  lead  at  once  to  an  an  elliptic  integral. 

2.  To  show  that  the  inverse  function  z  =  sn  u  is  in  fact  an 
elliptic  function,  let  us  actually  write  down  such  a  function  which 
satisfies  the  differential  equation 

^  =  Vrr-^g^Tn"-:  ^^,  (.5 

du 

the  radical  having  tlie  plus  sign  for  z  =  0.  The  constant  of  inte- 
gration we  will  determine  by  taking  3  =*  0  for  m  =  0.  There  can- 
not be  two  such  analytic  functions.  For  both  having  the  same 
derivative  5)  about  «  =  0,  they  can  differ  only  by  an  additive  con- 
stant and  as  3  =  0  for  u=  0,  this  constant  must  be  0, 
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3,   To  this  end  we  consider  the  function  q  of  17(!.     We  saw  that 
5  is  an  elliptic  function  which  satisfies  the  differential  equation 

Let  lis  choose  ^p  e^,  e^  so  that 
Then  z  satisfies  the  equation 


lLi  =  Ve,  -  e,,-J(Y-  s2)(l  -  Ps2-j_ 
aw 


To  remove  the  factor  on  the  right  we  set 


which  gives  ,  _ 

—  =  V(1-22)(1  _p^2). 

dv 
Thus  -       „  , 


'vvr- 


(9 


is  a  solution  of  5).     As  s  =  0  for  r  =  0,  the  function  9)  must  be 
4),  replacing  u  by  v,  or  snv. 

We  saw  in  176  that  ""(^(w)  is  a  homogeneous  function  of  z,  w^, 
Wj  of  degree  1.     We  can  thus  write  9) 

z  =  <7^(y     ,     «,V^7^     ,     to^V^-;,),  (10 

whoso  periods  are 

4ir=4ft.jV^7^     ,      2  ^ilr' =  2  co^V^T^,  01 

wliose  zeros  are  =  0,  and  whose  poles  are  s  iK\  mod  2^2  iK'- 

4.  Having  assured  ourselves  that  the  inverse  function  z  —  snu 
is  a  one-valued  function  throughout  the  whole  plane,  z=!Xj  in- 
cluded, let  us  see  how  the  study  of  the  integral 


'«    Vil-z'Xl-l"") 


(12 
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shows  us  r 

1°  3  is  a  double  periodic  function  witii  tlie  periods 


lK=ii" 

•A  V(i- 

J,    V(l- 


V(l -»=)(! -iV) ' 


z^)(l-k^^) 


(13 


2"  z  has  as  simple  zeros  the  points  s  0, 

3°  and  as  simple  poles  the  points  s  iK'  botli  mod  2  J^  2  iK' . 

This  will  be  an  apostxriori  verification,  but  it  is  very  instructive. 
Precisely  this  path  was  followed  by  Cauchy  and  his  successors. 

5.  To  begin,  the  relations  185,  14)  show  that  mu  admits  4  K 
and  2  iK'  as  periods,  while  the  reasoning  of  185,  e  shows  that  sn  u 
remains  finite  except  in  the  vicinity  of  the  points 

c^iK'  +  2  mK+  2  m'iK'.  (14 

Let  us  show  that  these  are  poles  of  the  first  order  for  sn  u.  We 
write  12) 

u=p+  j"  =  c  +  w.  (15 

where  e  has  the  value  given  in  14).     We  wish  to  sec  how  w  be- 
haves about  3  =  Qo. 

If  we  set  3  =  -,  it  becomes 
( 

Jn     V(fc2-(2^(1_(^)       Jo     /' 

This  shows,  using  125,  that  (  considered  as  a  function  of  ot  is  a 

one -valued  analytic  function, 

t'=tv(~k-i-bj^iv+h^w^+  .-■).  (16 

Hence  1  1       f      1  1 

^  =  -^^^^[-l  +  d,C^-o)  +  d,(,u^e-)^+...j,        (17 

and  M  =  c  is  a  pole  of  the  first  order. 
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6.  Let  lis  show  that  the  points  m  =  0  mod  2IC,  '2  iK'  at  which 
n  1*  =  0  are  simple  zeros.     In  the  vicinity  of  3  =  0  we  have 


V(l-3"0(l-/c%^) 


.!  +  «,.  +  «,. 


.      /-i^....,.,. 


=  1, 


(18 


where  c  is  given  in  14).     The  relation  18)  shows  thiit 

s  =  (»-<:)|..+  «,(»-<')  +  «,(»~<')'+-i  (19 

and  thus  m  —  t'  is  a  simple  zero. 

7.  Let  us  show  that  a  is  a  one-valued  analytic  function  about 


the  point  m  for  which  3  =  ±  1,  ±  - 


3  latter  points  are  points 


in  whose  vicinity  the  integrand  of  12)  becomes  infinite. 

Let  US  set  ..       „  ,        -,        ^    , 

s-l  =  fi     ;     then  dz  ^  2  tdt. 


V(l"-3^)(r~F^'i)-V2-l  V(2+  V) (¥»'''- \')  =  t\a^  +  a^t+  ■■■{. 
Thus 

u^c^^e^t!'+c^t^+  ...     ,     c^i^O,  (20 

where  c^  is  one  of  the  values  whieli  u  has  for  i  =  0,  that  is,  for  z  —  1, 
These  values  are  all  ^±  K. 

The  relation  20)  defines  i  as  a  one-valued  function  of  u  in  the 
vicinity  of  m  =  c^.     As  s  =  1  -1- 1^  this  gives 

z-l=d^(u~c^^^-d^(u-c;f+  ...  (21 

Tims  z  is  a  one-valued  function  of  u  about  u  =  c^. 

187.  The  sn,  en  and  dn  Functions.   1.  We  have  now  two  defini- 
tions of  s  =  ff?i  M  ;  one  as  the  inverse  of 


J„   V(T 


_J3 

VO  -"z')(l  -  k 
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the  other  as 

^  =  mu==^/eJ^-e^.a■^(^',  fo^^a^)     ,     v  = —^ (2 

Vej  —  c^ 

where                                       ^2^£azifs.  (4 

The  radicals  ,- 5  ,- ^^-5 

although  two-yalued  fuuetions  of  »,  are  one-valued  functions  of  u. 
For  fj'om  3)  we  have 

1  _  ?2  _  P~  '^1  _  ?j(^)  _  „.2  (,,'\ 

'^'"""'^  A.»  =  VT^*i?='.«     ,     i»(0)=l.  (6 

If  we  set  ,.      , 


the  integral  t)  liecomes 

.'0    VI-Pkui^A     Jo 


Then 


dnu 


become  in  Legendre's  notation 

Hin<^     ,     <;os<^     ,     A(^,  (9 

as  already  remarked. 

2,  We  wish  now  to  deduce  a  number  of  properties  o£  the  func- 
tions 8)  from  the  definition  of  snu  as  the  inverse  of  the  integral 
1),  and  from  the  definition  of  cnu,  dnu  by  the  relations 


cnu  =  ^l  —  m'^u     ,     dnu  =  ^l  —  Ic^m^u.  (10 

This  is  the  older  point  of  view  and  will  accustom  the  reader 
to  the  use  of  integrals  as  an  instrument  of  research.  Later 
we  propose  to  study  these  functions  from  the  standpoint  of  the 
#  functions. 
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Let  us  first  find  the  periods  of  enu.  We  take  up  the  considera- 
tions of  185.  Allowing  z  to  describe  a  circuit  about  z  =  l,  u  goes 
over  into  u  +  2K,  while  Vl  —  z^  changes  its  sign.     Thus 

Hence  onu  has  4  ^as  a  period. 

If  we  let  2  describe  a  circuit  which  contains  botl^  3  =  1  and  --,  u 

k 
goes  over  into  u  +  2  iK',  while  Vl  —  3^  changes  sign.     Hence 

Thus  cnu  has  the  period  2K+  2iK'.     In  a  similar  manner  we 
may  reason  on  dn  u.     Thus  we  can  draw  up  the  table  : 


p™».. 

J«« 

4:  K,  2  iK' 

4  K,  2  i:  +  2  iK' 

2  K,  4  ;/■:' 

The  poles  of  en  u,  dn  u  are  obviously  the  same  as  those  of  sn  u, 
as  seen  from  10),  and  they  are  of  order  1. 

From  10)  we  see  that  cnu=0  when  3n^u  =  1.  But  snK=l. 
Hence  by  185,  10)  all  the  points  u  at  which  snu  =  l  are  given 
by  K+  imK+2m'iK'.  As  sn^u  is  even,  the  points  at  which 
sn^u  =  l  are  K+  2  mK+  2m'iK'.  In  a  similar  manner  we  may 
reason  on  dn  u. 

We  may  thus  draw  up  the  table  : 


z... 

Po.., 

dnu 

2mK  +  2m'iK' 
C2m+l)K+{'im'+l)iK- 

2mK+(2m'  -vlW 
2  mff  +  (2  m'  +  lyiK' 
'2mK+(2m'+l)iK' 

Since  snu,  onu,  dnu  have  each  two  poles  only  in  a  parallelogram 
formed  of  the  periods  given  in  the  first  table,  these  periods  are 
primitive  pairs  of  periods. 
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3.  Let  z  move  from  0  to  t,  at  wliicli  point  m  =  K.     Hence 

mK^\     ,     6nK=i)     ,     dn  K  ^ -^l^H?  =  h',  (11 

if  with  Legeudre  we  set    ■ ;  _    /-.  _  i^  /"i 2 

taking  the  positive  deterniinjition  of  the  radical  for  t  =  0.  This 
la  called  the  complementary  modulus.  The  introduction  of  A*  is 
quite  natural  from  Legendre's  point  of  view.  For  as  we  have 
seen,  he  sot  k  =  sin  6 ;  hence  cos  6  would  be  h' . 

Next  let  s  move  from   0   to   -,  at  which  point  u=^K+iK'. 
Then  '^ 


(13 


To  determine  the  sign  in  the  second  equation  let  us  take  k  real 
positive  and   <  1.     We  let  z  move  over  the  pathO«zc-  in  the 

figure.     When  3  =  0,  Vl  —  z^  has  the  s-— , 

value    +1.      Thus  at  z  =  a.   VH^^     a/\?Ae 

is  real  and  positive.     We  set  "E 

■^'"'°  vr::7=AJ"-, 

and  take  Vl  +  s  with  positive  sign.     Then  Vl  —  ^  is  real  and 
positive  at  «,  as  it  must  be ;  but  at  c,  Vl  —  z  becomes 


which  is  negative  imaginary.     Thus  at  z  =  -,  the  radical  is  nega- 
tive imaginary.     Hence  we  must  take  the  —  sign  in  13). 

Thus  from  the  foregoing  we  may  write  down  the  following 
table : 
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0 

K 

IK 

■6K 

0 

0 

) 
1 

1 
0 
k< 

0 

-1 
1 

-1 

0 
Jc' 

x. 

« 

-  i/c'/k 

0 

„ 

ik'/k 
0 

2  iW 

1) 

I 
0 

-h' 

0 

1 
-1 

-1 

0 
-  h' 

a  iK< 

„ 

1/k 

U-'/k 
0 

cc 

-1/k 

-  ik'/k 
0 

In  each  squiire  the  values  of  snu,  cnu,  dnu  are  given  in  order 
^L  =  7iiK-\-m'iK'     ,     m,  m' =  0,  1,  2,  3. 


In  the  table  m  refers  to  the  cohrmns  and  m'  to  the  rows.     Thus 
for  «  =  3  K+  iK'  , 


188.  The  Addition  Formula.    1.    If  we  set 

A    a:  ,/)      'J  Ji       z 


the  addition  theorem 

log  2:»/  =  log  a;  +  log  y 

states  that 

W  =  M  +  t^. 

or  that 

r^r=.r 

2.   Ivet  us  set 

A    Vi-a," 

(1 

(2 
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The  inverse  function  defined  by  this  relation  is  a:  =  sin  u.     The 
addition  theocem  for  the  sine  function  is 

sin  w  =  sin  (m  +  »)  =  sin  u  cos  v  +  cos  u  sin  v.  (3 

Let  us  therefore  set 

„_/•'     iy  -,^,  (••     d'     . 

J,   Vl-y'     '  X   VI -2" 

The  relation  3)  states  tliat 

■/.  =  a;Vl  —  i/'^  +  )/ Vi  —  x^  (4 

3.    Lot  us  set 

For  Jt=  0  this  integral  reduces  to  2).  It  occurred  to  Euler  that 
the  integrals  6)  might  have  an  addition  theorem,  that  is,  the  sum 
of  two  integrals 

might  be  expressed  as  a  single  integral 

£ 

in  wliieli  z  is  some  algebraic  function  of  a;,  y  as  in  4).  This  rela- 
tion he  found  to  exist ;  it  is  in  fact 


a!V(l  -  y')(l  -  f.y')+yV(l— JXl  -  gj')  .  fj 

1  -  k'x'f 

Thus  if  we  set,  similar  to  -2 


■A    VfT 


/"■_         ^z 

'Jo     V(l"^»2-)(l_p32y 
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we  may  wi'ite  7) 

,  ,  _  sn  u  env  dnv  +  snv  onu  dnu 

1  —  ^sw^  u  sn^  V 


To  obtain  the  relation  7)  wc  notice  that  the  differential  ecLua- 
tion  ,         , 

^H-i2=0  (9 

Ax      Ay  ^ 

admits  as  integral  „     ,  ..    , 

f'i^^+C^^^a  (10 

Jo    Ax     Jo   At/ 

If  this  integral  is  determined  by  the  condition  that  when  x=0,  y 
shall  have  the  value  s,  the  relation  10)  shows  that  the  constant  0 
of  integration  must  have  the  value 


"'i't  (" 


The  value  of  0  may  also  be  obtained,  as  Daiboux  has  shown,  as 
follows : 

Let  us  introduce  a  new  variable  defined  by 

i».^.  (12 

Then  9)  becomes  , 

ds-i — ^  =  0, 

f  _A^    ,      f  =  -Ag.  (13 


^|=2*W-(1  +  P)», 


5  =  2ty-(l  +  *^)y, 


''(ST  "  "^(&T  =  -  (^ -  i%y)(a?  -  s'). 
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Thus  J,  ,., 


If  we  multiply  this  by  d^_^^dg 

ds        ds' 

we  get  ^^ 


^d?     "d,' 


"S4:+^l) 


dx_^dg  l-iV^2 

ds        da 

d  logf.^^  -  x*^  =  d  log(l  -  kV7/), 
\    as         dsj 

Integrating,  we  get 

or  using  13),  we  Jiiive 

■>/Ax  +  xb,y  =  <1  -  /t^.«y).  (14 

This  is  an  integral  ol;  9).     To  determine  c  wo  must  have  y  =  z 
for  a;  =  0.     This  in  14)  gives  c  =  z.     Hence  by  14) 

_  ytix  4-  a^A^ 
^~  l-"F^y2' 
which  is  7). 

4,   By  means  of  simple  but  i-alher  lengthy  reductions  we  get 


(16 
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From  8j,  15),  16)  we  msiy  also  derive  : 

»(.  +  „)»(»-„)= -?5i-»^^,  (17 

.M.+ „yn(u  -„)= f ^  a';':,!:'^  ■       (18 

rf»(. + v),i,,(u  - .) .  jg-'^-*'"';;^'".       (19 

189.  Differential  Equation  for  ff  and  X".    1.   We  saw  that 

jr=  r^^  _J^^_    ■  (1 

Jo    Vl-R-tinV 
"When  I  F  I  <  1  we  can  develop  the  integrand,  getting 

(1  —  Psm^ip)  !  =  1  +  > i i*-"  Rui'*'  iJ 


1  .3.fl.-.(2?t-1) 
2-4-6..-2W 


But  from  tlie  CiilculoB  we  know  that 

I  Sain""  <})d<}i  - 
Thus  Integra  tins'  2)  termwise  gives 

valid  for  \k^\<l. 

Compai'ing  tliia  with  103,  5)  we  see  that 

2     \2    2  J  ^ 

This   relation,  holding  lor    \k'^\  <  1,    must  hokl   throughout   its 
analytic  continuation. 

2.  The  other  period  2iK'  we  saw  in  18(5,  13)  is  defined  by 


2iK'^ 


dx 


-  kV)        Ji 


V(l-a")(l-4W)  Ji    V(a?'-l)(i-P2?) 
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Let  us  set  ,^  1  ,     k'^  =  l^kK 

Vl  -  k'h>? 

Then  to  a:  =  1,  a:  =  -  corresponil  m  =  0  and  m  =  1.     We  thus  get 


^'^r- 


Comparing  with  4)  we  seo  that 


3.  We  saw  hi   lOH,  4  that  F(ci$yz')   satisfies  the   differential 
^'i"'''^^'^"   ,(,^l)F"  +  K.  +  /3  +  l).-ylF'  +  a0F^O.  (7 

«=;3=^-     ,     7  =  1     ,     2  =  P, 
tlie  relation  4)  shows  that  j^ satisfies  the  equation. 

z(^-l)'^+(2  2-l-)^  +  \y  =  0     ,     z=k\  (8 

dz^  dz      4 

Tf  we  replace  z  hy  1  —  s  =  it'^  this  equation  is  not  changed. 
This  shows  that  not  only  ^but  K'  as  given  in  6)  is  a  solution  of 
8).  Thus  both  K  and  K'  are  integrals  of  8).  We  shall  return 
to  this  subject  later. 
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CHAl'TEU    XII 

TEE  THETA  FUNCTIONS 

190.    Historical.       These    functions  were    iirst    considered   by 
Abel.     We  have  seen,  186,  4),  that  the  inversion  of 

J)    V(l  -  z^)(l  -  ^"3) 
leads  to  ;in  infinite  series 

e_»-l.(l+i>B+^..  (1 

which  gives  the  value  of  snu  within  a,  circle  passing  through  iK\ 
which  is  the  nearest  pole  of  z. 

In  a  similar  manner  the  inversion  of 


'1    1  + 


leads  to  a  series 

2  =  tanM  =  M  +  ^-w3  +  ^2_,(&+  ... 

which  gives  the  value  of  tan  u  within  a  circle  pussing  thr 
its  nearest  pole. 

But  we  know  that  there  exists  an  analytic  expression 


"l-(^;^)^ 


which  is  valid  for  the  entire  domain  of  definition  of  the  tangent 
function.  It  occurred  to  Abel  that  a  similar  expression  might  be 
obtained  for  the  sn  function.     This  is  the  way  he  found  it. 

From  the  addition  theorem  we  may  express  snnu  in  terms  of 
snu,  enu,  dnu  just  as  in  trigonometry  the  addition  theorem  of 
the  sine  function  enables  us  to  express  sin  nu  in  terms  of  sin  «, 
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cos  u.     If  in  the  expression  for  sji  km,  n  being  an  otid  integer,  we 

replace  m  by  ~  we  get 


n 


1-- 


mK^'i 


'iK'-^ 


(2mK-{-Q2.m'  +  r)iK''^ 


This  expression  is  entirely  analogous  to  that  obtained  for  the 
line  function  in  136,  6). 
From  1)  we  have 


/2mK+2m'iK'\ 


imK+^m'tlP 


etc.     Abel  therefore  concluded  that 

ufi- 


'ZmK+2m'iK'J 


2mK+(:'2m'+l)iK'J 


This  passage  to  the  limit  is  not  rigorous  and  the  infinite  products 
which  enter  4)  are  not  even  convergent  in  the  sense  tiiat  we  have 
given  this  term  in  128,  2.  Let  us  therefore  regard  the  relation 
4)  merely  as  a  stepping  stone  to  get  infinite  products  which  do 
converge ;  these  will  be  the  &'s. 

To  this  end  we  write  the  products  which  figure 
iterated  products,  and  for  brevity  we  will  set 


Then 
where 


K 


\  4)  as  double 
(6 


T,  =  2KvJ\l\ --\ia(l V        (7 
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and  a  similar  expression  for  T^.     Here 
»  =  ±1,  ±2,... 
m  =  0,  ±1,  ±2...     ;     »i'  =  ±l,  ±2,. 
Now  jj(l-S)=l";-=., 

n(l «       \An-,(,.-r-,)^ 

m\       m  +  mTj  siiimiTT 

Hence 


T^iv)  ^2  Kv-   —n 


£11  TTV  y,  shiir(m'T-v') 


v)      sin  ■?r(MT  +  ti) 


TT     „=,!       Sill  mrr  sm  wttt 


= sin  TTvXl i ~r^ — ~-^ 

(1 -«'•—)" 
Thus  finally 

r,(»)--^sin^»g<J^---'e'""-^"  +  ?"),  „=1,  2...       (8 
ir  11(1 -}'•)' 

wiiere  _^k^ 

Here  the  infinite  products  in  the  nnmerator  and  denominator 
of  8)  are  absolutely  convergent  when  |  5  |  <  1.  This  last  is  no 
essential  restriction  because  we  would  merely  need  to  interchange 
K,  K'  in  9)  to  get  a  q  which  is  numerically  <  1. 

A  similar  reduction  of  7'o(ii)  leads  to 

K(,)  =  °X'  ~  irfJl"mt  2  ,r»  +  /"')  „„i,  2...  (10 

Similarly,  we  can  express  cn^Kv,  dn2Kv  as  the  quotient 
products  whose  numerators  T^,  T^  are  slightly  different  from  Tj, 
and  whose  denominators  are  Iq  as  before. 

Thus  the  development  of  sn,  en,  dn.  into  infinite  products  leads  lis 
to  four  integral  transcendental  functions  T^.  2\,  T^,  Tg,  which  play 
the  same  role  in  the  theory  of  Jacobi  that  the  four  functions 
IT,  (7j,  o-j,  0-3  play  in  the  theory  of  Weierstrass.     It  is  one  of  the 
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immortal  achievements  of  Abel  to  have  iiitroducecl  these  func- 
tions into  analysis.  Although  his  method  of  deduction  is  not 
rigorous,  we  can  and  will  in  fact  show  that  when  ?\,  T^  as  given 
in  8),  10)  are  put  in  6),  the  resulting  function  satisfies  the  differ- 
ential equation  j,  ^ 

|?  =  V(l~22)(l_^2),  (11 

which  defines  the  sn,  function. 

Here,  as  often  happens,  a  method  which  is  not  rigorous,  and 
cannot  perliaps  be  made  rigorous,  leads  to  results  whose  correct- 
ness can  be  established  a  posteriori  very  simply.  Such  methods 
have  a  great  heuristic  value  and  are  not  to  be  despised  by  the  pioneer. 

191.  The  ??'s  as  Infinite  Products.  1.  It  is  convenient  to  replace 
the  ?"s  introduced  in  the  last  article  by  four  new  functions  which 
differ  from  them  by  constant  factors.     With  Jacobi  we  set 


'hi:")  =  2  ?^  sin  irv  11(1  -  5=")(1  ^  2  q^-  cos  2  Trt.  +  5'"). 

'?aW=  2?^C03  7r«n(l  -  5^")(1  +  2  5^"eos27r^  -I-  ^"), 

^^(v~)=  n(l  -  y^OCl  +  2?'"-'  cosSttj.  +  j^"-^), 

&^(y')^  n(l  -  5^")(1  -  25^"-'  cos  2^v  +  q"^-'). 

We  do  not  need  to  regard  them  in  any  way  related  to  the  elliptic 
functions,  but  simply  as  integral  transcendental  functions  whose 
properties  are  to  be  investigated.  The  only  restriction  we  make 
is  that  I  ?  I  <  1  (3 

in  order  that  the  products  2)  converge  absolutely. 

We  first  show  that  these  four  functions  are  very  closely  related 
to  each  other  by  the  forraulis : 

■»,(»  +  »=».("). 

4"  +  iV  e-<;-iu.v),  (■! 


1+. 


f*«,(»). 
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To  prove  th(3  first  relation  we  have,  settiiiff 

"'aC"  +  J)  =  «n<l  +  2  ?=■-'  oos  2  ,r(y  +  -})  +  g"-'-) 

=  *.(")• 
To  prove  the  second  relation  in  4)  we  have 

»,(!.)  =  en(i  +  ,--'«-")(i  +  ,■•-■«-"■)■ 

Hence 

-  9(1  +  r»")n(i  +  j-v'oci  +  }>■<!-"■) 

=  Qe-''^q~^q^  •  2  COS  7run(l  +  2  5^  cos  2  tti;  +  5*") 
2,  la  a  similar  manner  we  may  prove  the  following  relations : 

''o(»+i)  =*.("). 


=5-.,— i(,(,). 


y  Google 


428  FUivCTIONS   OF  A   COMPLEX  VARIABLE 

3.   By  repealed   application  of   Uie   foregoing   or   directly  we 
find: 

a,(. +  !)=-<>,(«), 
*,(.  +  !) *,W, 

a,(.  +  i)  =  »,«,  (8 

(>,(„ +  1)., ?,(»)■ 

*,(.+, )=,-''-"■*,(.), 

*„(.  +  «.)=-«-'«-""■<'.«• 

192.   Tlie  (5's  as  Infinite  Series-     Tlie  relation  191,  8) 

»3(,+  l)  =  «,(.) 

shows  that  &s(_v')  admits  the  period  1,  and  can  therefore  be  de- 
veloped in  Fourier's  Series  by  126.     Thus 

^.(v-)  =  la„e''-«''.  (1 

To  determine  the  coefficients  a„  we  use  19t,  9) 

»,(.  +  „)  =  }-■,-«■«,(,).  (2 

For  putting  1)  in  2)  gives 

Comparing  the  coefficients  of  e^™"  gives 


Thus 


=  <i,il  +  S9""(<i'""+<'""")l 
=  ^(,(1  +  25)5"'  oos  2  Trnv). 
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To  determine  a^  set  5  =  0.  Then  d^.^iy')  =  1.  Hence  ai,,  =  1.  Iji 
this  way  we  get 

i?g(v)  =  1  +  2  ii  y'  cos  2  TTWw, 
i\(f)  =  22  q^"-^i'^  cos  (2  n  +  l)jrr, 

^i(i.)=  2f  (-  1)V"''''" sin  (2 /I  +  1)tw,  "^^ 

0 

(So(v)=  1  +  2i(-  1)V  008  27™!-. 

The  representation  of  the  d-'s  as  infinite  series  is  due  to  Jacobi 
(1825).  As  they  converge  with  extreme  rapidity  for  the  values 
of  q  ordinarily  employed,  they  are  of  immense  value  in  all  ques- 
tions of  numerical  calculations  of  the  elliptic  functions,  as  we  shall 
see. 

193.  The  Zeros  of  the  (?'s.  1.  The  infinite  products  191,  2),  be- 
ing convergent,  cannot  vanish  unless  one  of  their  factors  vanish. 
From  this  we  have  at  once  that  the  zeros  of  the  (S's  are  as  fol- 
lo*^=  ^j(^);  v=m  +  n.». 

'   d,(y);         *=m +  («  +  !>. 
where  jw,  n=  0,  ±1,  ±2,  ■■-. 

To  illustrate  the  proof,  let  us  find  the  zeros  of  ^^(v').  We 
have 

1  +2  /"-I  cos  2  TTv  +  (/-^  =  (1  +  5^"-V"'°)(l  +  q'"-^&-'"'"\ 
Let  us  find  the  values  of  v  for  which 

This  gives,  since  9  =  e"'™, 

a„,„  _  _  _J_  ^  _        1 

Hence  3  ^-^  =  log  (_  i) _  ^j(2  n  -  l)o.. 

As  ]og(-l)=7ri"+2s7ri', 

w  =  (m  +  ^)  +  (n  +  |)m         ra,  n  any  integers  , 
as  required  by  1). 
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2.  Another  metliod  of  gettjng  the  zeros  of  the  d-'s  is  the  fol- 
lowmg,  it  uses  the  infinite  series  192,  3).  From  the  series  for 
^i(")  ™^  ^^^  ''^^^  ^^  vanishes  at  the  points  m  +  mco,  since  each 
teiin  of  the  series  vanishes. 

To  show  that  the  ^'s  vanish  at  no  "i^ ^ 

other  points  let  us  consider  t?j(v)  for  /  / 

example.     We  take  a  parallelogram  P         /  P  / 

as  in  the  figure  not  passing  through       /  / 

one  of  the  points  m  +  nw.     Then  hy    ^ ^ 

124,  8), 

J-.  r<ilog^j(.)  =  lf-iV.  (2 

L  TTlJp 

As  di(v')  is  nowhere   infinite   in   the   finite   part   of   the    plane, 
iV"=0.      Now  /*,•/-/•/' 

From  191,  8)      <i  log  ,),(»  + 1)  ^  d  log  >>,(») 


while  from  191,  9) 

<i  log  ,>,(.  +  .,)  _  _  2  ,ri  +  ^2gAW . 
dv  dv 

r=-2-7ri  r"dv  +  r^'d  bg  >^j(v-) 


These  in  3)  give  ,• 


Putting  this  in  2)  gives  M=  1.  Thus  d^yiy)  has  just  one  zero 
and  this  of  order  1  in  the  parallelogram  P.  The  first  equations 
of  191,  8),  9)  show  that  f^iCw)  has  a  zero  of  order  1  in  each  of  the 
congruent  parallelograms,  mod  1,  o>.  From  191,  5)  we  may  now 
find  tlie  zeros  of  the  otlier  thetas. 
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194-  The  'Ts  with  Zero  Argumeat.  1.  If  in  the  infiiiite  series 
and  products  of  the  d'a  given  in  191.  2)  and  192,  3)  we  set  v  =  0, 
we  get 

(?„  -  1  +  2 1(-  1)"^"'  =  n(l  -  9^")n(l  -  5-""')^-  (1 

■(?3  =  2f5(«+S''  =  2^nCl-5^'')n(l  +  2''')3.  (2 

*3  =  1  +  2  J^"'  =  n(i  -  ?^")n(i  +  q'-'y.  (3 

Here,  as  is  customary,  we  set  d-^  instead  of  *?(,  (0),  etc.  As 
^i  =  0,  let  us  take  the  derivative  of 


9,(ii)  =  2  ?}  sin  ^n(l  -  2'")n(l  -  2  q'-  COS  2  tti)  +  g*") 

=  sinTTf  ■  0(v). 

Then 

;?J(^)  =  TT  cos  ^^  ■  0  (1-)  +  sill  ^J^  ■  <p'(,v). 

Hence 

^i(O)  =  7r<^(0), 

since 


Thus 


-0     for 


t^;  =  27rS(-  1)"(2  n  +  l}q(-+h)'  =  2^2^(1  -  q^^f.  (4 

These  four  functions  ?^,  '?„,  d-^,  -d-^  considered  as  functions  of 
the  complex  variable  q  are  of  extraordinary  interest  from  the 
standpoint  of  the  theory  of  functions.  As  we  have  already  seen, 
for  these  series  or  products  to  converge  absolutely  it  is  necessary 
that  I  g  [  <  1.  There  is  nothing  remarkable  about  this.  The 
series  ^       g 

does  not  converge  absolutely  unless  j  z  |  <  1;  but  by  analytic  con- 
tinuation it  is  possible  to  extend  the  function  represented  by 
this  series  beyond  the  unit  circle.  The  thing  which  is  so  re- 
markable about  the  series  1),  2),  3),  4)  is  tliat  it  is  quite  impos- 
sible to  extend  them  by  analytic  continuation  beyond  the  unit 
circle  in  the  j-plane  for  the  reason  that  the  functions  deiined  by 
them  become  infinite  in  the  vicinity  of  every  point  on  this  circle. 
Here,  then,  is  a  class  of  functions  utterly  different  from  all  the 
functions  of  elementary  analysis.  These  latter  are  defined  for 
the  whole   plane,  isolated  points  excepted.     The  four  functions 
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(?{i,  (?i,  ^2'  '^i  *'^6'  '^'^  ^^^  other  hand,  defined  only  for  points  which 
lie  within  the  unit  circle. 

If  we  replace  q  by  its  value  q=e'*"  and  consider  these  func- 
tions as  functions  of  m,  we  find  that  tliey  behave  in  a  moat  remark- 
able manner  when  tu  is  replaced  by 

,  _  aa_+_b  ,r 

0(1)+  d 
a,  h,  e,  d  being  integers  such  that  ad  —  bc  =  1. 

The  oo^  transformations  5)  form  a  group  (?,  and  by  the  aid  of 
the  functions  f?^,  (S^,  i\,  d-'^  we  can  construct  functions  which 
I'emain  unaltered  for  (?  or  for  some  subgroup  of  (?, 

One  of  the  simplest  of  these  functions  is  the  modulus  ^  of  the 
sn  function.     We  shall  show  directly  that 

"a 
This  function  remains  unaltered  by  the  subgroup  of   (?  charac- 
ter! zed  by 

a~l,     S  =  0,     c  =  0,     (^=1,  mod2.  (6 

For  this  reason  all  functions  of  this  class,  that  is,  one-valued  ana- 
lytic functions  which  remain  unaltered  for  the  substitutions  of 
Q  or  for  one  of  its  subgroups,  have  received  the  name  of  elliptic 
modular  functions.  Their  theory  has  already  reached  imposing 
proportions,  yet  the  modular  functions  form  only  a  small  part  of 
a  still  vaster  class  of  functions  called  the  automorphic  functions. 
For  these  functions  the  coefficients  in  5)   are  not  restricted  to 


2.  Returning  now  to  onr  d-'s  with  zero  arguments,  let  us  prove 
a  relation  of  great  importance : 

»;  =  ttVA-  a 

From  1),  2),  3),  we  have 

t>/,i»,  =  2  5*n  (1  -  f  •')'(}  +  f  •')'(!  +  <f—')\l  -  f-^)\ 
Now  from  136,  1), 

n(i  +  5'-)(i  +  s--')(i-s--')=i- 
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'^^"^^  'h'h^i  =  2  jin  (1  -  (fy. 

Comparing  this  with  4)  gives  7), 

195.   Definition  of  sn,  en,  dn  as  (?  Quotients.     1.  With  the  fcmr  & 
functions  we  can  form  12  quotients 

^'^         r,  8=0,  1,  2,3, 

six  of  which  are  reciprocals  of  the  other  six.  Of  the  remaining; 
six,  three  are  quotients  of  the  other  three.  Let  ua  therefore 
consider  ,^^  ^^  ^^^ 

These  Jidmit  as  periods,  respectively, 

■    2,  <„      ;  2,  l  +  (u     ;  1,2  a..  (2 

The  poles  of  these  functions  are  the  zeros  of  the  denominators. 
In  a  parallelogram  constructed  on  the  above  periods,  each  of  the 
above  quotients  has  two  simple  poles  respectively.  They  are 
thus  elliptic  functions  of  order  2,  and  the  above  parallelograms 
are  primitive. 

Without  assuming  any  knowledge  whatever  of   the  functions 
tn,  en,  dn,  let  us  study  the  three  elUptic  functions  1). 


We  will  begin  with 


q(v-)- 


.»,(.'■> 


and  find  the  differential  tiquiition  which  this  satisfies.     To  this 
end  we  use  165,  14.     Here  tlie  poles  are 

Hence  the  zeros  of  -^  are 
dv 

=  -J--     ,     ■^  +  "4^     '     -1+'"     '     l  +  c^+l-        mod   2,w. 

To  find  the  values  of  5(11)  at  these  points  let  us  set 
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and  use  the  relations  in  191.     Then 


^(m^ti,- 

<i.i±-)=-,m=-i. 

,(i.„).,(,).|.w. 

Thus 

5(1 +  w  +  i)=- 1^(1)  =-V^- 

Let  us  set 

1            1   j'i(j') 

We  get 

J-           .-- ^ 

To  determine  c  we  liave  from  4) 


For  w  =  0,  this  gives 

Wk^-o      Vti'o' 
The  right  side  ol;  5)  reduces  to  e  for  v  = 

=  JL  ''l 
or  using  3)  and  194,  7),  we  get 

"      *.■       *. 
Putting  this  value  of  c  in  5)  and  getting 

u  =  7rv»i 
we  get 


V(l-«2)(i-F<'). 


(4 
(6 
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Let  us  therefore  define  three  funetions  of  u  by  the  relatio 

.,■,-■>.  ■>,(') 


(10 


where  v  is  related  to  u  by  6).  Then  if, A  is  defined  by  3),  we  have 
shown  that  z  =  snu  satisfies  the  differential  equation  7).  As 
z  =  0  for  it  =  0  W13  see  that  u  considered  as  a  function  of  z 
the  relation 


=r; 


dz 


The  function  8)  is  therefore  indeed  the  old  sn  function  studied  in 
Chapter  XI. 

2.  Before  showing  that  9),  10)  arc  our  old  on,  dn  studied  in 
Chapter  XI  let  us  note  the  periods,  zeros,  und  poles  of  tho  functions 
8),  9),  10). 

The  periods  may  be  read  off  from  2).     If  we  set 


2  K=  ir^l     ,     2  iK'  =  71 
i  have  as  piimitive  pairs  of  periods  : 


^m, 


(11 


P.B,0., 

mu 

4  A',  2  ;  K' 
4  K.  2  A'  + 
2  A',  4  iK' 

1  UC 

As  zeros  and  p 

oles  we  have 

v...,. 

PO... 

dnu 

2  mK  +  2  m'iK' 
(2m  +  l)K+(2 

'iK' 
m'  +  1)!^' 

2«./f+(2« 
2rf+(2! 
2  ™A-  +  (2  ji 

'  +  1)*/-:' 
'+V)iK' 

'  +  l)iK' 
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3.   We  also  note  that  from  191  we  have 
Ml  (w  +  2  K)  =  -~snu, 

CTt(w+2£r)--cwM,  (12 

dn(u-\-2ir)^  dn u. 

sn(u  +  2  iK')  =  SM  M, 

enCu  +  2iK')  =  -c-nu,  (13 

dn(u  +  2  iK')  =~  dnu. 

sn  (u  +  K}  =  - — , 
dnu 

cniu  +  IC)^-k'^-^    ,     V¥='^,      (14 
dnii  i\ 

dn(u-\-K^^-~-. 
\ 


isnu 

kenii 
m(u+K-\-iK')=^^^,  (16 

dn(u  +  K-\-  iK'^  =  *'*'«.^^. 

CTtM 

4.  We  now  show  that  the  functions  9),  10)  are  the  en,  dn  func- 
tions considered  in  Chapter  XI,  that  is,  we  show  that  the  functions 
9),  10)  satisfy  the  relations 

<!r^u  =  \  —  »rfiu,  (17 

dn^u  =  l-}i^sn'^u.  (18 

Let  us  prove  18) ;  the  proof  of  17)  is  similar. 

The  function  dn^u  has  2K,2  ilC  as  a  primitive  pair  of  periods 
as  seen  from  12),  13). 
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The  zeros  of  dn^u  are  s  K  +  ilC.  Its  poles  s  iK'.  Both 
zeros  and  poles  are  of  order  2. 

On  the  other  hand,  1  —  ^sn^u  has  the  same  periods,  zeros,  and 
poles  and  to  the  same  order.  Thus  the  two  members  of  18)  can 
differ  only  by  a  constant  factor  C.  To  determine  this,  we  set 
u  =  0.     This  gives  at  once  0=1. 


6.  Finally  let  u 

s  show  that  M  k/^  as  defined  i 

n  3),  14)  satisfy 

the  relation 

t"  +  k"  =  1. 

(19 

In  fact,  setting  i 

»  =  ^  in  18),  we  get 

dn'K^l-t'm'K. 

(20 

But  from  14) 

in'K-k"    ,     rfir=l. 

This  in  20)  gives  19). 

196.  Numerical  Calculation.  1-  Let  us  now  show  how  to  calcu- 
late K,  K',  sibv^  etc.,  by  means  of  the  (?'s  when  the  modulus  k  is 
given.     We  have 

d,      l  +  25  +  23'  +  28»+  ...  ^ 

When  q  is  small,  we  have  approximately 

VF  =  1^,  (2 

(3 


(4 


To  get  a  closer  approximation,  we  note  that 

1+VF'     ^s  +  '^o        l  +  22*+25i«  + 
If  we  develop  the  right  side  of  4)  in  a  power  series  in  q  and  in- 
vert this  series,  we  get 

q^lJ^IV  +  15V>  +lb(iV^  +  ■■.  (5 

This   series   converges   with   great   rapidity.     For    example   let 
F  =  f     Wefindthat  o^^jiaj, ... 


On  the  other  hand 


.04321,16  . 
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This  shows  that  the  first  term  of  5)  gives  q  coiTectly  to  6  deci- 
mals for  this  value  of  k. 

Having  found  q,  we  get  Khj  the  rehition 


1+VF=1+^ 


^  TT      1  +  VF  1  +  VF" 

which  converges  more  rapidly  than  6). 
To  get  K'  we  use  191,  1)  and  195,  11),  which  give 


^  =  5,„,(i)=|.,..,Q). 


The  values  of  snu,  cntt,  dnu  for  a  given  u  and  k  are  now  found 
fronil95,  8),  9),  10). 

2.    Suppose  on  the  contrary  the  value  of  s  in 

z  =  >«(«,*)  (9 

is  given,  and  we  wish  to  find  the  corresponding  values  of  u.      We 
start  from  the  relation  195,  10) 

dnu^^V'^^     ,     u^^Kv.  (10 

From  this  we  get 


ir^        ^^'       _  ^u(y)  _  1  "  2  9  cos  2  fr»  +  2  7^  ei>s  4  -n 
Vl  —  /cM     '^aC*')  ~"  1  +  2  ^  cos  2  TTif  +  2  2*  COB  4  TT 
As  a  first  approximation,  this  gives, 

y_  1  —  2  y  cos  2  try 

1  +  2  5  cos  2  TTU 

.r  o  1      1  1  -  K 

cos  2  Try  =  -  ■  '  -     -J-. 

2  ^1+  V 


(11 


(12 
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To  get  a  formula  which  converges  still  more  rapidly,  we  set 

„r_ '».(»)  -  ■>.(»)  _  vT^^*g-  yy 
*!(")+ I'oC")    V 1  -  *%'  +  vy 

^       2facos2  7r.i  +  <)'cos6ir..  +  ...)  ,^3 

1  +  (2  }•  00s  4  TTt.  +  2  }!•  COS  8  7r»  +  •■■) 
As  a  first  approximation,  this  gives 

cos  2  TTK  =  —  .  W.  (14 

197,  The  0  and  Z  Functions,  1.  The  :}  futrctions  depend  upon 
two  variables  u  and  q.     Let  us  set 

eXu.K.IC)  =  ^,(^^.q^     ,     r=0,l,2,  3,  (1 

where  as  usual  ^  =  ^-"r     ^     Ord^'>0.  (2 

Tlie  properties  of  the  0's  may  be  read  off  at  once  from  those  of 
the  r?'s ;  in  particular : 

The  ®,(m.  IC,  IC)  are  homogenous  functions  of  0  degree  in  m,  K, 
K'. 

Jacobi  denoted  @o(m)  by  @(m)  and  ©^(m)  by  H(w)  ;  H  is 
Greek  eta.  We  shall  not  use  the  H  notation,  but  shall  at  times 
write  @  for  0^. 

2,  By  means  of  any  one  of  these  0's  we  may  express  an  elliptic 
function  by  virtue  of  the  following  theorem: 

Letfiu}  he  of  order  m  and  have  2  K,'^2,  iK'  as  a  primitive  pair 
of  periods.     Let 

be  a  si/stem  of  incongruent  zeros  and  poles.     Then 

where  fj,  is  determined  hy  AbeTs  relation 

2f„  -  S^„  =  2  \K+  2  i^iK'.  (4 

The  proof  of  this  follows  along  the  same  lines  as  166,  3. 
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Example  1.     Let  U3  prove  the  important  relation 

.n  u     snv-    ^-         Q,^^^^,^^^         >  C^ 

wliich  lor  brevity  we  will  write 

V  being  regarded  as  a  constant. 

For  L(u)  having  the  periods  w^  —  2IC,  w^—  2i-ff',  vanishes  at 
the  points  __  _ 

Cj^  =  *'i  '^1  =  —  V. 

Tlio  poles  of  L  are  _  ■  c'l  _ 

Ih  —  ''■"-    —  Pa ' 

being  donbli!.     Thus  4)  beeomey 

(i-2iK'  =  X  2K+f>.2iK'. 

Hence  /i  =  —  1.     Thus  3)  gives 

_     *ei(»-»)ei  («  +  <') 
-^  -  '^^        ©;{»-•■«") — 

Replacing  Oi(w)  by  its  value  expressed  in  teiuis  of  ©^(m),  or 

@^(uy  =  -i^e^%a(^u  +  iK') 

found  from  191,  we  get  5).     The  constant  is  found  by  setting 
u=0. 

Example  ^.  In  a  similar  jnanner  wo  may  establish  another 
iwiportant  formula : 

'   "'"  ©S(«)0S{i.)  •- 

3.   With  the  0'h  we  can  define  four  new  functions 

<noge^_e^     ,=0,1,2,3.         (7 

For  Zfj(u')  Jacobi  wrote  2(m),  and  we  shall  adopt  this  notation 
at  times.  In  developing  his  theory  of  elliptic  functions  Weierstrass 
defined  the  5'(m)  function  analogous  to  Jacobi's  Z(u). 
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The  properties  of  the  Z's  may  be  read  off  from  the  correspond- 
ing t?  relations.     Thus  we  have: 

z(»  +  2jr)  =  Z(„).  ^g 


periods.  This  function  is  analogous  to  Weierstrass'  p  function. 
In  a  moment  we  shall  show  that  Z'(u)  differs  from  dn^  u  only  by  a 
constant. 

The  addition  theorem  of  Z(u)  is  obtained  from  6)  by  logarithmic 
differentiation.     Thus 


1- 
Interchanging  u  and  v  gives,  on  noting  that 

^(-m)=-2(m),  (10 

Adding,  we  get 

By  logarithmic  differentiation  of  the  d-  relations  in  191  we  get, 
without  trouble: 

=Zi,(«),  (12 

We  liave  also 

Z(0)  =  0  ,  Z(K)~0  ,  Z(K+iK')-- 
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198,  Hermite's  Formula,  The  reasoning  used  to  establish  168, 2) 
iiiiiy  be  applied  at  once  to  Jacobi's  Z  and  gives,  using  the  same 
notation  as  before,  a  celebrated  formula  due  to  Hei'mite : 

(K—  \)\ 

+  B^Z^iu  -  b)^B^ZXit-  h)  +  -..  +  C^Dr^"^ («-.)(w-5)     (1 

(^-1)! 
+  ■■■  +  constant. 

Example  1.    Let  us  make  use  of  1)  to  show  that 

dn-i  u^Z'  (m)  -  Z'  (K+  iK'} .  (2 

For  the  poles  of  dn^u  are  =iK'  and  are  double.     By  195,  15), 

dniu  +  iK'}  =  4^-  =-*  +  ... 
tsnu         u 

Thus  the  characteristic  of  dn^u  at  the  point  u  =  iK'  is   — — „■ 
Hence  in  1),  ^^  =  0,  -4^  =  —  1  and  thus 

drfiu^Z\(u-iK'-)-{-  G 

=  Z'(u)+  C,  using  197,  13).  (3 

To  determine  C  set  «  =  K+  iK'  and  recall  that  dn(_K-^  iK'")  =  0. 
This  gives  G=  -  Z\K+  iK'),  -which  in  3)  gives  2). 
Example  S-     In  the  same  manner  we  show  that 

-l-=z'(0)-z'(«  +  ;jro-  (4 

Example  3.     Let  us  show  that 


1 


,    iz^iv^  +  iz^iu-vy-^z^iu+vy,.     (5 

sn^u—Bn'v     mvcnvdnv 

To  this  end  we  note  that  the  poles  of  the  function  of  u  on  the 
left,  call  it  g{_it)i  are  m  =  ±  ji.  To  find  the  characteristic  of  g(n) 
at  the  point  m  =  v  we  have 

,  ,    ^ L^  =  „  "i         1 


4(») 


Let  us  set  u  =  t'  +  w.     Then, 

SMM  =  sn(y  +  w')  =  >mv  +  wsn'  V  +  ■■ 
h(u)  =  h{v  +  w)  =  My-)  +  wV{v)  +  . 
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Thus 


9(^}' 


2s' 


2  snvenvdnv    u  — 
Tims 

Cl,»i-9(») 


-  +  higliyr  powers  of  M  - 


2  snvcnvdnv    u—v 
The  eharaeteristie  of  g  at  the  point  u  =  —  v  is  the  same  term  with 
a  minus  sign.     Hence  1)  becomes 

sn^u-  mH  "  'Zsnvcnvdnv !  C'+  AC^  -  '0  -  ■ZjCm  +  v}l.        (6 
In  this  let  us  replace  uhy  u  +  iK',  we  get 

^^^^  =  5 L^^>c+Z(u-v)-Z(u  +  v)i.     (7 

1  —  ^  an^  u  sn-'  v     2  snvcnvdnv 

If  we  set  here  u  —  0,  we  get 

C=2Z(,). 

This  in  6)  gives  5).     From  7)  we  get 

*'j!i^i|Si|i^-Z(.)+iX(„-.)-}Z(»+„).       (8 
1  —  K^su'usn^v 

199.  Elliptic  Integrals  expressed  by  W  Functions.    Lot 

F=J.f(x.  y)dx  (1 

where /is  a  rational  function  of  x  and  y  and 


In  178,  10)  we  saw  that  we  can  write 


^/^"^^/l 


ix  (3 

y 

where  E  and  Ot  are  rational  functions  of  x.  The  first  integi'al  on 
the  right  can  be  expressed  by  the  elementary  functions.  Let  us 
look  at  the  second.     We  have 
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wTiere  7/,  L  are  rational  functions  of  w^.     Heutie 

J  !/        J       y     J     y 

In  the  lii'Ht  integi'al  on  the  right  let  us  set  t=^x^,  it  beconies 

1  CrKi:)  ■" , 

2  J        V(i  -  0(1  -  my 

which  can  be  expressed  by  elementary  functions.  Tluis  the 
general  elliptic  integral  1)  reduces  to  the  elementary  functions 
and  the  integral  />  /  j 

^=  t  ±!^.  (5 

where  7j  is  a  rational  function  of  x^. 
Let  us  change  the  variable  by  setting 
X  —  sn(M,  h) . 
Then 


dx  =  V(l  -  j;')(l  -  kV)iii,  -  y<J«, 

and  5)  becomes  /» 

•1,=     B(r?)du.  (6 

Here,  M  bei]!g  a  rational  function  of  a^,  is  an  elliptic  function 
admitting  2  K,  2  iK'  as  periods.     Hence  by  198,  1), 

M  -  ^iZ,(»  -  «)  -  A,Z[(u  -  «)  +  ... 
+  «,Z,(«-6)-BjZ;(ij-S)+  ... 

+  -.  +  a 

This  in  6)  gives 

*  =  A  log  ®i(»-»)-AZi (■'-«)+  - 
+  s,  log  e(«  -  s)  -  SjZ,(i<  -  S)  +  ...  (7 

+  ...  +  Ou  +  D. 

200.  The  Elliptic  Integral  of   the  2°   Species.    This  we  saw  in 
180,  1)  is  

J    Vl-re' 
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If  we  set  x  =  snu  it  becomes,  putting  in  the  limits  0,  u, 

Eiu)=  ('"dn^udu 

=  Z{u)~uZ'(E+iK'')  (2 

on  using  198,  2). 

We  have  already  called 

E^   f  dffiudu 

the  complete  integral  of  the  2°  species.     This  corresponds  to  K, 
the  complete  integral  of  the  1°  species. 
Let  us  set  iu  analogy  to  iK', 


iH=   r^'"'  dn^udu. 


If  we  set  u=  Km  2),  we  get 

z'(/f+;jr')--f- 

™"8  B(,o  =  Z(..)+..f-  (3 

Replacing  m  by  w  +  2  j^,  and  m  +  2  ilC  and  using  197,  8),  we  find 
Eiu  +  2  _ff)  =  E(u)  +  -2  E, 

E(u  +  2  iK'}  =  E(uy  +  2  iH.  (4 

"^^^  E(K+iK)=E+iH.  (5 

In  ;■!)  let  us  set  if  =  .£"+  i'^',  we  get,  using  197,  14), 

EK'-HK='^,  (Q 

which  is  the  Legendnan  Relation,  whose  analogue  in  Weierstrass' 
theory  is  171,  8). 

From  197,  11)  we  have  the   addition  theorem  of   the  elliptic 
■integral  of  the  2°  species, 

S(w  +  u)  =  ^Cw)  +  E(v}  -  h""  m  u  m  jf  sn  (m  +  v).  (7 

To  calculate  E  we  differentiate  8),  getting 

J™2 VI/,.\     r     -^ 
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Setting  M=  0  gives 

1       -g  ^  &"(0')  ^2ir''q-i(/*  +  9<)^-liiq^^  +  ■■•  ,g 

K      "e(0>        K^     l-2q  +  'A^-2q^+  .-'  ^ 

301.  The   Elliptic   Integral   of  the   S"*   Species.    1.   We   saw   in 

180,  1)  that  the  elliptic  integral  of   tlie  3°  species  used  by  Le- 
geiidreis  /*        1  dx 

J  (1  +  nj!^)  V(l  ~a-^)(il-  ^} 
This  differs  only  by  a  constant  from 

1  dx  j-^ 


h 


Letusset  ,.  =  „«    ,     „  =  ,„,. 

Then  we  can  write  1),  putting  in  the  limits  0,  u, 


/:. 


9  of  198,  5)  gives 

m^v      snvmvdnvl       ^^^2     ^&^(v  +  u)\'      ^ 

taking  that  branch  of  the  log  whicli  =  1  when  u=0. 

The  relation  2)  shows  how  the  calculation  of  the  integral  1) 
may  be  effected  by  means  of  the  @  aeries,  which,  as  we  remember, 
converge  in  general  with  great  rapidity. 

2.  Instead  of  the  integral  2),  Jacobi  took  as  normal  integTal  of 
the  3°  species 

nCu,v)=  f    — -^— — du.  (3 

Using  198,  8),  we  find  that 


n(_u,v)^uZ(v)+^\ 


^0C£-_M) 


'^(u  +  vy 
taking  that  branch  of  the  log  which  =  1  when  «  =  0. 
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From  4)  we  have  a  remarkable  theorem  due  to  Jacobi,  which 
states  that  when  the  argument  u  is  interchanged  with  the  param- 
eter V  in  3)  we  have 

n(«, .) -1.2(1,)  =  n{»,»)-i.z(«).  (5 

It  follows  at  once  from  4). 

From  4)  we  have  at  once  the  addition  theorem  of  the  integrals 
of  the  3°  species.     Denoting  the  parameter  now  by  a,  we  get 
n(M  +  v,a')-  n(«,  a)  -  n(ii,  a) 


^€>(u+v-  a)&(u  +  a)®(v  +  a) 


(ti 


Relation   hetwem  the   Fimctiom  of  Jacobi  and   Weterstrans 

802.  Relation  between  5n  and  ^-    1.  We  have  now  developed  the 
two  kinds  of  elliptic  functions  which  are  in  current  use  to-day. 
To  have  two  parallel  theories  may  seem  an  embarras  de  richesse; 
it  might  aeem  better  to  choose  one  theory  and  discard  the  other. 
Perhaps  one  day  that  will  be  done,  but  at  present  we  stand  too 
near  the  time  when  only  the  functions  of  Jacobi  were  employed  to 
neglect  these  latter.     Besides,  each  set  of  functions  has  its  good 
points,  and  each  suffers  from   the  defects  of   its  very  virtues. 
Since  then  we  have  these  two  classes  of  functions, 
snu     ,     &(u)     ,     Z(u),.-.k\- 
pu         ,      <7(m)      ,       f(«)   ,---^2,J/3,  ■•■ 
we  must  ask  what  is  their  relation  to  one  another.     Let  us  begin 
with  fUj  m  u. 

In  186,  9)  we  saw  that 

where  e,,  e„,  e,  are  such  that 


as  given  in  186,  7).     From  172,  16)  we  can  also  write 


S)[(M,   k)= rr^ 
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Tlie  periiids  of  sriu  are 

4^=4a>jV^7^     ,      2i^'  =  2w2V^7^.  (4 

From  3)  we  have 

sn^(MVej  —  e^,  «) 
2,   Let   8711*  have  the  periods  4  K,   2iK',  then  sn^u  has  tlie 
periods   2  ^,  2  iK'.     Let  ;>(«)   be  a  p  function  constructed  on 
these  periods.     Then  j 

have  a  double  pole  in  their  common  parallelogram  of  periods. 
Their  characteristics  at  m  =  0  are  both  — •  Hence  the  two  func- 
tions 6)  differ  only  by  an  additive  constant.  To  find  this  we 
develop  both  functions  6)  about  the  point  w  =  0.     We  have 

1  _i ^i+e^ 


Tims  by  165,  10 


K«)=-4--5(l  +  i').  (7 


From  7)  we  can  get  the  relation  between  ^(m)  and  sjiMwhen  p 
has  the  periods  2  a),,  2  Wg  and  sn  the  periods  4^2  i^ff"'. 

For  let  us  suppose,  as  we  always  do,  that  the  indices  1,  2  are  so 
chosen  that  if  we  set 

T=^  (8 

then  Ord  t  >  0.     We  then  set 

^  =  6'"     ,     2K=Tr^     ,     2  iK'  =  2  _ffT, 
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Then  7)  gives  ,p  (      j  1  + ,.  , 

?«=„?  -775 — sr  ■  a» 
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\  sn' 
Differentiating  10)  gives 

203.  The  Cj,  e^,  e^  in  Terms  of  the  ;?'s.    In  202,  T.0)  let  us  set 
u  =  it>,,  oio,  in.-      '.riien 


Aw 

becomes  E    ,     i'iT' 

y« 

becomes  (ij     ,     e^ 

m 

1 

becomes  1      ,     0 

Heiiee 

K'  1  +  k" 
"'       a.f     "3       ' 
JPl  +  f 
'»-      «f      3     • 

and 

e  +  e  +  e  = 

Fron 

>1) 

we  get 

-(ir+ijT'). 


H~    H—   ^  '  I^J—    fig—   A         —^  ,  (Jg—    Kg—    A      — Y'  (2 

Hence  _  ,,  —  p 

gj  —  ^2  f^i  "  ^2 

If  now  we  put  in  the  values  of  k\  k'^,  K  in  terms  of  the  (J's,  we 
find  1  /  ^  \2 
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Their  differences  give 


204.  Relation  between  o-'s  and  'Ts.    The  two  functions 
where 

_      U  _  M^ 

are  integral  transcendental  functions  liaving  tlie  same  zeros.    Thus 
by  Weierstrasa'  theorem,  140,  1, 

where  g  is  an  integral  function. 

If  we   take  the  second  logarithmic  derivative,  we  find  as  in 
166,  1  that  ff"  =  constant.     Hence  . 

^^^«+.uV(m).  (1 

As  t^i(ii),  cCw)  are  both  odd  functions. 


"'  e^  =  1     ,     hejice  5  =  0. 

To  determine  A  and  t-  let  lis  develop  both  sides  of  1}  about 
11=0.     We  have  , 


These  in  1)  give 
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Hence  o,  ,     r.,i, 

A—-X-  ^  —  _L  _i 

Thus  1)  beeonie.s 

We  can  give  this  relation  another  form.     We  have 

.yi(«+i,T)  =  ^  *,(»). 

Thus  J  ^".  .        , 

'^^  liVVjLV  I     ^''''  U  "  V  I  "  III 

This  gives  i,%"rM 


or 

2,,»,  =  - 

6*; 

This 

in  2) 

gives 

"■G 

"^J"2^* 

-^(-);(.). 

As 

^, 

.(«.)=(!     ''''"^ 

(';+■»-), 

we  have  at 

once 

^     X             '^'''"'6 

-f'^ 

^) 

°"i 

(«)=.            ^' 

111, 

'h 

- 

i 

(7. 

,(»)  =  «          ' 

'     5- 

"JL. 
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Krom  these  rektions  we  get 


m  («,  t)  =  —  _~— -, 


dn(u,  r)  —  — 


8M  (!J,  t)  =    -     ^  S 

V^W  —  ^2 

V^  —  u^  V  0^  —  Kg 
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CHAPTER    XIII 
LINEAR    DIFFERENTIAL    EQUATIONS 

205.  Introductory.  1,  In  the  last  three  cliapters  we  have  given 
a  brief  account  of  the  elliptic  functions.  These  functions  are  of 
great  importance  in  themselves ;  they  also  furnish  a  striking  and 
brilliant  example  of  the  great  power  and  usefulness  of  the  theory 
of  functions  of  a  complex  variable.  As  usually  happens,  these  two 
theories  have  mutually  aided  each  other.  The  function  theory 
has  furnished  the  viewpoint  and  instruments  of  research;  the 
elliptic  functions  in  return  have  furnished  fresh  problems  wliich 
have  given  rise  to  a  broadening  and  deepening  of  the  function 
theory.  Without  the  notion  of  a  complex  variable,  the  imaginary 
period  of  the  elliptic  functions  would  never  have  been  discovered, 
and  without  this  period,  there  wonld  be  no  theory  of  double 
periodic  functions.  Yet  the  double  periodicity  is  their  moat  im- 
portant and  characteristic  property. 

2,  Another  theory  which  has  been  revolutionized  and  put  on  an 
entirely  new  basis  by  the  advent  of  the  theory  of  functions  is  the 
theory  of  differential  equations.  In  the  old  days,  a  differential 
equation  meant  merely  this :  Find  some  combination  of  the  ele- 
mentary functions  which  satisfies  it.  The  simplest  type  of  differ- 
ential equation  has  the  form 

Ay  =f(x)dx, 
whose  integral  is  formally  given  by 


y  =Jfi»)dx. 


But  already  the  simple  differential  equation 

dy  =  '^^       (1 

could  not  be   integrated  in  terms  of   the   elementary  functions. 
The  problem  of  integrating  a  differential  equation  was  a  kind  of 
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game  of  hide  and  seek,  the  solution  being  usually  so  well  hidden 
that  no  amount  of  seeking  could  discover  it. 

We  owe  to  Cauchy  an  entirely  new  point  of  view.  He  first 
taught  us  to  regard  a  differential  equation  as  defining  a  function 
whose  properties  are  to  be  unfolded  by  a  study  of  the  equation 
itself.  This  method  we  have  already  illustrated  in  studying  the 
differential  equation  1).  We  propose  now  to  apply  it  to  a  broad 
class  of  equations  called  linear  homogeneous  differential  equations. 
They  have  the  form 

^"i^+'-'di-.. +  •■■+"-"■  '' 

the  coefficients  p  being  analytic  functions  of  the  complex  variable 
X.  Such  an  equation  is  said  to  be  of  order  n.  We  shall  restrict 
ourselves  to  w  =  2 ;  moreover  we  shall  generally  suppose  the  co- 
efficients to  be  rational. 

A  number  of  important  functions  in  analysis  satisfy  such  equa- 
tions, and  we  have  chosen  these  equations  for  the  same  twofold 
reason  that  induced  us  to  choose  the  elliptic  functions,  viz.  to 
illustrate  the  general  principles  of  the  function  theory,  and  to 
develop  the  properties  of  certain  functions  of  great  importance. 

Examples  of  this  type  of  equations  are  the  following: 

Example  1.   The  folynomiala  of  Legendre  satisfy 

(l_^2)g^2^g+„(„  +  l)2,_0,  (8 

Example  2.  The  associated  Legendrean  funatioviS  satisfy 
(l-3^)g-2(m  +  l>^+ Jn(K+l)-m(wH-l)S^  =  0.         (4 

S.    BesseV s  functions  satisfy 


Example  4-    The  functions  of  LamS  satisfy 


4  («-,,)(»•-«,)  (J!- e,)" 
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Example  5.    The  hypergeometrie  funetion  satisfies 

<»-l)g  +  i»(«  +  ;3  +  l)-.y!g+»»-0.  (7 

We  notice  that  all  these  ec[Uations  have  rational  coefficients. 

3.  The  general  theory  of  linear  homogeneous  differential  equa- 
tions was  first  studied  by  Riemann.  It  owes,  however,  its  present 
perfection  largely  to  L.  Fuchs,  who  began  his  researches  in  this 
field  about  1866,  and  to  a  stately  array  of  mathematicians  who 
have  followed  in  his  wake.  Prior  to  Riemann  we  may  mention  as 
especially  important  the  early  investigations  of  Gauss  and  Kum- 
mer  of  the  hypergeometric  differential  equation  7). 

206.  Existence  Theorem.  1.  Instead  of  the  general  equation  2) 
of  the  last  article  let  us  consider  one  of  the  second  order 

f  =  p^y'^p^,  (1 

the  coefficients  p-^,  p^  being  analytic  about  the  point  x=  a.  We 
propose  to  show  that  1)  admits  an  analytic  solution 

g.l,  +  b,ix-a)  +  h,(x-ay+-  (2 

which  is  uniquely  determined  by  the  initial  conditions  that  y  and. 
y'  shall  have  assigned  values  y  =  a,  y'  =  &  ?Lt  x  =  a.  The  reason- 
ing we  shall  employ  can  be  easily  generalized  so  as  to  apply  to  the 
general  ease  of  order  n.  By  using  an  equation  1)  of  second 
order  we  simplify  our  calculations  without  sacrificing  the  general 
method. 

Suppose  for  the  moment  that  1)  admits  the  analytic  solution  2). 
The  coefficients  fi„  are  determined  as  follows.     From  2)  we  have 
y(«)=5f,     ,     y(«)  =  ^i,  ...^/""(«)=m!6„. 
This  gives  at  once      j^  ^  ^^  ^^  ^  ^_ 

From  1)  we  have 

y'\a)  =piia')y'(a)  -!-?'a(a)^(a). 
Let  us  set  A.^p.ia-)     ,     A,  =  p.^a). 

then  the  last  relation  gives 

2  !  Sj  =  6,Ai  +  6,Aj  =  ffA^  +  aA^.  (3 

Differentiating  1)  we  get  y'"  in  terms  of  y,  j/',  y"  or 

3'"  =riy"+Ay' +pj' +r'^-  ("i 
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If  we  set  here  x  =  a,  we  get  6g.     In  this  way  we  may  continue 
and  so  determine  one  coefficient  h  after  another. 

This  shows  that  only  one  analytic  solution  2)  with  a  given 
set  of  initial  conditions  is  possible.  The  form  of  these  6's  is  im- 
portant.    To  determine  it  let  us  set 

These  are  simply  the  development  of  Pl^  p^  in  power  aeries,  since 
by  hypothesis  they  are  regular  at  a:  =  a. 

The  relation  3)  shows  that  63  is  an  integral  rational  function  of 
a,  y9  and  ^j^,  p^a-  '•'^^e  relation  4)  shows  that  b^  is  an  integral 
rational  function  of  «,  0,  p^^,  p^^  y^,  p^y     Thus  in  general 

K  =  F«(.K  h^  Pw  Piv  P2a^  P21-')  (^ 

is  an  integral  rational  function  of  the  enclosed  letters  witli^osi- 
tive  coefficients. 

2.  Having  shovpn  how  to  determine  a  solution  2)  which  for- 
mally satisfies  1),  let  us  show  that  this  solution  converges  for  all  x 
which  lie  within  a  circle  ^  about  x  =  a,  and  which  reaches  to  the 
nearest  singular  point  of  the  coef&cient8^j(3:),  ^^(a^)  of  1). 

To  this  end  we  seek  a  simple  dilferential  equation  of  the  same 
type  as  1),  which  we  know  admits  an  integral 

2  ==  Co  +  Ci(^  -  «)+  e^(e  -  af  +  ■■•  (7 

converging  within  S,  such  that 

Here,  as  we  iiave  so  often  done  before  when  dealing  with  series, 
we  denote  the  absolute  values    by  the  corresponding   Greek   or 
German  letters.     Thus  in  particular  ^„  =  ]&„|,  7b  =  |c,  |- 
Let  this  auxiliary  equation  be 

z"  =  qiz'  +  q^z,  (9 

are  the  development  of  5^,  q^  in  power  series  about  x  =  a. 

Now  whatever  the  qi(^x),  q^C^")  are,  the  coefficients  c„  must 
satisfy  the  relations 
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where  F^  is  the  same  function  as  in  6),  only  with  diflereni  argu- 
ments. 

As  the  coefficients  are  positive  in  11),  the  c„  ■will  be  real  and 
positive  when  the  arguments  in  11)  are  real  and  positive. 

Now  Cf|,  Cj  being  arbitrary,  we  take  them  real  and  positive  and 
such  that 

(12 


SUCH  T>nilL 

If  now 

then 

<\K  >   (1,.        ,        <\-l.  >   t)«, 

/3.<i?.(ft,  ft,  Pi„-p,„...) 

<-P/7o'  7r  ^lo---  ^ao"0  = 

or 

A  <  7.- 

Let  us  now  try  tn  eliooae  the  coefficients  ^j,  q^  in  9)  so  that  12) 
holds.     By  Cauchy's  ineiiuality 

P..<|;   ,  ,,  =  1,2, 

on  K  whose  radius,  say,  is  R. 

But  then  if  we  only  take  _  P„ 

the  condition  12)  is  satisfied.     In  this  case 


1_± — '1 
R 


Thus  our  auxiliary  oquatiou  9)  becomes 

We  need  only  to  show  that  7)  is  convergent.     The  ratio  o£  two 
successive  terms  of  its  adjoint  series  is 
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Tims  7)  will  converge  within  S  if  wc  show  that 

\imji'h±i=i_  (14 

To  do  this  we  derive  a  recursion  formula  to  dotermine  the  7's, 
or  what  is  the  same,  the  c's. 
Differentiating  13)  gives 

Differentiating  again,  we  get 

In  general  we  see  that 


Setting  3!  =  a  and  noting  that        _  1 


^  »'■'(«) 


we  get 

(«  +  2) !«.+,  -  "'^''  +  ^^>.^.  =(»  +  !)  IP,,,.  „  +  « !  P,».. 

^'""     _«(n  +  2)  !e„  =  (»  +  1)  1  i»  +  i!/",  ic„,  +  n'.Er,e„ 

Ji<!„  =  "  +  -"-^l<!„i  + • RP,,:,.     (15 

»  +  2  (;»  +  l)(»  +  2) 

Let  us  now  take  P^  .so  that 

i?/',  >  -2. 
As  the  last  term  in  15)  is  positive,  this  shows  that 

c„      1 


ii<'- 


Let  us  now  write  15) 

j>  c„+2      n  +  HP, 


cWi         «+2         (K  +  l)(„  +  2)     Rc,^^ 
Letting  '«  =  x;  and  using  16)  we  get  14). 
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3.  The  form  of  proof  liere  given  is  entirely  general,  and  holds 
for  any  n.     We  have  thus  proved  the 

Existence  Theorem.      The  differential  equation 

dx^  ax" 

admits  one  and  only  one  ancdytie  solution  which  together  with  its  firat 
n  —  1  derivatives  takes  on  assigned  values  at  x  =  a.  This  solution  is 
valid  within  a  circle  S  which  extends  to  the  nearest  singular  point  of 
the  eo^eients  p^  ■■■pa  which  are  regular  about  the  point  x  =  a. 

^'   ^"^  y=h^  +  h^ix-a)^b^(_x-ay+...  (18 

be  a  solution  valid  in  ^.     Let  a^  be  a  point  within  ^.     We  can 

which  is  convergent  within  some  circle  ff;   about  x  =  a^  which 

certainly  extends  up  to  the  edge  of  S  and  may  go  beyond.     If 

we  develop  the  coefficients  PmQ"')  about  a;  =  a^ 

and  put  19)  in  17),  we  get  a  power  series 

about  a^  =  aj.     Since  19)  satisfies  17)  withiu  S, 

it  will  continue  to  satisfy  it  for  all  points 

within    Sj ;    moreover  JJ,  will  reach  to  the   i 

nearest  singular  point  of  the  coefficients  p. 

In  this  way  we  may  extend  the  solution  18)  by 

analytic   continuation.      Thus   we   have   the 

theorem  : 

If  the  function  18)  is  a  solution  of  the  differential  equation  17), 
all  its  analytical  continuations  are  still  solutions  of  17). 

207.    Fundamental   System.     To  each  particular  set  of   initial 
conditions  y  =  a,g'  =  0  ior  x  =  a  will  correspond  a  particular  solu- 

«°"»f  y'+M'+w=o.  (1 

Let  t/^,  y^  be  two  such  particular  solutions.     Then 

y  =  c,y^  +  Ca2/2  (2 

is  obviously  a  solution  of  1)  also.  Let  us  show  that  we  may  pick 
out  particular  solutions  */,,  y^  such  that  every  solution  of  1)  has 
the  form  2). 
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For  suppose  that  y  is  to  satisfy  the  iiiitial  conditions 
y(«)-«     .     </'(«)  =  /3- 
On  the  othei*  hand,  suppose  tho  initial  conditions  of  y-^  are 

3'i(«)  =  «i     ■■     yi(«)=/^p 
of  y„  are  ,  ,  > ,  s      r. 

Then  2)  shows  that  we  must  have 
These  two  relations  determine  c^,  e^  when 

1^1  &}\ 

Let  ns  set  i  i 

I){x-)^\y)     ^3-  (4 

I  «/i  ^/y 

We  note  that  I>(a)  is  nothing  but  the  left  side  of  3). 

Let  us  show  that  if  i>  ^  0  at  a:  =  «,  it  is  also  ¥=  0  at  an)*  point  x 
which  is  not  a  singular  point  of  the  coefficients^  in  1). 

For  since  f/^,  y^  are  solutions  of  1),  we  have 


«+?iyi+ftyi  =  ". 

•fS'+jiyS+ftyj-o- 

Then  if  i)^0,  these 

give 

1.'/;    yi 

f^        Dix)        J)W 

Now  we  note  that 

|i<W  =  -AW. 

Thus  5)  gives 

ri  =  -4-i>>gi>('>). 

"^  i)(a^)  =  Cfe->''^'''".  (6 

At  a^  =  «,  i>  is  T^  0,  hence  (?¥=  0.  Thus  D  is  always  ^  0  since  2) 
cannot  vanish  unless ^j(»)  =  qo.  But  this  point  would  be  a  singu- 
lar point  of  ^1-  The  reasoning  being  entirely  general  we  see 
that : 
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are  f  articular  solutions  of 


^- 

d- 

dx 

'i+- 

+pji  = 

0, 

*!. 

S2 

-y. 

(«)  = 

yi 

•■•< 

-.) 

".   y'i 

"   ■■■  ITn 

is  4:0  at  a  point  x^a  at  which  all  the  coefficients  p^  —  p„  in  8)  are 
regular,  then  D=f:0  at  all  such  points  in  a  connected  region. 

Such  a  system  7)  is  called  a  fundamental  system,  and  we  have 
the  theorem : 

Every  analytic  solution  of  the  differential  equation  8)  is  a  linear 
function  of  ani/ fundamental  at/stem  7)  with  constant  coefficients. 

208.  Linear  Independence.  We  have  just  seen  that  a  fundamental 
system  i/j,  1/2'  ■■■  ^n  is  characterized  by  the  fact  that 


n 


■^;" 


is  ^  0.     We  now  prove  the  theore 
For  a  linear  relation  with  constant  coe^ 

to  hold,  it  is  necessary  and  auffieieni  that  Z>  =  0  identieally. 
It  is  necessary.     For  if  2)  Iiolds,  we  get  on  differentiating 


Hf"  "  +  '^'^f  ^'  +  •■■  +  "y"  "  =  *^- 

From  these  equations  and  2)  we  have  necessarily  i>  =  0, 
It  is  sufficient.     For  let  i)  =  0,     Now  ^n  ^a  ■■■  «/n  JW'c  all  solu- 
tions of  the  differential  equation  of  order  m  —  1,  viz. : 


3'2' 


^s 


=  0.(3 
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For  setting  m=j/j.  this  determinant  reduces  to  _D  wliioh  =  0  by 
hypothesis.  If  we  set  u  =  y^,  for  example,  two  columns  of  this 
determinant  are  the  same ;  it  therefore  vanishes  in  this  case. 

Let  then  Mj,  «2>  *'*  '*n-i  forma  fundamental  system  of  3).    Then 
j'l  ■■■  yn  being  solutions  of  3)  are  linear  functions  of  the  m's.     Thus 


If  we  eliminate  the  J('s  from  these  equations,  we  get  a  relation  of 
the  type  2). 

In  the  exceptional  case  that  the  coefficients  0j,  ^^  —  in  3)  van- 
ish, it  reduces  to  an  identity.  Then  by  using  a  smaller  number 
of  the  ys  we  would  still  get  a  linear  relation  between  them  ;  but 
we  shall  not  urge  this  point  here. 

Thus  we  may  state  that : 

Any  set  j/j,  y^---  y^of  linearly  independent  solutions  of  a  differen- 
tial equation  of  order  nform  afundametti^  solution. 

209.    Simple  Singular  Points.     1.   Having  seen  tliat 

admits  a  solution  taking  on  assigned  initial  conditions  at  any  non- 
singular  point  of  the  coeificients  py,  p^,  we  now  turn  to  these  sin- 
gular points  and  ask  how  the  solution  of  y  behaves  about  one  of 
them  as  a;  =  a.  We  shall  restrict  ourselves  to  the  case  that  p^,  p^ 
have  at  most  poles  nt  x  =  a  whose  orders  are  not  greater  than  one 
and  two  respectively.     Then  we  can  write  1)  in  a  normal  form, 

&-a)'«.g+(--«)!.S  +  »  =  0.  (2 

Here  we  suppose  that  the  new  coefficients  §„,  5,,  q^  are  regular  at 
x=a  and  that  q^  does  not  vanish  at  this  point.  Then  we  have, 
developing  about  3:  =  a, 

q^(x)  =  i^^„(x  ~  «)"         m=  0,  1,  2  (Z 

and  at  least  q^^^t). 
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The  equation  2)  ms,y  be  written 

J^(» -«)-,,_/-' -0.  (4 

Let  us  try  to  satisfy  4)  by  setting 

j,=  (»;-o)'So.(i^«)>     ,     o„*0.  (5 

Our  problem  is  to  determine  the  unknown  exponent  r  which  in 
general  ia  not  a  positive  integer,  and  the  coefficients  e„. 
From  5)  we  get,  on  differentiating, 

y'  =  (r  +  k)1e^,(x  -  «)'■+*-', 
y"  -  (r  +  k)ir  +  A  -  1)  •S.a.i^  -  ay*^-\ 
These  in  4)  give 

(x  -  ay%q„„Cx  -  ayi.(r  +  yfc)(r  +  ^  -  1  )c^(x  ~  «)'+*"' 
+  (a:  —  a)£2iB(^  —  a)''2(r  +  kyciiQx  —  a}''*'"' 

The  coefficient  of  (3^  —  ay+"  can  bo  written,  as  Frobenius  re- 
marked, as  foUows.     Let  us  set 

f(x,  r)  =  32  +  ^^i  +  ''('■  -  1)^0 

=  2/;(r)(x-«)".  (7 

Then  6)  can  be  written 

As  this  power  series  =  0  identically,  the  coefficients  of  the  differ- 
ent powers  (k  —  a')'"^"  must  all  =  0.     Hence 

<'./,('•)  + «,/.(•■ +  l)  =  o 

"o/aW  +  ',//'■  +  1)  +  'J'lfr  +  2)  +  Oj/ofr  +  3)  =  0 

Thus  when  2)  admits  a  solution  of  the  type  5),  the  coefficients  c^, 
Cj  .-.  and  the  exponent  r  must  satisfy  9). 
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As  Cg^O,  the  first  equation  requires  r  to  satisry/(,(r)  =  0;  or 
using  its  definition  in  7), 

/o«  =  ?!(<■)  +  '■?i(«)  +  •■('•  -  l)Sa(«)  =  O-  OO 

This  equation  for  determining  r  is  of  fundamental  importance; 

it  is  called  the  indteial  equation.     It  is  a  quadratic  in  r. 

Let  now  )■  be  a  root  of  10).     The  coefficients  c^,  c^  •■•  may  he 

olitained  in  succession  provided 

/oC  +  l)     ,    /.(>•  + 2)     ,    Mr  +  S-)-  (11 

are  all  '^  0.  But  for  that  root  r-^  of  10)  whose  abscissa  is  greatest, 
none  of  the  coefficients  11)  can  vanish.  Neither  can  they  vanish 
when  the  two  roots  of  10)  do  not  dift'er  by  an  integer. 

Thus  when  the  indicial  equation  admits  two  distinct  roots  rj, 
rj  which  do  not  differ  by  an  integer,  there  exist  two  series 

f/2  =  (x-  ay^jc^  +  c^-iC^  -  a)  +  e^Ca:  -  a)^  +  .,.  f     ,     e^,, ^  0, 

which  formally  satisfy  the  given  differential  equation.  These 
series  converge  within  a  circle  whose  center  is  x=a  and  which 
passes  through  the  nearest  singular  point  of  the  coefficients  /ij,  f^ 
in  1). 

This  may  be  shown  by  the  method  employed  in  206.  As  tiie 
reader  has  been  through  one  existence  proof  it  is  not  worth  while 
here  to  repeat  the  proof. 

2,  The  foregoing  results  can  he  extended  to  the  general  case. 
Let  the  coeflicients  of 

S+fM-3+ ■•■+"=«  ('^ 

have  at  3:  =  a  at  most  poles  of  orders  not  greater  than  1,  2,  ...  w 
respectively.     Then  we  can  write  13)  in  the  normal  form 

where  the  y's  are  regular  ■dXz  =  a.  They  therefore  have  the  form 
given  in  3),  where  now  m=  0,  1,  ...  »i,  and  as  before  we  sujjpose 
q^^  =  5o(«)  +  0.     If  we  now  try  to  satisfy  14)  by  a  series  of  the 


y  Google 


LINEAR   DIFFERENTIAL   EQUATIONS  465 

form  5),  we  are  led  to  a  system  of  equations  of  the  form  9).     The 
indicial  equation  which  determines  the  exponent  r  is  here 

(r-^  +  lX(a)  =  0,  (15 

which  we   see  is  entirely  similar  to   10).     Since   by  hypothesis 

SooC")  ^^  ^  ^'  *^®  indicial  equation  is  of  cl 

Let  us  arrange  its  roots  in  groups 


(16 


Here  r^  is  the  root  whose  abscissa  is  greatest  and  the  first  row 
embraces  all  the  roots  of  15)  which  differ  from  r^  by  an  integer. 
Of  all  tho  remaining  roots  let  r^  have  the  greatest  abscissa ;  then  the 
second  row  embraces  all  the  roots  which  differ  from  r^  by  an  in- 
teger, and  so  on.     The  roots 

which  head  their  respective  rows  are  called  prime  roots.  And 
now  the  existence  theorem  states  that : 

To  each  prime  root  17)  corresponds  an  integral  of  13) 

y.-(:t-<.)'.|...  +  <,.(»-a),+  .„(i-<.y+  ...  I,  (18 
c^  ^  0,  whose  circle  of  convergence  reaches  up  to  the  nearest  singular 
point  of  the  coefficients  p. 

3.  In  case  that  each  group  in  16)  contains  but  a  single  root,  all 
the  roots  of  15)  are  prime  roots.  As  to  each  prime  root  cor- 
responds- an  integral  18),  the  foregoing  method  gives  us  n  in- 
tegrals of  our  differential  equation  13).     Let  us  now  show  that: 

When  the  roots  of  indidal  equation  15)  are  all  prime,  the 
n  integrals  18) /or™  a  fundamental  system. 

For  suppose  there  exists  a  linear  relation 

between  them.  If  we  put  the  values  jfj,  y^  ••■  as  given  by  18)  in 
19),  we  get  a  power  series ;  the  exponents  of  course  are  not  in- 
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tegers  in  general,     K  a„4^0  in  19),  our  power  scries  contains  the 
term  ,  ^, 

and  this  is  the  only  term  with  the  exponent  r^.     Tims 
<hu<'na  =  "Jt  and  hence  a^  =  0,  or  c^p  =  0.     Both  of  these  are  con- 
trary to  hypothesis.       Hence  a  relation  of  the  type  19)  is  im- 


The  case  we  have  just  treated  is  the  simplest  case  that  can  arise 
at  a  singular  point.  We  therefore  call  such  points  simple  singular 
points. 

310.  The  Hypergeometric  Equation.  1.  This  is,  as  remarked  in 
205,  7), 

■"'^"'''^""'"^"""^^^^~'"^" 

Its  singular  points  in  the  finite  part  of  the  plane  are  a:  =  0,  a;  =  1. 
Let  us  find  the  indieial  equation  for  these  points. 
The  point  x  =  0.     Bringing  1)  to  the  normal  form 

(X  -  1)^4/"  +  IxCa  +  ,8  +  1)  -  ylxy'+  affxtf  =  0, 
we  have 

,,(„■)  =x-l     ,     ,,W  =  (»  +  ;3  +  l>-7     ,     ?,(»)  =  «/3i-      (2 
The  indieial  equation  for  j^  =  0  is,  therefore, 

r^+(7-l)r  =  0, 
or  r\r-{l-y)^  =  0,  (3 

whose  roots  are  r-^=  0,  rg  =  1  —  7. 

The  point  x  =  l.     The  normal  form  of  1)  at  this  point  is 

Here 

q^ix)=x     ,     q^(x)  =  (a+0+l}x~y     ,     5,(2.)  =  «^(^  -  1). 

The  indieial  equation  is,  therefore, 

r\r-(j-„-fiyi=0,  (4 

whose  roots  are  ^  ^ 

r^  =  0     ,     r^  =  -y  ~  a  —  j3. 
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2.   Let  us  inveatigate  the  nature  of  the  point  x=  cc.     To  this 
end  we  set  ^ 


and  1)  beoomes 


M(l-M)  i  du        U^l-U^^  ■  ^ 

Obviously  w=  0  is  a  singular  point. 
The  normal  form  of  5)  at  m  =  0  is 

du^  au 

Here 

?.(»)  =  l-»   ,    ?,(»)=2(l-»)  +  7»-(«  +  /3+l)  .  },(»)-«/3. 
Thus  the  inclicial  equation  for  w  =  0  is  ((i 

whose  roots  are  __  _  ^ 

3.   Let  us  now  calculate  the  coefficients  of  our  solution  by  the 
forniulie  of  209,  9).     We  consider  first  the  point  x  =  0. 
Now  by  definition 

As  the  q'a  are  linear  functions  as  shown  by  2),  all  derivatis'es  be- 
yond the  first  vanish.     Thus 

Hence  tho  equations  209,  9)  are  all  two-term  equations  and  they 
l^™  Mr  +  n-l} 

Let  us  now  use  the  root  r  =  0  of  3).     Then 
/.(»)--»i7+(»-l)l. 
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»(t  +  »  -  1)  -  '    ' 

We  thus  get 


_(.  +  l)(/3+l)^,  ^«.»+l./3./3  +  l. 
'  2.(7  +  1)       '  1.2-7-7  +  1' 


1-7"  2.(7  +  1) 

etc.     Hence  taking  Cp  =  1, 

I        1-7  1-2-7.7  +  1  j  ^^Q 

=  .?(«, /9,7,  >.). 
Let  tls  now  use  the  other  root  r  =  1  —  7  of  3).     Aa 

/iW -'■(>•- 1) +  >■(«  + /3  +  1)  +  «/5  =  i-" +  («  + /3)r  +  «ft 
/d('-)=-'-C--1  +  7), 
we  have,  from  8),  on  taking  r  =  I  —  7, 

„  _.  (^-7)'  +  (»-7)(°  +  g)+'3, 
»(l-7  +  '«) 
_  (»  +  .-7)(»  +  /j-7)  ^  „  J 

»(l-7  +  «) 
Let  us  compare  9)  and  11).     We  aee  that  9)  goes  over  into  11) 
on  replacing  «  ,  ^  ,         7 

Tlius  tlie  integral  corresponding  to  r  =  1  —  7  is 

y^  =  x'-'^FCa  +  1  -  7,  ^  +  1  -  7,  2  -  7,  a:).  (12 

4.   Let  us  now  turn  to  the^omf  a:=  1,     The  recursion  formula 
is  found  to  be  for  the  root  )■  =  0  of  4) 

c  ^      (w  +  «-l)(T^  +  ff-l)^  .|3 

<«  +  «  +  ^-7)        "'■ 
We  see  that  9)  goes  over  into  13)  on  replacing 

«     ,     ^     ,  7 

•"^  «     ,     y9     ,     «  +  ^-7  +  l, 

aside  from  the  sign  which  can  be  made  right  by  replacing  x  —  1 
by  1  —  3;.     Thus  the  solution  corresponding  to  the  root »-  =  0  is 

y,  =  #(«,  A  «  +  ^  ~  7  +  1,  1  -  x).  (14 
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The  solution  corresponding  to  the  other  J'Oot  r  —  y  —  a—^  of  4) 
is  found  to  be 

y,-(l-2=)'— sJ'Ct-At--,  7-«-;3+l,  !-»:).     (15 

6.  Finally  we  consider  the  point  x  =  <x).     The  recursion  formula 
for  the  coefficients  corresponding  to  the  root  r=  a  oi  6)  ia 

-1)(»4 


»(«  +  «-  /3) 
We  see  that  9)  goes  over  into  this  on  replacing 
«     ,  (3  ,  7 

•'y  «     ,     «-,  +  !     ,     a^fi+1. 

Thus  the  solution  corresponding  to  the  root  j-  =  «  is 

y,  =  il'(^«,«-7  +  l,  <.-/3  +  l,  1).  (16 

The  solution  corresponding  to  the  other  root  r=^ol  6)  is 
similarly  1      /  1  \ 

y,-^F{fi,ff--,  +  l,ff^«  +  l,^j  (17 

211.  Bessers  Equation.    This  is,  as  rcmarlied  in  205,  5), 

3^^/' +  x/ +  tix^-m^)i/  =  0.  (1 

The  only  singular  point  in  tiie  iinito  part  of  the  plane  is  x  =  0. 
Let  us  consider  the  integrals  of  1)  for  this  point.  The  equation 
is  already  in  the  normal  form.     Here 

?o(«)=l     .     ?iW=l     .     ?,(»)- »"-•»'. 
The  indicial  equation  for  a:  =  0  is  therefore 

/,(r)  =  -  mii  + 1- +  r(r  -  1)  =  0, 
"'  /„(!•) -r'-m"  =  0.  (2 

Also  here  /j(O=0     ,    /,(r)=l     ,    ,«r).0     ,     » >  2. 

Thus  the  equations  209,  9)  become 

.,=  0     ,     »„+e,/,(r  +  2)  =  0     ,     c,  =  0, 
and  in  general,    „„/,(,■+ 2  »)  +  „„  =  0     ,     ».,„,  =  0.  (3 
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One  rooi  of  the  indieial  equation  2)  ja  r  =  m-     For  thin  root  3) 

^^^®^  «(2  m  +  n)c„  +  (!„^2  =  0     ,     n  even. 

Hence 


2(2m.  +  2)' 


*         4(2  m4-  4)      2  ■  4(2  m  +  2)(2  m  +  4)' 
etc.     Thus  the  integral  corresponding  to  r  =jm  is 

^'      '""''    {        2(2  m  +  2)  "^  2  .  4(2  m  +  2)(2  m  +  4) 

^      - +...!.         (4 

2  ■4-6(2m  +  2)(2m  +  4)(2m  +  6)  )  ^ 

In  case  m  is  not  an  integer,  the  other  root  r  =  —  m  of  2)  also  fur- 
nishes a  solution  y^  since  the  coefficient /^(r  +  2  m)  of  c.^„  does  not 
vanish  for  any  n. 

Let  us  take  the  constant  c^  so  that 
1 
''*'~2'"n(m)' 
Then  as  solutions  of  1)  we  have 

They  are  called  Bessel  functions  of  order  m  and  —  m  respectively. 

218.   The  Logarithmic  Case.    1.   We  have  seen  that  when  the  in- 
dieial equation 

J'(r)  =.  rir  -  l)q,ia)  +  ^^,(«)  +  q^{a)  =  0  (1 

has  its  first  coefficient  q^^a)  ^  0,  our  differential  equation,  which 
we  write  in  the  normal  form 

Lip-)  =  (x-  ayq,(x-)y"  +  (_x-  a^q^^x^y'  +  q^(xyy  ^  0,  (2 

has  one  solution  of  the  form 

2/1  =  («  -  «)'■!«•  +  «,(»^  -  «)  + ',(."  -<.)'+■•■!,  (" 
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where  r^  is  that  root  of  1)  whose  ahseissa  in  greatest.  Suppose 
now  the  roots  of  1)  are  equal,  or  at  least  differ  by  an  integer. 
The  method  developed  in  209  gives  in  general  only  one  integral 
2),  viz,  the  integral  3). 

To  obtain  another  linearly  independent  solution  Fuehs  proceeds 
as  follows.     We  set  ^ 

in  2).  This  leads  to  a  linear  homogeneous  equation  of  order  1. 
Let  3  bo  a  particular  solution  of  this  equation,  and  let  ^^  be  the 
value  of  4)  for  this  value  of  z.  Then  ^j,  y^form  a  fundamental 
system  of  our  original  equation. 

*'"'■  "  ciji  +  «5S,  =  0,  (5 

we  have,  on  using  4),  /» 

"^  Ci  +  eJ'zdx=^0. 

Differentiating  this,  we  get     ^  ^  _  q 

and  this  requires  that  c^  =  0.  Putting  this  in  5),  we  see  that 
Cj  =  0.     Thus  y^,  1/2  ^'■^  linearly  independent  as  stated. 

2.  Let  us  now  set  4)  in  2)  and  find  the  resulting  equation 
which  z  satisfies.  We  have,  differentiating  4)  and  setting  for 
brevity  ^ 


'J  =  0.      (6 
s  Q)  in  the 


Th8s8  in  2)  gi. 

'e 

li"  =  III',  +  'i<A 

2  +  W'- 

2,i(j,)  +  (»- 

«)l?iyi  +  2(«-<')?oyl 

i5  +  (*- 

■  «)'?(^ 

But  i(yi)  =  0  since  j/^  is  a  solution  of  2). 
normal  form,  we  get 

Writ 

(I 

-  «m 

='+|g,  +  2(*- 

a)  +  log 

j=0. 

If  we  write  3) 
we  have 

1»S, 

yj  =  r,  log  (x  — 

V- 
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Hence  , 

Hi 
where  i^((()  ^  0.     Thus  we  may  write  7) 

Jf(z)  =.  (2!  -  o)v'  +  h'-  =  0.  (** 

where  /  ^         ,  ^ 

•iW  =  ?i(»0  +  2  ?o("')l'-i  +  («-  «)t(«)l- 

Thus  the  indiehil  cquiition  or  8)  is 

«,(«)  +  .,(«)  =  0, 

°'  e(r)  =  ri,(«)  +  ?,(»)  +  2  }o(«)ri  -  0.  (9 

Then 

(r+l)G'(r)  =  ,,(«)|-r,(r,-l)  +  (r  +  r,  +  l)(r  +  r,)l 
+  «i('')i-''l  +  <'-  +  '-i  +  l)i. 
as  is  seen  by  aetually  multiplying  out.     This  we  may  write 

(f  +  l)ffW  =  -k,(>-i-l)?,W+ ',?,(«)! 
+  !(>•  +  '•,  +  !)(>■  +  •■i)«.(«)  +  (>■  +  >■,  +  i)SiC«)i- 

But   the   first  term  on  the  right  is  q^(_a),  since  r^  is  a  root  of 
F(r')  =  0,     Thus  the  last  equation  becomes 

()-  +  l)e(i-)  =  {r  +  ,-i  +  l)fr+r,)?.(o)  +  (r+n  +  l)j,(,.)  +  j,(<.) 

-(f  +  l)!r-(r,-f,-l)|. 

Hence  the  root  of  G(r)  =  0  is 

^■a  —  Tj  —  1  =  —  m,     an  integer, 

since  by  hypothesis  j-j  iind  r.^  differ  by  an  integer,  which  may 
beO. 

From  this  we  have  as  result  that  the  differential  equation  7) 
admits  a  solution, 

z  =  (x-a')-"'\e^i  +  e,^(3:-a')+  ■■■  j. 
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3  coefficients  may  be  obtained  as  before.     Tiien 


P 


+  k^(x^a)  +  k^ix-a)^+  ...  (10 

But  we  have  seen  that  ,, 

y^  =  ViJ  ^^^ 

is  a  second  solution  of  2).  Putting  in  the  value  of  y^  as  given 
by  3),  we  get 

y,  -  (^  -  «)'.*W  +  («  -  «)'4,W  log  {X  -  «),  (11 

which  may  also  be  written 

y,  -  (I  -  a)'. !  *(3=)  +  *(»!  -  «)"->^(j:)  log  (»  ^  a)  1 ,  (12 
where  0C^),  "^{x)  are  regular  at  x  =; «  and  do  not  vanish  at  this 
point. 

3,  Thus  when  the  indicial  equation  at  the  point  x  =  a  has  two 
roots  which  differ  by  an  integer,  there  exist  always  two  linearly 
independent  solutions  of  the  fonn  2)  and  11)  or  2)  and  12). 

Let  us  note  that  the  logarithmic  term  in  y^  may  not  he  present. 
This  takes  place,  as  12)  shows,  when  A  =  0. 

That  the  two  roots  of  the  indicial  equation  may  differ  by  an 
integer  without  y^  containing  a  logarithmic  term,  is  illustrated 
by  Bessel's  equation  211.  For  let  m  =  ?  +  g  in  1)  of  that  article, 
I  being  an  integer.  Then  tlie  two  roots  of  the  indicial  equation 
are  ;+  1     ,     _/_  J, 

whose  difference  is  2  Z  +  1,  an  integer.  However,  the  recursion 
formula  211,  3)  for  determining  the  coefficients  e„  is  such  that 
the  c,  of  odd  index  vanish,  and  tlius  c^  for  even  index  are  uniquely 
determined  if  only  m  is  not  an  integer. 

4.  There  is  no  difficulty  of  generalizing  the  foregoing  result. 
We  may  therefore  state  the  theorem  : 

At  the  point  x  =  a  let  the  indicial  equation  of 

y""+Piy''-'+  ■■■  +p„y^O  (IS 

be  of  degree  n.     Let 

r    ,     r'     ,     r"         —  r"^  (14 
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be  the  group  of  roots  belonging  to  a  prime  root  r,  arranged  according 
to  diminishiTig  abscissae.     Then 

y^ix~ay<l>ix), 
y^  =  (x-  ay  \<i>,,Qx-)  +  ^,j  log  (^  -  «)  +  4>n  ^'^g'  (^  -  «) i^  (15 

^,  =  <ix-ay"*\4>^iz-)+4>,iC^')\og(x-a:,+  -  +0,.log'(a;-«)l 
are  solutions  of  IZy  The  functions  <fi  are  one-valued  analytic  func- 
tions within  a  circle  about  the  point  x  =  a,  and  passing  through  the 
nearest  singular  point  of  the  coeffidents  p  of  13).  JEach  group  of 
roots  as  14)  of  the  indidal  equation  furnishes  a  group  of  integrals  as 
15).  The  total  number  of  integrals  obtained  in  this  manner  is  n. 
They  form  a  fundamental  system. 

5,  When  the  degree  of  the  indicial  equation  at  a  singular  point 
a:  =  ffl  is  n,  the  same  as  the  order  of  the  differential  equation,  we 
say  x  =  a  is  a  regular  point.  They  include  the  simple  singular 
points  of  209. 

When  the  indicial  equation  at  the  singular  point  x  =  a  is  of 
degree  less  than  n,  the  foregoing  method  does  not  give  us  all  the 
integrals  of  13).  Such  singular  points  are  ealled  irregular,  and 
their  theory  is  too  difficult  to  treat  in  this  work.  We  shall  soon 
see  that  Bessel's  equation  has  «  =  qo  as  an  irregular  point. 

213.  Method  of  Frobenius.  1.  In  the  foregoing  article  we  have 
established  the  existence  of  a  fundamental  system  when  the  roots 
of  the  indicial  equation  differ  by  an  integer,  using  a  method  due 
to  Fuchs.  Knowing  the  form  of  the  solution,  the  coefficients  may 
be  obtained  in  any  given  case  by  the  method  of  undetermined 
coefficients.  Frobenius  has  given  a  method  which  leads  more 
quickly  to  the  desired  result. 

Let  us  take  the  singular  point  a;  =  a  at  the  origin ;  we  write 
our  equation  in  the  form 
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Using  still  the  notation  of  209,  9)  let  us  set 

"JlW  +  ViC'  +  l)"". 


wliore  s  is  not  necessarily  a  root  of  the  indicial  equation,  but  an 
arbitrary  parameter. 

Then  c„  will  have  the  form 

"'■  '    /,(s  +  !}/„(«  +  2)  -Us  +  n)      "^ 
Let  us  now  set 

in  1).     It  becomes 

iw»=.  «)]=>=•  Si=~/'.(«+«)+«.-./,(»+»-i)+-+«c/,.«i»^" 

=  «</.«»'.  (5 

since  all  the  terms  on  the  right  vanish  except  that  which  corre- 
sponds to  n=5  0,  by  reason  of  the  relations  2). 
Thus  when  s  is  a  root  of  the  indicial  equation 

/o(>-)-'('--l)+K«>  +  9(0)=».  (6 

we  see  that 

satisfies  the  equation  1). 

Suppose  that  the  two  roots  r-^^  r^  of  the  indicial  equation  differ 
by  an  integer,  say  r^=sr^  +  m,m'>_0.     Then  6)  has  the  form 

/oW  =  ('•-'■,)('■ -'■■  +  »>> 

For  c,)  let  us  take 

.0  -  ey.(.  +  iy„c. + 2)  •••/.(» + m).  (8 

Then  the  e„  in  3)  will  have  tlie  form 

„  = «-/!) ,  (9 

■     /.(.  +  «i  +  l)'..A(«  +  ») 
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in  which  the  denominator  does  not  vanish.     AIko  tlic  coefficient 
of  3f  in  5)  has  the  form 

Hence  in  this  case 

L\_gix,  .)]  =  («  -  r,y,>  -  r,  +  mfSx:  (10 


Now 


Is     •■"         axdx'       'St    dx     'S!    '         \atj 


i  (s  _r)(,_r,  +  my*  =  (» ->-,  +  »>)''*+ 2  (.-f,)(s-r,+  m)S 
da 

ficnce  differentiating  10)  with  respect  to  sand  then  setting  8  =  ^2. 
we  see  that 


[a. 


is  a  solution.     Thus,  provided  the  series  4)  can  be  differentiated 
termwise,  we  have  as  a  second  solution  of  1) 


* = *  =  "'•  ^°<^'t  '•"■ + "•  I  (|")„.^" 


01 


2.  When  tlic  coefficients  of  4)  are  determined  by  3)  and  s  =  r^, 
the  first  prime  root  of  the  indicial  equation,  the  series  4)  is  a 
solution.  But  if  we  give  the  c'„  values  as  determined  by  9)  and 
tal(e  B^r^  the  second  root  of  the  indicial  equation,  we  see  tliat  the 
series  4)  will  also  be  a  solution  in  the  case  that  r^,  r^  differ  by  an 
integer. 

214.  Logarithmic  Case  of  the  Hypergeometric  Equation,  1.  We 
saw  ill  210  that  the  two  roots  of  the  indicial  equation  at  x  =  0  are 
0  and  1  —  7,     Thus  when 

^-7-1 

is  an  integer,  we  have  the  logarithmic  case. 

To  fix  the  ideas  let  us  suppose  that  7>;1-  Then  our  two  inte- 
grals have  the  form 

3,  -  F(a.  A  y,  x),  (1 

Hi  =  -f(«.  A  7.  x)  log  X  +  x'-iGCx), 
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where   Q  is  regular  ata:  =  0.     We  proceed  to  apply  the  melhoJ 
of  Frobenius  given  in  213  to  find  Q.     We  have  here 

/„(!)=  ^.(8-1) -7.  =  -.(.+»), 

/,(.)  =  . (.-l)  +  s(.  +  /3  +  l)+<.A  (2 

Thus  the  relations  213,  2)  become 

«^.(»  +  »)+«m/.O  +  «-])  =  0, 
or  _,  _(.+«+, -l)(.+  ,.  +  g-l)_  ,3 

(»  +  .)(«  +  »  +  7-l) 
The  coefficient  c^  is  by  213,  8) 

«.(»)= 'y.(»+l)-/.('+S') 

=  (-l)'(7(,  +  l)...  (I +  ;,)(.+?  + J)  ■■■(«  + 2;,).         (4 

As  (?  is  arbitrary,  let  us  take,  in  order  to  get  simple  formuhe, 

(-1)' 


^.  ,  .,--^.  .  .  .„      .,^.  .  „,       («  +  /3  +  <,-l)'  <* 

Then  3),  4),  6)  give       ^^^^j  ^  ^^(j-,  p_(,)_  (g 

where 

,     _  (.  +  l)...(i,  +  yX'  +  g  +  l)-  (» t ^ S') n 

ov  J     ,0  ^  „^  ...  ^e  J.  „  J.  «  _  ^^/o  ^  fl^  ...  ^o  ^ /^^.,  _  i\"  ^ 


(.  +  «)■ 

■  ■(.  +  «  +  (?- l)(.  +  /3). . 
■■(>  +  «+«-l)(»  +  (S).. 

..  (s  +  0  +  ,,-1)' 

•(.  +  I3  +  M-1) 

•-•w         (,+  1)...  (,  +  „)(, +  ^) ...(,  + ^Tfirn5     '    ^ 

0„(.)=1. 
Thus 

y  =  o„(.>-_2  0.(»>"     ,     Co-1  (9 

is  a  solution  for  8=1  —  7.      Tfe  call  this  t/y 
From  8)  we  have 

(,  +  l)...(«  +  2y)(«+«)...(.  +  i.  +  g+ii-lX'  +  g)- 
(.+  .)...  (.  +  <.  +  <,-l)(.  +  /3)-(.  +  ^  +  j,-l)(«  +  l) 

■•■(•  +  </  +  ")(• +  7)  •••(»+<?+ 7  +  "- 1) 
^  («+<?+»)  -  (,  +  „+<,+»-l)(.+y+)3)  ...  C,+  a+g  +  n-r) 

(B+g+1)  ...  (»+<(+«)(«+4'  +  7)  -  (!+y  +  7  +  »-l) 
-P.C  +  !/). 
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Thus  we  can  write  9), 

This  series  satisfies  formally  the  hypergeometrie  equation  for 

As  eo(s)  contains  the  factor  (s  +  (/),  e^  =  0  for  s  =  1  —  7.     Thus 
10)  becomes 

»,  =  £  O.(0)»-  =  *"(«,  A  7,  »),  (11 

since  the  recursion  formula  3)  goes  over  into  210, 11)  for  s  =1  —  7. 
In  order  to  apply  213, 11),  let  us  show  that  10)  may  be  differen- 
tiated termwise  with  respect  to  s  at  the  point  3=1  —  7.     To  this 
end  we  show  that  the  series 

is  steadily  convergent  in  a  small  circle  C  about  the  point  8  =  1  —  7. 


In  c  we  will  have 


0<a<|s+^|<T. 


^-B, 


Thus  if  we  set  I « I  =  (I,   |  yS  |  =  ?>,  we  have 

I  „    .  (T+<.)-(T+a+»-l)(T+i)...    (T+i+,.^1) 

l*--!^  -(^  +  l)...(^  +  „)(»  +  7)...(,  +  7  +  n_l)       -"'■ 
Let  US  now  consi<ler  the  series, 

E=e^-V&^llA-e^R^-\-  .-         0<  fi<l. 
This  series  is  convergent  since  tlie  ratio  of  two  successive  terms  is 
(T+a  +  n)(T  +  i  +  n) 
(o^  +  n+l)(<r-H7  +  n) 
and  this  =  fi  as  «  ^  qo. 

Thus  10)  converges  steadily  and  we  may  diiJerentiate  it  term- 
wise.     The  new  series  so  obtained  is  a  solution  of  our  differential 
equation  for  s  =  1  —  7  by  213. 
We  get  thus 


Vx'^C'Xs^g)x-^'.  (12 
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Let  lis  now  set.  .'i  =  1  —  -y  =  —g-      Then 

To  find  Ci(0)  we  take  the  logarithm  of  8)  and  then  differentiate 
with  respect  to  s.     This  gives 


Setting  in  tliia  s  =  0  gives 

-c.(0)It+ ■■■+-+-+  ■■■+- 

To  find  C'K^  g')  we  note  that 


'^o(-i')  =  l™ 


,+g  .—,«+.« 

^(l)'(7-2)!(7-l): 


(„_  !)...(„_  7  + l)(,3-l)-.-(/i)-7+l) 

We  have  thvis  a  second  solution. 

y^  =  F(a,  ^,  7,  a;)  log  x  +  F,(i.,  yS,  7.  ^), 
wiiere 
»(,,  /J,  7,  ,)  . (-lW7-2)!(7-l)! L. 

+  ,..+ Z^i l  +  il^fl  +  i_l-lV  (13 

^       ^(.-l)(/3-l)    j^l.yU      /3      1      77  ^ 

.(»+l)^(fl  +  l)|l         1,1,1         111  1     1^ 

1.2-7(7  +  1)     U^»  +  l^/3^+l      1      2     7  7  +  li 
+  ■■• 

2 ,    In  the  foregoing  we  supposed  7  >^  1.     If  we  suppose  ^  is  0  or 
a  negative  inieger,  we  have  a  fundamental  system 

j/,-»'-'J'(»  +  l-7,  ^  +  1-7.  2-7,  «), 
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3.  Let  113  now  consider  the  point  x  —  1.  If  y  — a  — ^  is  an 
integer,  we  have  the  logarithmic  case.  Jfy—  a  —  /3j<  0,  a  funda- 
mental system  is 

y,=  J?(.,A.  +  /3-T  +  l,l-3:), 
ys  =  </l  lug(l-i)+-J'i(.,  A  »+  /3  -  7  +  1,  1  -i). 
If7  —  a  —  /3>0,  a  fundamental  system  is 

yi=yi  logO-3:)+(l-a')'— 'JiCt- A  7-«,  7-«-,8+l,  1-t). 

4.  Finally  let  us  consider  tlie  point  x  =  as.  If  a—  jH  is  a  positive 
integer,  we  have 

j,,  =  »-J'(«,  »-7+l,  «-/3  +  l,^),  (18 

a  =  yiii>g-+»'--fi(«.  «-7  +  l,  "-/S  +  LiY 

»  V  xj 

If  a~  ff  is  0  or  a  negative  integer,  we  have 

y,  =  »!-»J'('a /3  -  7  + 1, /3  -  «  +  1,  1\ 


fc  = !/,  log  i  +  »-''J?,(a /J  -  7  + 1. /J  -  «  + 1.  ^)  • 


(17 


215.  Logarithmic  Case  of  Bessel's  Equation.    1-  The  indieial  equa- 
tion of  Bessel's  equation 

aa^        ax 
has,  at  a;  =  0,  the  two  roots  ±  m,  as  we  saw  in  211,     When  m  is  an 
integer,  we  have  the  logarithmic  case.     As  in  most  applications  m 
is  an  integer,  we  wish  to  find  a  fundamental  system  in  this  ease. 
Applying  Frobenius'  method  given  in  213,  we  have  here 

/.(<)-.'-».'   ,  /,(>)=»    ,  A(»)-i 

™''  /.(«)-«         for«>2. 

The  equations  213,  2)  have  the  form 

«./«(•  +  »)+'■.-.-«■ 
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Thus  _  ^ 

etc.  We  notice  that/^(s  +  n)  occurs  in  these  denominators  only  for 
even  n.  We  may  thecefoce  modify  the  formula  for  Cq  in  213,  9) 
and  take  ^^  ^  ^^^^^  ^  2y„(s  +  4)  .../,(s  +  2m).  (2 

Let  us  set  p^^^  _  j._  ^^,j  ^^  +  2)2  ~  m^l  .. .  K*  +  2  m  -  2)^  -  m^\ 
so  that  <;^  =  (-l)'"6''Ks+2m)2-m2jP(s).  (3 

Tlien  the  series 

becomes  here 


a? 


^ "I 

=  Otj^u  +  Ox^^v  =  U+V.  (5 

Here  ?7  embraces  only  a  finite  number  of  terms.     The  series  v 
is  steadily  convergent  for  every  a;  and  for  any  s  >  —  (m  +  1). 

For  let]x]<M.     Then 

{»  +  2i»  +  2)'-m'>»>0. 
Hence  eacii  term  in  v  is  numerically  <  the  corresponding  term  in 

Tiie  ratio  of  two  successive  terms  is  here 
and  tliis  =  0  as  ?!  =  a>. 
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Hence  from  the  general  theory  of  213,  if  «/j  denote  the  value  of 
4)  for  8  =  —  m, 

are  solutions  of  1). 

From  3)  we  note  that  c^  —  0  for  s  =  —  m,  thus  ?/"-,  =  0.     Refer- 
ring to  211,  5),  we  see  that 

O 


f  turn  to  the  logarithmic  integral.     We  have 


'    n(m-l)    's:-£j        n(t)        w  ' 


yimilarly 

5^  _  cncm)j,(T)  log  x+ lcj-.(x) 

"''»"=  „(i)=l+l+...  +i     ,     „(0)=1- 

Here  we  can  neglect  tlie  term  i  CJ^  (a^),  as  we  are  seeking  a  fun- 
damental system  and  this  term  is  ^j  aside  from  a  constant  factor. 
Also  for  simplicity  let  us  set 

0  = 


Thus  the  solutio 
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leads  us  to  take  as  second  independent  integral 


\'^J  t^Ii(m)U(m  +  k-)' 


216.  The  Differential  Equation  for  K",  K.   1.  In  189  we 
that  /,    -,  N  _    /-.    , 


Thus  iTand  K'  satisfy  a  speciivl  case  of  the  hypergeometrio  equa- 
tion for  which  «  =  ^  =  |,  7  =  1,  viz. : 

.(.-l,g  +  (2.-l)|  +  l,     ,    .=  ,K  (1 

Referring  now  to  214,  we  see  that  a  fundamental  system  of  in- 
tegrals of  1)  for  3;  =  0  is 

yi  =  -*■(*.  i.  "I. »').  (2 

ft-yilogrt  +  J^Ci  J,  1,  i).  (3 


Here 


2.  Lot  us  find  the  development  of  K'  about  «=  0.     Since  K' 
is  a  solution  of  1),  we  must  have 

K'  =  Ay,-\-By^.  (5 

or  since  r^     -w  r,f\    1    ,      \ 

From  196,  2)  we  iiiid     yi^\^  10  o  +  .-- 
«="««  .  =  4^=16, +  ...  =  16  .-'+... 
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::|::=iogi6--iogP+... 

0 

^        |(1  +  1P+...) 

=  _BP+  ■.. 

(8 

In  6)  let  us  divide  by  K  and  put  in  7),  8)  ;  we  get 

(41og2-2/l)~-(l  +  i!i;)logF+  ...  -0. 

Tims                            ^  =  21og2,         S--J. 

Hence  5)  gives 

i-'=(21og2-  |.logi^)P(i,  1,  1,  ey- 1  F,Q,  I-,  1,  F). 

(9 

217.  Criterion  for  a  Regular  Point.    We  saw  in  212  that  x  = 

.ois 

a  regular  point  of       ■                 j 

(1 

if  y,  5  have  the  form 

(2 

where  ff,  h  are  regular  at  a:  =  «.     When  x  =  a  ia  a  regular  point,  1) 
admits  a  fundamental  syst-em  of  integnilH, 

»,-(«-«)'.*,(«)  (3 

»=(»'-  '•)'-|*!iW  +  *22W  log  (a'  -  «)l, 
where  r^,  r^  are  roots  of  the  indicial  equation  at  this  point. 
We  wish  now  to  establish  conversely  : 

If  1)  admits  3)  as  afimdamental  system  of  integrals  at  the  point 
x  =  a,  it  is  necessary  thatp,  q  have  the  form  2). 

For  we  saw  in  212  that  if  we  set 

y^  =  yA  zdx,  (4 

then  z  satisfies  the  equation 

—  +  gz  =  Q,  where  g  =  p  +  2^-  (5 

dx  y^ 


yGoosle 


LINEAR  DIFFERENTIAL   EQUATIONS  485 

From  4)  we  have  ,  ,     , 

dx\yj 
Thiia  from  3)  we  see  that  z  must  have  the  form 

where  0,  i/r  are  one- valued  about  x  =  a. 

Let  now  x  make  a  circuit  about  x—a.     li  z  acquires  the  vahie 
3,  this  must  be  a  solution  of  5).     Hence 

i  =  o.  (6 

■'»'  i  =  e'-'Kx  -  «)•[*  +  +|log  («-«)+  2  «0 

=  e—2+ 2  ««■■'•(»! -c.)-^. 
Putting  this  in  6)  gives 

z(o  -  e")  +  2  »!V™(3!  -  <i)'f  =.  0. 
Tliis  requires  that  i/r  =  0.     Hence 

2  =  (a,-<.).*(2=). 
Thus  ,    , 

wliei'o/is  ref^ulai'  at  a;  =  .i. 
On  the  other  hand,  5)  gives 

where  k  is  regular  at  a. 

Thus  7),  8)  show  that  p(x'}  has  at  most  a  pole  of  order  1)  at 


x=  a. 

From  1)  H 

'e  have,  setting  y  =  y^^ 

^-i< 

Now 

<A      K") 

where  I  is  regular  at  a.     Hence  q  has  at  most  a  pole  of  order  2. 
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218.  Differential  Equations  of  the  Fuchsian  Class.  1.  When  all 
the  singular  points  of  a  linear  homogeneous  differential  ecLuation 
are  regular,  it  ia  said  to  belong  to  the  Fuohsian  class. 

Now  in  order  that  x=a  is  a.  regular  point  of 


d-j^^^'-'^-'dx^ 


(1 


the  coefficients^,  q  being  one- valued,  it  is  necessary  that  x  =  ais 
at  most  a  pole  of  p  and  q.  Hence  p,  q  having  only  poles,  even  at 
x  =  'x>,  must  be  rational  functions  of  x.  As  the  poles  of  p  cannot 
be  of  order  >  1,  and  those  of  q  of  order  >  2,  we  can  write 


-J(«)    •    »     PW 

where/,  g  are  polynomials  and 

h^x""  +  c^x-"-^^ 1- Cm 

=  (x~a-^)(x-a^~)—  («-«,„). 

To  find  the  degrees  of   tlieae  polynomials  we  use   the  fact  that 
X  =  00  must  be  a  regular  point.     Let 


ff(x')=b^x'  +  h^:>^-i+  ...  +b,. 


We  set  now  x=^-  in  1).     Since 


we 

find 

as 

transformed  equation 

As 

P  = 

«o  +  «iM  +  ■ 

■■  +«x 

!+«,«+.. 

•  +  C^M" 

1- 

!  +  <;,«+ .. 

-  +  sx 

y_0. 
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a  see  that  2  it^  —  u^p  _  P(u') 


where  P,  Q  iire  regular  at  w  =  0. 

As^i  cannot  have  a  pole  of  order  >  1,  and  q^  one  of  c 

irder  >  2, 

wehave               r_m  +  2<l     ,     s-2,„  +  4<2, 

or                                  r<m-l     ,     s<2m-2. 

™™          »-,.!+(:     ,     2»-,  =  2  +  i     ,     ;<,i>0. 

Also                                        , 

ft  =  l|2-v'  +  ...l, 

,,  =  ilVH--i. 

Hence             P(„)=  2 -»,»'  + -     :     g(B)-iX  +  - 
Let  us  set 

X  =  lim£  =  lin,jy, 

(3 
(■t 

;»  =  limJt=lirai>5. 

(■^ 

Then  we  see  from  3)  that 

P(0)=2-X     ,     $(0)=/..  (6 

2.  At  the  singular  point  x=a,  let  r^,  pi  be  the  roots  of  the 
indicial  equation.  The  roots  at  a;  =  co  we  will  denote  by  ?■„,  p„. 
Fuchs  showed  thnt  these  roots  must  satisfy  the  relation 

2(r,  +  p,)  =  m-l,         i  =  1,  2.  ...  m,  qc  .  (7 

This  is  called  Fuchs'  relation. 

Let  «8  find  the  indicial  equation  at  x  —  Oi.  We  bring  1)  to  tlie 
normal  form 

(X -  ,,)ij|f,)g  +  («  _  <.,)S,(«,if  W 'I  +  sWj,  =  0. 

The  indicial  equation  is 

hlx)  =  (a:  —  fl;)i^(a;). 
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Hence  h'ix~)=h{x-)  +  ix-~a,)h;(x). 

ki(ai)=h'(ai). 
We  may  thus  write  5) 


Let   us  now  write  1)  in  the  normal  form  for  x  =  x.     Setting 
a;  =  -,  we  saw  that  it  talies  tile  form 


«"2  +  «pa+«y-o. 

Its  indicial  equation  is  therefore 

or,  using  4), 

r(r  -  1)  +  rP(0-)  +  Q(t))  =  0, 
ri+(l-X)r  +  ,»  =  0. 

Thus 

r^  +  p^  =  X-l. 

From  elementary  algebra  we  have 

Hence  from  4), 
Thus 
From  9),  10) 

/W-v/(»).    1    . 

we  have  7), 

(10 


219.  Expression  of  F(a,  yS,  7,  x)  as  an  Integral.  We  leave  now 
the  general  theory  of  linear  differential  equations  and  return  to 
the  hypergeometric  function.     Let  ns  show  that  when 

i3;i<i  ,  o</3<7,  a 

we  may  express  i^(«,  A  %  ^)  as  a  definite  integral,  viz. : 

PuO-'il  -  uy-^'\t  -  xuydu      (2 

7-P)./() 
J 
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where  B{p,  5)  if;  the  Beta  function 

B(j,.q-)=£,'-H\-v.y-Hu.  (3 

For  by  the  binomial  tlieoreiii 

(1  -  xw)  -  =  1  +  "  a:«  +  "-"■—■  ^m2  +  ... 

when  I  a^M  I  <  1.     Hence  the  integi'ii!  Jm  2)  may  be  written 

=  S(/3,  7  -  /3)  +  a.vB{^  +  ],  ^  _  ^) 

+  ^^j^a^-S(/3  +  2,7-/3)+...         (4 
Now 

Hence 

_B (^  +  2,  7  -  ^)  =  ^ 5 O  + 1,  7  -  ^)  =  ^-^  +  "'  5(^,  7  -  ^)i 
7  +  1  7  ■  7  +  -I 

etc.     Putting  these  values  in  4),  we  get  2). 

230.  Loop  Integrals  of  the  Hypergeometric  Equation.    1.   In  the 
last  article  we  have  sliown  that  the  liyiiergeonietiie  equation 

.(l-.)S+lv~(.  +  /5+l>l|-«^y  =  o  (1 

admits  as  solution  the  integral  2)  wlien  the  conditions  1)  of  that 
article  are  satisfied.  Let  us  replace  the  path  of  integration  (0,  1) 
by  a  more  general  path  L,  properly  chosen  ;  we  proceed  to  show 
that  1)  admits  a  solution  of  the  form 

y=  f^(.^~xyu(zyiz.  (2 

In  fact,  putting  2)  in  1),  we  get 

I  v—-dz-\-  I  -~dz=0,  (S 

J  J.     dz  ,//,  dz 
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"'"'"'  v  =  (i-:,):  (4 

_F  =  za-3)g-l»-7  +  (/3-„  +  l>i«,  (6 

-^'^^-^^l-l-ll+i  — ^^— '>i-       <'■' 
To  prove  this  we  may  proceed  iis  follows.     E>om  5)  we  have 

,^  =  z(l-z)»o»+il-«  +  ,+  z(«-,3-3)|t.«'-(;S-<.+  l)». 

From  6)  we  have 

^  =  -2(l-2)»«"+l«-7-l  +  (,3-«+3)zjW 

+  i.(«+l)<l^z)(2-a:)— ■  +  <7-«-l+(«-/3  +  l)2)(2-«')— ' 

+  ((3-«+l).|». 

Thos 

On  the  other  hand  we  have  from  2) 

Thus  1)  becomes 

j|^»|.(«+l)»,(l-i)(s~ai)---'  +  «(7-(«  +  (3+l)»)(^-ir-' 

Now  we  have  identically 

i(l-»=)  =  z(l~.)  +  (2i,-l)(z~»)-(z-^)^ 

7-(»  +  ^+l)i:  =  7-(.+  ,S+l)3+(»+^  +  l)(z-l). 

Thus  the  hrace  in  the  foregoiug  integral  reduces  to  the  function 

^  above,  and  this  establishes  3). 

An  integral  of  !,_  q 

'^  C°-y+(fl-+i)..^ 
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(9 
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This  ill  6)  gives 

0=^'-'*\,-iy-'Cz -,)—'.  (8 

Thus  when  u  is  chosen  as  in  7),  F=  0  and  hence  the  first  integral 
in  3)  vanishes  for  any  path.     Also  if  i  is  so  chosen  that  G  in  8) 
takes  on  the  same  value  at  the  end  of  L  that  it  had  at  the  start, 
the  second  integral  in  3)  vanishes. 
In  this  case  2),  or  what  is  the  same, 

is  an  integral  of  1).     Hei'e 

2.  Let  ig,  ?p  l„  l^  denote  loops  about  the  points  z  =  0,  1,  x,  od, 
respectively,  each  circuit  being  described  about  the  corresponding 
point  in  the  positive  sense. 

Let  (?jj,  Wfl  be  the  end  values  of  (?„,  ta^  after  describing  l^^,  etc. 

After  a  circuit  about  b  =  0, 


goes  over  into 

g|a-Y+l)(log!+W)  ^  gSir;(»-v+l>jH-VH- 

Thus  ^^_e^,i,.-v)(?^^. 

Similarly  if}  —  e^H'-ytuin. 

In  the  same  manner  we  find 

Let  Oyb  he  any  two  of  the  four  points  0,  1,  x,  co.     Let  L^t, 
path  about  ti,  *  as  in  Fig.  2,  §  150.     Obviously,  as  far  as  the  values 
of  (?  and  the  integral  9)  are  concerned,  this  path  is  equivalent  to 

As  (?  returns  to  its  original  value. 


-=./;. 


wdz 
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is  a  solution  of  I).     Since  we  can  choose  the  points  a,  6  in 


ways,  we  get  in  this  manner  six  solutions  of  1).  They  must  of 
course  be  linear  functions  of  a  fundamental  system,  as  shown  in 
210. 

8.  As  an  illustration  let  us  consider  y^j.  For  simplicity  let  us 
take  [a^l  >  1  and  suppose  that  «,  0  do  not  differ  by  an  integer. 

As  the  loop  -^Dj  let  us  take  a  double  loop  ?  running  over  two 
little  circles  about  s  =  0,  3=1  and  the  segment  of  the  real  axis 
joining  them. 

Then  on  S,  -l<  1     and 

(z  -  xy  =  a^.-'(l  -  ~j 
Hence 


(11 


Now  the  two  fundamental  integrals  at  a;  =  oo  are,  as  we  saw  in 
210,  16),  17). 

V,  =  x-f(^  a,a-y+h<A-0  +  l.  ^^. 

Hence  </  must  have  the  form 

^  =  ''i''!  +  H'nT 
As  y  does  not  contain  any  powers  of  x  in  common  with  i^g,  we  see 
that  Cj  must  =  0.     Hence  11)  differs  from  jj^  only  by  a  constant 
factor. 
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FUNCTIONS  OF  LEGENDRE  AND  LAPLACE 

Functions  of  Legendre 

221.  The  Potential.  1.  We  wiah  in  the  present  chapter  to  de- 
velop Moine  of  the  more  important  properties  of  tliese  functions 
which  are  of  great  importance  in  raathematiciil  physics.  We  begin 
with  the  polynomials  introduced  by  Legendre,  who  was  led  to 
study  them  while  treating  of  the  attraction  exerted  by  the  earth 
on  a  mass  exterior  to  it.  Such  questions  arise  in  celestial  me- 
chanics and  in  geodesy. 

Let  us  find  the  attraction  exerted  by  a  body  B  on  a  unit  mass 
fi  situated  at  the  point  A. 

The  force  exerted  by  an  element  of  mass  dm  situated  at  J*  on  /i 
is,  by  Newton's  law. 

If  AP  makes  the  angles  «,  (9,  7  with 
the  X,  w,  3  axes,  we  have 


cos  a  =    —--  - 


.  U  r.}. 


The 
fore 


2  components  of  /  are  there- 
dm    X  —  a  dm    y  — 


dm    z  —  c 

If  we  denote  the  total  force  of  attraction  exerted  by  B  on  ^u  by  i^ 
and  the  x,  y,  z  components  of  -F  by  X^  F,  Z^  we  have 


im 


Y-e     ILrJ^dv, 


-r-i^ 


dm. 
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Let  us  consider  the  function 
Wo  have 

(1 

(2 

SimiUrly                   sr__y         'Jl  =  -  z. 

Thus  the  function  1)  has  the  remarkable  property  that  its  fii'st 
partial  derivatives  are,  aside  from  sign,  the  components  of  the 
force  exerted  by  the  body  £  on  a  unit  mass  /i  situated  at  A.  Tliis 
function  V  is  called  the  potential  of  the  body  B  with  respect  to 
the  point  A.  It  is  of  extraordinary  importance  in  many  parts  of 
applied  mathematics.     For  simplicity  we  shall  set  c  =  1, 

2.   Let   us   now  show  that   V  satisfies   the  partial   differential 
equation 


li^U<l^l 

8^  + 

3z'  ' 

=  0. 

This  i 

s  known 

as  Laplace's  i 

equation  and 

iso 

ften  written 

AF  = 

-  0. 

We  have  from 

2) 

3H:_  ri 

Si'      J   1 

ail- 

af_ _ 

^} 

dm. 

s' 

and  similar  expressions  for  the  two  other  derivatives  in  3),     Thus 
adding,  ^ 


3.  As  a  special  ease  we  see  that 


(5 


is  a  solution  of  3). 

4.   As  an  exercise  in  the  calculus  tlie  student  may  transform  3) 
to  polar  coordinates, 

x-=r  cos  8  cos  ^     ,     y  =  r  sin  6  sin  0     ,     g  =■  r  cos  d.  (6 
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It  ia  convenient  to  call  d  the  altitude  and  0  the  azimuth  of  the 
point  X,  p,  z. 

After  a  lengthy  calculation  we  find  that  the  loft  side  of  3) 
becomes 

When  the  attracting  masses  are  symmetric  with  respect  to  an 
axis,  we  may  take  this  to  be  the  s-axis.  Then  V  eamiot  change 
when  0  changes.     Hence         ^^ 

^  =  0, 
50 

and  in  this  case  7)  becomes 


322.  Definition  of  Legendre's  Coefficients.     1.  In  many  investiga- 


this  we  are  led  directly  to  Legendre's 

coefficients. 

Let  0  be  the  angle  between  a  and  p. 

Then 

S'^=  a^  +  p^  —  '2,ap  cos  0. 

r>et  a  . 

r=-     ,     when  a  <p 


=  "     ,     when  a>  p. 
Then  S  =  «2(l-2rcos^  +  »^)     ,     a>p 

=  p\l-2rcosd+r')     ,     a<p. 
In  either  case  the  development  of  -  leads  us  to  develop 

r=--~-l-      -.  ,     0  <?■<!. 

Vl-2f  cos(9+)-^ 

This  we  now  do,  using  the  binomial  series 


2.4 


1  .3.5 
27476" 
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which  is  valid  when  |  m  |  <  1.     Let  us  tlierelore  set 

x^aos$     ,     u  =  2rx-r% 
whence  m  , ' 

«"■  =  y  (  -  1)-      /"■         (2  xT-'r'^^'. 
3  sl(m  —  s)i 

This  in  2),  3)  gives 

^3  2'"+=j» !  s !  (m  -  s)  I 

,3     3  -^  2-(«>-»)l(>»-2»)!»! 

Thus  « 


where 

-P.(») 

_1 

■  i! 

lAi 

ml 

m_ 

Z^ 

I,- 

m  ■ 

m- 

-1 

^.-. 

+ 

m-m- 

-1  . 
■  2m 

■  m  — 

1^1 

■2 

m- 

-a 

I 

•J{'A 

m- 

-1) 

^8 

.-...}.  (. 


Tliese  are  Le^endre's  coefficients  or  polynomials,  for  on  the  one 
hand  they  are  polynomials  in  x,  and  on  the  other  they  are  the 
coefficients  in  the  expannion  4). 

We  have 

A  =  l^-i^     ,     P^^^^^'-x'-i^-T'  +  letc. 
2,  From  5)  we  see  that 

-p„.(-«)  =  (-i)-i',w.  a 

Thus  -P,„(a;)  is  au  odd  oi'  even  function  as  m  is  odd  or  even. 
8.    When  fl  -  0,  i  =  cos  9  =  1.     Then 

Comparing  witli  4),  wo  see 

P„.(l)  =  l,     ii>=t,  2,  ■■•  (8 
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4.    From  5),  (5),  we  have 


2.4-6--2m 
i*;,...!  (C)  =  0.  (10 

5.    T!ie  equations  6)  enable  us  to  express  x,  3?,  x^  ■■■  in  terms  of 

p,,  p„  p„  •... 

Thus  we  find 

j?  =  |P,(»)+iP,(»),  etc. 
In  general  we  see  x"  lias  the  form 

^•=a„P,(i)+<i,P,(i)+-  +«,P.(i),  (11 

the  coefficients  being  constants. 

223.  Development  of  P„  in  Multiple  Angles.   1.  We  have 

1  ~  3  i-cos  9  + 1^  =  (1  -  re")(l  -  re-')- 

l^"'  (1  -  re«)-l  =  »,  +  »,re"  +  iijAW  +  ... 

wliere  1-3  1 . 3 .  .5 

».=  1,  -,  =  1,  S-^^-,    «,  =  2:47j- 

Hence 

F=  ^  (a,  +  a,re''  +  -. )(««  +  ai'-e"'*  +  -) 

Vl  —  2  r  cos  ^  +  r^ 

Thu3 

i'„(cos  ^)  =  2  a^a^  cos  n0  +  «^«„_i  cos(«  -  2)(9 

+  «2«„_2Cos(n  — 4)^+  ■■• 

_„1.3.5...2«-lf_„..»  ,  1 


2.4.6...2»     I  12 

1.3         ».»-l 


-  cos  (n  -  2)9  (1 
oos(«-4)»+...). 


1.2'2ri_l. 
From  this  we  have 

P,  =1     ,     P,-co.s9     ,     P,  =  i(3cos2e  +  l)  ...  (2 
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2.  We  note  that  all  the  coefficients  in  1)  are  positive.  Thus 
J*„(co9  dy  has  its  greatest  value  when  6=0,  for  then 

cosnd,  cos(n-—2)d,   —  (3 

all  take  on  their  maximum  positive  value  1. 

Thus  Pn(x')  has  its  maximum  value  for  x='i.  On  the  other 
hand  P„  is  certainly  greater  than  the  right  side  of  1)  when  we 
replace  the  quantities  3)  by  —  1.     Thus 

-/'„(i)<AC<^"s^)<-P„(i), 

or  using  222,  8),  _  -^  ^  P„(cos  6}  <  1.  (4 

224.  Differential  Equation  for  P-^(x').  Let  A  be  on  the  s-axis. 
Then  -, 


is  independent  of  ^.     Now  ^satisfies  Laplace's  equation  AF^  0 
as  we  saw  in  221,  3.     Tliis  we  saw  in  221,  8)  is  here 

ar\     SrJ      aneaSK  36  J  ■ 

Let  ua  »et       ^  ^  „„  j.  (2 

Then  1)  becomes 

dr\     dr  J      Sx      •  dx  ^ 

Now  bj  222,  4) 

F-lp.(i)r". 

Putting  this  in  3)  gives 

2)-|t!(»  +  l)-P, 
Hence  -P„  satisfies 
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If  in  this  we  sel  ,    _    2 

it  becomes 

>.(l-»)g  +  (}«-|)|  +  »(»  +  l)j  =  0.  (6 

Tliia  is  a  special  case  of  the  hypergeometric  differential  equation. 
Comparing  with  210,  1)  we  get 

~  „  "  R  ~  ^  +  ^  „  1 

A  fundamental  system  of  integrals  of  6)  is,  as  we  saw,  210, 10),  12), 

yi  1^      2        2        2       / 


^/2  -  a^-?' 


n-1    n+2    3 

2     '       2     '  2' 


Now  when  a  or  ^  is  a  negative  integer,  -F(«,  ^,  7,  xy  reduces  to  a 
polynomial.     Hence  when  n  is  an  even  integer,  ^j  is  a  polynomial 
and  ^a  is  an  infinite  series ;  while  when  n  is  odd,  ^3  is  a  polynomial 
and  ^j  is  an  infinite  series.     This  shows  that 
P„  (a:)  =  c^^i/i     ,     n  even 

Comparing  with  222,  5),  we  get 

p,.W  =  (-  1)-  i-;?-J-Ar.:l»  ;zi  j.(^  „,  „  +  .,  i,  ^),    (7 


.3.5-7  — 2»+l 


^J'(-»,«  +  |,  1,^."). 


235.  Integral  Properties  of  P„(J:).    1.  In  224,  4)  let  us  set 
y  ~  P^  and  then  y  =  P^-y  wo  get 

da^  ax 


y  Google 


500  FUNCTIONS   OF    A   COMPLEX    VAlltABLE 

Multiply  the  first  by  P„,  the   second  by  P„  and  subtracting,  we 
get  on  mtegrating 

(m -  n)(m  +n  +  X)  r P^PJx  =  0. 

Tims  ^., 

/    P^P,dx  =  0     ,     m^n.  (1 

From  this  follows  the  theorem: 

Ziet  F,n(x)  he  a  polynomial  of  degree  m<  n.     Then 

For  by  222,  5,11) 

P„  =  c,P,  +  .^i-Pi  +  -  +  c^P„. 

Thus  the  left  side  of  2) 

=  f^c,l"p,{x)PJx)dx 

-  0     ,     by  1). 
2.  We  have 

-^^^^^=1  +rP,(x)  +  r'^P.,(_x}+  ■■■=  S  r'"P^(x). 
VI  -  2  zj-  +  r^  "'=" 

Squaring,  we  get 

l^^h^'? "  ^ r-^"P„(^)i'„(2')     ,     m,n^  0,  1,  2,  -     (3 

Now 

J_,  l  —  2xr  +  r^r        1  —  r        I        6  b  J 

Hence,  integrating  3)  and  using  1),  4),  we  have 

Hence,  equating  the  eoelheients  of  like  powers  of  r.  we  have 


y  Google 


FUNCTIONS   OF   LEGENDRE   AND   LAPLACE         501 
8.  We  have 

^- 1  +  zP^ix)  +  z'P.,(x)  +■■■ 

VT^  2  3:3  +  2^ 

Hence,  C  denoting  a  small  circle  about  the  origin  in  the  z-plane, 

=  '2viFJx'). 
Thus  1      ^  J, 

the  radical  having  the  value  +  1  for  2  =  0. 
Let  us  set  2  =  —  in  6),  we  get 


where  i)  is  a  large  circle  about  u  —  0,  which  u  describes  in  the 
positive  direction. 

4.   In  7)  let  us  set 


Vl-2xu  +  u^==w-u     ,     ovl~2xu  +  u^  =  (w-  uy. 


Then 


■w^—  1  ,       w  —  u  , 

=  /^ry—  -  ■ — ^c     )     au= aw. 

Mw—x)  w  —  x 


While  M  describes  the  large  circle  i),  iv  will  describe  a  curve  ^ 
which  is  approximately  a  circle  of  radius  2  R.     Thus  7)  gives 

Since  the  integrand  has  no  singular  points  in  the  distant  part  of 
the  w-plane,  ®  can  be  regarded  as  a  lai'ge  circle  whose  center  is  x. 
The  relation  8)  is  due  to  ScKlafii. 
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226.   Rodrigue's  Formula.   1.  Let 

Then  by  Caiicliy's  integral  formula 


^W-2-^X 


(iifi  -  ly 


dw. 


i  jj'  iy  :i,  circle  about  tbe  point  w  =  x.     Hence 


fXx)  = 


■mj^(w  -  X) 
=  2''n]PJx')     ,     by  225,  8). 


Thus 


1 


■^      2"  ■  n !  dx"  ^  ' 

a,  relation  due  to  Jtodrigue. 

2.   From  this  relation  we  can  prove  the  theorem : 

The  n  roots  of  P„(3;)=0  are  all  real,  and  lie  in  the  interval 

We  start  with 

fix)  -(x'^iy-ix^  iy(r,  + 1)-. 

This  shows  that  x  =  l  is  an  n-tuple  root,  and  the  same  is  true  of 
x  =  —  \.     As /is  of  degree  2  m,  fCx)  has  no  other  roots. 
By  Rolle's  theorem 

Hence /'(ic)  vanishes  at  3;=  a,,  a  point  within  31.     But 

fix')  =  <ln(^~ly-^x 
has  3;=  ±  1  as  roots  of  ordern  — 1.     Thus/'(ai)=  0  at  3^=  ±  1  and 
at  :e=  Oj,  and  only  at  these  points.     We  may  reason  in  the  same 
way  on /"(a;).     We  have 

/"(»!)=  4n(n-l)(22_l)'-V  + 2  tt(3^-l)"-'. 

This  has  x  =  ±l  as  roots  of  order  m  —  2.  RoUe's  theorem  again 
sliows  that/"(aT)  must  =  0  at  some  point  Sj  within  (—  1,  ct,),  and 
at  some  point  6^  within  (o^,  1).     We  have  thus  found  2w  — 2 
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roots  oif"(x').  Since  the  degree  oif"(x)  la  2n  — 2,  there  are  no 
other  roots.  Thus/"(^a;)  vanishes  at  just  two  points  Jj,  63  within  §1. 
Continuing  in  this  way,  we  see  that  /'"'(a;)  vanishes  at  n  iiud 
only  n  points  within  81.  By  Rodrigue's  relation  1),  P^(x')  and 
f""C^}  differ  only  by  a  constant  factor.  Henee  Pk(_x)  vanishes 
n  times  within  %.     As  P„  is  of  degree  n,  these  are  all  the  roots  of 

227.  Development  of /(:«:)  in  Terms  of  P„(x).  1.  Let /(a;)  be  a 
one-valued  continuous  function  of  x  having  only  a  finite  number 
of  oscillations  in  the  interval  31  =(—  1, 1).  Then  it  can  be  shown 
that/(3;)  can  be  developed  in  a  series  of  Legendrian  functions 

/« -  c„  +  c,P, ix}  +e^,(a,)+-  (1 

which  is  valid  for  any  x  in  St.     Moreover  this  series  can  be  inte- 
grated termwise  in  %. 

Admitting  this,  let  us  show  how  the  coefficients  e„  may  be  found. 
Multiplying  both  sides  by  P„(x')  and  integrating,  we  get 

Pfix)  P„  (x}  dx  =  'S.r  c„P„P„dx. 

All  the  terms  on  the  right  vanish  by  225,  1),  5)  except  that 
corresponding  to  c„.     Thus 

J^ '/(«)  P.<Ja!  =  ».  £' Pi  W  &  -  gifl  • 

^-£f{x~)P.{x)dx.  (2 


Hence 


2a-\-li 


2 
Thus  we  have  the  theorem : 

Letf(x)  be  a  one-valued  continuous  funetion  having  only  a  finite 
number  of  oscillations  in  the  interval  (—1,  !)■      Then 

2.  Since  -PJ,(2i)  siitisfies  the  condition  of  tliis  theorem,  we  have 


iP.(2l, 
dx 


P'.(x)='X._,P,..,  +  a.^,P,.., 
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Since  -Pi,  IH  odd  or  even  with  ra  —  1,  we  must  liave 

Hero  by  2)  2m  +  l/ 


2       ,     P.Pyj. 


Integrating  by  parts  gives 

=  2  m  +  1 

since  the  integral  vanishes  as  P^(x)  is  the  sum  of  /-"'s  whose  in- 
dex is  <  n.     Tims 

PL(z)  =  (2  «  -  l)P„_i+  (2  «  -  S)^^.,  +  (2  «  -  y)_P„-.  +  -        (4 

3.    Let  us  show  that  /(x)   can    be  developed   in    a   series  of 
Legendrian  functions 

/(I)-  o,  +  <.,i',(»)+  <hP,ix)+  ...  C5 
in  hut  one  way.     For  suppose  that 

/(^)  =  5(,  +  6i/'i(^)  +  ^2-P2(^)+  -  (6 

were  a  second  development  valid  in  (—1,  1).     Subtracting  we 

S='  l)  =  o,  +  c,P,(x)+<:,F,(^)+-  (7 

where  —  „  „  7 

Let  us  multiply  7)  by  P^(x')  and  integrate  between  —  1  and  1, 
Granting  we  can  integrate  the  resulting  series  termwise,  we  get 

0  =  <f(,  C^P„dx  +  c,  rPiPJ.x  +  Cj  r  P-iPJ'^'  +  ■  ■  •  (^ 

Here  each  term  is  0  by  225  except  the  term  corresponding  to  e„. 
Thus  8)  reduces  to  j  ^ 


Hence 


=  1,2. 
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228.   Recurrent  Relations.   1. 

(»  +  l)^^,  -  (2»  +  l}xP.  +  nP._,  -  0. 

(1  -  a;')P;  +  TixP.  -  »i»._, 

(1  -  x^)P;,_^  +  nP„  -  nxP^^  =  0, 

"PL  ~  PLi  -  nP,  =  0, 

PUi  -  PLs  -  (2i>  +  1)P.  =  0. 


(1 
(2 
(3 
(■1 
(5 

These  may  be  proved  by  putting  in  tlie  values  of  P„,  P'„  as  given 
by  222,  5).  Tliere  results  a  polynomial  in  x  whose  coefficients 
are  all  zero.     A  more  expeditious  method  is  the  following.     Let 

F=.  (1  -  2  =  +  s')-* 

ar 


Thus 


(6 


33 


a:)F=0. 


F      l-2i 

a-2„..)i?., 

On  the  other  hand,  we  get  from  6) 

.P, +  2sP, +  Sz'P,  +  ... 


av 


(8 


Putting  6)  and  8)  in  7)  gives 

S3";  (n  +  l)-P„4-i  -  2  xiiP^  +  (n  -  l)P„_i  +  A^i  -  xP„\  =  0. 
As  all  the  coefficients  are  0,  the  coefficient  of  2"  here  gives  1). 

2.  To  get  5)  we  use  227,  4),     Thus 

PU=  *  +(2«-3}P„_,+  ... 

Subtracting  gives  5). 

3.  To  get  4)  we  have  only  to  differentiate  1)  with  respect  to  2 
and  use  5). 

4.  To  get  2)  we  multiply  4)  by  x^  getting 

x^Pi  =  xPl_i  +  nxP„. 
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or  (1  _  jS)P/.  +  yixP,  =  Fl  -  xPl_, 

on  using  4),  5), 

229,  Legendre's  Functions  of  the  Second  Kind.    We  saw  in  224, 
6)  tliat  -P„(3t)  satisfies  tiie  equation 

This  equation  admits,  by  210,  Ifi),  17),  two  integrals  about 
w=  00  ,  viz. : 

^/,  =  ^-_F   --, -, —,-\  (2 


(3 


Since  -f(«,  /3,  7,  a;)  is  a,  polynomial  when  «  or  /S  is  a  negative 
integer,  we  see  that  whetiier  n  is  odd  or  even 

is  a  polynomial  in  w,  and  thus  2)  is  aside  from-  a  constant  factor 
notliiftg  but  ACa;). 

The  other  integral  3)  multiplied  by  a  constant  factor  gives  rise 
to  Legendre's  Functions  of  the  second  kind,  viz.: 

^"^  -^      S.6-1  ■■■■2n  +  l' x"-"'    V     2     '     2     '      2      V/' 

|x|>l.      (4 

230.  Recurrent  Relations  for  Q„.  1.    If  in  229,  4)  we  set  w  =  0, 

we  get 
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Using  229,  4)  we  prove  at  once  that 

e,-a:8,  +  1.0  (2 

"°*  (»  +  l)e.+,-(2»  +  l>IJ.  +  »9„  =  0.  (3 

These  show  that 

when  'S,  T  are  polynomials.  We  can  go  further  by  observing  that 
the  recuraion  formula  3)  for  Q^  is  the  same  as  that  for  J*„  in  228, 
1).     Let  us  set  ^ 

x  —  \ 
in  2),  3),  we  get        q^^^,q^^\^lP^L~  Z^. 

Then        2  ft  =  3  ««,  -  «,     ;     2  P,  =  3  «P,  -  P,. 
Hence  ^       i  r>  r       7 

itweset  Z,_|P,_|:.. 

This  is  perfectly  general.     For  let  us  admit  that 

e.=ip.i-z.  (5 

is  true  for  n  and  show  that  it  holds  for  «  +  1.  Here  2„  is  a  poly- 
nomial of  degree  n  —  \. 

For  by  3), 
(m  +  l)Q„,.i  =  (2  }i+l)3;Q„  "«$„_!,  or  using  5), 

=  J  ij  (2  M  +  l)37i'„  -  nP„_i  5  ~  (2  n  +  V)xZ^  +  Ji^^.i 
=  ^(n  +  l)£P^i+  {n^„_i  ^  (2n  +  l)a^^„|, 

which  goes  over  into  5)  on  setting 

-(w+1)Z^,  =  «2„.,-(2k  +  1>X„.  (6 

This  is  a  reoursion  formula  for  Z„  and  shows  that  Z.^  is  odd  or 
even  according  as  n  —  1  is  odd  or  even. 

2.  Since  i  is  a  logarithm  and  P„,  Z„  are  polynomials,  we  see 
that  Legendre's  equation  224,  6)  does  not  define  any  new  class  of 
functions,  that  is,  its  general  integral  is  a  combination  of  poly- 
nomials and  logarithms. 
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231.  Development  of  Z„  in  Terms  of  the  P^.  Since  2„  is  a  poly- 
nomial, we  can  develop  it  in  terms  of  P„,  P^  P^  •■•  by  22Y,  1,  or 
by  222,  5.     Thns       „ 

K  =  <^i-^«-i  +  ^sK-,  +  ■■■  (1 

the  a-i^  being  all  0  on  account  of  the  parity  of  Z„.  To  determine 
the  coefficients  in  1)  we  use  the  fact  that  Q„  is  a  solution  of 
Le^endre's  equation  224,  4) 


i[(^-''>S]+''(»+^>^=''- 


This  gives        , 

Bnt  by  227,  4) 

i';,  =  (2M-l)-P„_i- 

Thus  1)  and  3)  in  2)  give 


r(i-i?)£z.]+..(«  +  i)z.-2p;=o. 


=  0,  1,  2,  . 


"•'"-(2m+l)(»^„) 
Hence 

9 11      ^  9«  —  <!  9 1,      Q 

"        1-M       "-'      3(w~l)     ""'      5(«-2)     "-'^  ^ 

232.  Laplace's  Equation.  1.  One  of  the  most  important  equa- 
tions in  mathematical  physics  is  Laplace's  equation 

aa?      dtf'      Sz^ 

Example  1,  Suppose  heat  is  passing  into  a  body  at  certain 
points  of  its  surface  S,  and  leaving  at  other  points.  It  is  easy  to 
show  that  the  temperature  u  at  any  interior  point  P  of  the  body 
satisfies  the  partial  differential  equation 

|»_.A»,  (2 

where  c  is  a  constant.  In  many  cases  a  stationary  state  sets  in  ; 
as  much  heat  leaves  an  elementary  cube  described  about  the 
point  P  as  enters  it.     In  this  case  the  temperature  u  is  constant. 
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and  hence  —  =  0.  Thus  u  satisfies  in  such  a  case  Laplace's 
equation. 

It  can  be  shown  that  when  «  is  known  on  the  surface  iS  in  this 
case,  the  value  of  u  can  be  found  at  any  point  P  within  the  body ; 
in  other  words,  the  solution  of  1)  is  uniquely  determined  when 
u  is  given  on  the  boundary  S. 

Any  function  «  satisfying  1)  is  called  a  harmonic  function. 

Example  2.  Suppose  a  fluid,  that  is,  a  liquid  or  a  gas,  is  in 
motion.  At  the  time  «,  the  particle  at  the  point  P  is  moving 
with  a  certain  velocity  it  whose  components  call  u,  v,  w.  Let  V 
be  the  volume  of  an  element  of  the  fluid  at  the  time  ( ;  at  the  time 
t  +  dt,  this  volume  has  changed  to   V+dV.     Thus  the  rate  at 

which  V  ia  changing  is   — — ;    it  is  called   the   divergence  of  the 

vector  u-     It  is  denoted  by        ,. 

One  finds  easily  that  g,,      Sj,      a,(, 


If  the  fluid  is  incompressible,  as  it  is  sensibly  for  liquids  like  water 
div  u  =  0.  (4 

In  an  important  class  of  problems  the  velocity  u  is  such  that  its 
components  are  the  derivatives  of  some  function  0(ai,  p,  z),  that  is 

u^^     ,     v^^     ,     w  =  ^.  (5 

Sx  dy  dz  ^ 

We  call  ^  the  velocity  potential. 

If  the  fluid  is  incompressible  and  its  velocity  has  a  velocity 
potential  <^,  then  0  satisfies  Laplace's  equation  1)  as  is  seen  at 
once  by  putting  5)  in  4). 


The 


<^(x,y,z)=0 


are  called  e<jual  potential  surfaces. 

A  curve  in  space  such  that  the  tangent  at  each  point  of  it 
has  the  direction  of  the  vector  u  at  that  point  is  called  a  stream 
line. 
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These  cut  the  surfaces  6)  orthogonally.     For  the  normal  at  a 
a  point  of  6)  has  direction  cosines  which  are  proportional  to 


but  these  by  5)  are  proportional  to  the  direction  cosines  of  the 
vector  u. 

2.  When  the  particles  of  the  fluid  are  all  moving  parallel  to  a 
plane,  which  we  take  as  the  x,  y  plane,  we  may  neglect  the  com- 
ponent w  of  the  motion  since  it  is  0.     Let 

f{z)-,u+ir  (7 

be  an  analytic  function  not  necessarily  one-valued.     Then,  as  we 
have  seen,  the  Cauchy-Riemann  relations  hold,  or 


dx       dy 

ow  that 

5^2        dy^ 

Thus  U,  F"  satisfy  Laplace's  equation  for  two  variables.  Let  us 
take  one  of  the  functions  U,  V  (to  fix  the  ideas,  say  U)  as  a  veloc- 
ity potential.     Then  by  definition  the  components  of  the  velocity 


dx 

ily' 

The  relation  9) 

shows  that  div  u  =  0, 

,  thus 

the 

fluid 

pressible. 

From  8)  we  n 

ow  have 

dx  dx 

ay  ay 

=  0. 

Thus  the  two  families  of  curves 

V =  const 

,     V. 

=  const 

(10 
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cut  each  other  orthogonally.     This  gives  the  theorem  : 

The  two  components  of  an  analytic  function  7)  may  be  used  to 
define  two  families  of  cu7-oea  10),  sitoh  that  one  family  represents  the 
stream  lines  of  the  motion,  the  other  the  curves  of  equal  potential. 

3.    To  illustrate  this  theorem  let  us  take  as  analytic  function 

f(z)^z^  =  x^-y^  +  i.^xy. 

U=3?-y^     ,      V=2xy. 


Then 


'~<lf^ 


These  give  rise  to  two  families  of  equilateral  hyperbolas  whose 
asymptotes  are  the  lines 

y  =  x     ,     y  =  —  x    and     ^  =  0     ,     a;=0. 

233,  Theorems  of  Gauss  and  Green.  1.  In  studying  the  solution 
of  Laplace's  eq^uation  we  shall  find  it  extremely  useful  to  use 
some  theorems  relating 
to  surface  and  volume 
integrals  due  to  Gauss 
and  Green. 

Let  S  be  an  ordinary 
closed  surface.  Let  us 
effect  a  rectangular  di- 
vision of  the  ^3-plane. 
Each  rectangle  dydz 
may  be  used  as  the  base 
of  a  cylinder  which  cuts 
out  elements  of  surface  ' 
da',  da",  da'"  ■■■  on  jS  whose  normals  call  n',  n",  n 

Then  as  the  figure  shows 

;os  (n'x')  =  da^'  cos  (w":c)  = 
dT  —  dxdydz 


Let 


dydz  = 


be  an  element  of  volume, 
are  u,  v,  w.     ihen  it  — ■  is 


Let  u  be  a  vector  whose  C' 
me-valued  and  continuous, 


T—  dT  =  Cdyd^  n~  dx  =  Cudydz  =  Cu  cos  (7Uc)da.  (1 
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Wo  get  similar  relations  for  — ,  — ,      Thus  adding, 


M 


''fdu 


.   -     ]dr—  I  di%'  u  ■  (i 
.dx      dy       Bz  J  Js 


=  I  (m  cos  (hx)  +  V  cos  (ny')  +  Ml  cos  (nz'yyda.      (2 

Now  the  component  of  thii  vector  U  normal  to  S  is 

u„  =  ucos(nx)+  V  cos  (ny')  +  w  cos  (ws).  (3 

If  u  denoted  the  velocity  of  a  fluid,  u^dS  would  denote  the  amount 
of  fluid  which  passes  across  the  element  of  surface  dS  per  unit  of 
time.     For  this  reason  we  call  quite  in  general 

the  flux  of  n  across  dS.     Thus  2)  may  be  written 

1  div  udr  =  /  flux  u  ■  d(7.  (4 

This  is  Gauss'  theorem. 

2.    Let  us  now  deduce  Green's  theorems.     To  this  end  we  con- 
sider the  integral  taken  over  a  volume  bounded  by  S, 

where  a;,,  x^,  x^  are  simply  x,  y,  z.     We  use  the  subscript  notation 
in  order  to  use  the  2  sign  on  account  of  brevity. 
We  have  now 

5^73  r_   5      jjBV      rr^r 


dXi  dXi      dXi         dXi  dx^ 


Then  5) 


oecomes  „ 

J=  I  aW^dr^  j  UAVdr. 

By  Gauss'  relation  4) 

Xdiv  QdT==  I   flux  a  dff=~  i  U      da 
Ja  Jx      Sn 
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it"  we  reckon  the  normal  n  inwaril.     Thus 

J=  ^  fu—da  -  CuArdT,  (6 

Js     dn  J.S  ^ 

or  inter  changing  U,  V 

Equating  these  two  values  of  J" gives 

If  we  set  U^l  in  7),  wo  get 

C^-^^da  =  ^  CAVdT.  (8 

Js  (in  Js 

If  we  set  (7=  r'"in  6)  it  becomes 

If  Vis  harmonio^  that  is,  if  AV=  0,  this  gives 

If  U  and  Vare  both  harmonic,  7)  becomes 

J«      8»  Ja      S» 

If  Vis  harmmiic,  the  relation  11)  gives  for  U=  1 

P-X,i..O.  (12 

Tliese  relations  are  due  to  Green. 

234.  Potential  Expressed  in  Terms  of  Boundary  Values.  1.  Let 
a  be  a  point  within  the  surface  S.  Tlie  ilistaiioe  from  a  to  any 
point  xm  8  is 
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is  not  continuous  in  S.  Let  us  therefore  describe  a  small  sphere 
Kol  radius  k  about  a  and  let  ^denote  the  remaining  volume,  as 
well  as  the  surface  bounding  this  vol- 
ume. The  normals  n  we  will  reckon 
inward  as  in  the  figure. 

From  233,  7)  we  have,  denoting  an 
element  of  surface  by  i?<r. 


since  Ai/=  0. 

Let  us  suppose  I^satisfies  the  relation 

lAFI 


<  some  G- 


Then 


\Jk   r        I  Jk 

Hence  the  integral  on  the  light  of  1)  converges  to 
-  I'-AVdT     ,     asyt-0. 

Let  us  turn  to  the  integral  on  the  left  of  t).     We  have,  taking 
account  of  the  sign  of  the  normals, 

Now  relative  to  -K     g     ^      ^^     g  j  j 

dn    r       dn    &rr  r^ 

Let  now  V^,  V^  be  the  minimum  and  maximum  of  Voti  JC.     Then 
4  vk^  l\  <   C  rd<T  <  4  TrPFa, 


X'- 


where  I^  is  a  mean  value  of  Kon  K. 
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Let  now  i  =  0,  then  F.  =  F.,  the  Tahio  of  Fat  a.     Thns 

,f      arr 

Let  U3  now  look  ^t  /'-^^  g  y 

i       — -  da. 

Since  the  first   partial  derivativea  of    V  are  continuous,  so  is 

BV  TT 

—  ■      Hence  \R<r\ 

^^  pl    <some7/onff: 

Thus  I   /.laF      I      4^^2 

Ukv  bn        I  k 

We  thus  get,  the  point  a  being  ivithin  S^ 

4^F.=  ffFAl-lilV-  flirar.  (3 

Jm\     dnr      r  dn  J         Jur 

In  case  Vis  a  harmonic  function,  this  gives 

't'TT^^V      dnr      r  dn  J 

2.  In  the  foregoing,  the  point  a  was  taken  inside  the  surface ; 
let  us  now  take  a  without  S. 

Let  -91  be  a  sphere  of  radius  K=cc.  About  a  as  a  center  let  ua 
describe  a  sphere  f  of  radius  4=0.  The  three  surfaces  S,  tS',  I 
limit  a  region  T  whose  boundary  may  be  denoted  by  the  same 
letter. 

Let  X  be  any  point  in  T.     Then 

r 
is  continuous  in  T  and  we  have  again 


J,\r  3n  anrj  Jrr 
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Then  if  wc  reckon  %  inward  as  in  Fig.  2  we  have 

+  Cf     y<7=  C-AVdr.     (5 
We  have  already  soen  that 


f,l 


X^ 


Let  us  suppose  now  that  V  is  such  that  2)  still  liolds  and  that 
also 

FiO,  andlK2'^!<someff«siii=o.  (6 


./: 


Thus  5)  gives,  the  point  a  heiny  without  S, 

J  A     Snr      r  an)         J^r 
where  2  denotes  all  space  outside  (if  S. 
If  Vis  harmonic,  this  gives 

i„v.=  r(r^i-i'-r)j,.  (8 

Js\    dnr      r  dnj 
We  notice  that  4)  and  8)  are  the  same  in  form. 

235.  Outline  of  a  Solution  of  Laplace's  Equation.  The  followinc; 
method  is  applicable  to  the  sphere,  the  cylinder,  and  the  ellipsoid. 
It  depends  upon  the  fact  that  each  of  these  three  surfaces  belongs 
to  a  family  of  triply  orthogonal  surfaces,  vix. : 

1°  Sphere,  cone,  meridian  plane. 

2°  Cylinder,  meridian  plane,  plane  perpendicular  to  the  axis. 

3°  Confocal  ellipsoid,  hyperboloid  of  one  and  two  sheets. 
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In  passing  let  us  note  that  the  rectangular  xyz  coordinates  are 
also  defined  by  a  system  of  triply  orthogonal  surfaces,  viz.: 
planes.     To  solve 

h^      df       dz^ 

by  the  method  we  have  here  in  view,  we  first  pass  from  the  rec- 
tangular coordinates  x,  ?/,  3  to  a  system  of  coordinates  determined 
by  the  triply  orthogonal  surfaces. 

To  illustrate  this  let  us  consider  the  case  of  the  sphere.  Here 
the  family  of  surfaces  are  given  by 

a^  +  y^  +  2^  -  r^  =  0, 
;c2  +  j,2  _  j2  tanS  ^  =  0,  (2 

y  —  X  tan  <^  =  0. 
If  we  solve  these,  we  get 

Up,  y,  2)  =  V5iTl?"+~3'=  r. 


/i("i.  y.  2)  =  »r»'g- 
f^(x,  y,  z)  =  iirctg  '^  =  <fi. 
Giving  r,  6,  ^  definite  values,  we  can  solve  2)  for  x,  y,  z,  getting 

In  the  case  of  the  sphere  these  are 

x  =  r  sin  9  cos  0     ,     y  =  r  sin  8  sin  0     ,     z  =  r  cos  6. 

The  new  coordinates  are  polar  coordinates. 

In  general  the  family  of  orthogonal  surfaces  corresponding  to 
3)  may  be  written 

/,(^,y,z)=f     ,    /,(j=,t,,z)=,     ,    Um,y,i)=l;. 

To  each  triplet  ^,  i;,  ^  will  correspond  one  surface  in  each  family. 
Their  intersection,  taking  account  of  the  octant,  will  be  the  re- 
quired point.  The  next  step  is  to  take  |,  ij,  Z  as  new  independent 
variables  and  transform  Laplace's  eq^uation  1)  to  this  set  of 
variables.     For  polar   coordinates  this  has   been   done   already. 
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We  saw,  221,  7),  that  1)  becomes 

Having  transformed  1)  to  the  new  coordinates  f,  i;,  ^  we  try  to 
find  solutions  of  tlie  very  special  form 

.=  F(i)eCi)-ff(f),  (•> 

where  -F,  (?,  ff  depend  respectively  on  a  sinffle  variable  as  indicated. 
With  this  end  in  view  we  set  5)  in  the  transformed  Laplace 
equation  Am  =  0  and  find  that  it  is  possible  to  break  it  into  three 
ordinary  linear  differential  equations  of  the  second  order,  of  the 

^^'^^  (^2^  ,       dF  ,      „      f,  .„ 

and  similar  equations  for  t]  and  f. 

Let  -fi(^)  be  a  particular  solution  of  6),  while  GjC^j),  -Hi(0 
may  denote  particular  solutions  of  the  equations  analogous  to  6). 

''■'""'  u,^F,a,R,  (7 

is  a  solution  of  Am  =  0, 

As  we  shall  see,  it  is  possible  to  get  an  infinity  of  solutions 


of  Aw  =  0  of  the  type  7).     Then 


is  found  to  bo  a  solution  and  it  is  possible  to  determine  the  con- 
stants e  which  enter  so  as  to  satisfy  the  given  boundary  values. 
All  this  will  be  made  clear  in  the  following. 

236.  Solution  of  Au  =  0  for  the  Sphere.  Axial  Symmetry.  1.  Let 
us  apply  the  method  outlined  in  the  last  article  to  find  a  solution 
of  Am  =  0  for  the  case  tliat  u  must  assume  given  values  on  a  sphere 
S  of  radius  .K,  which  are  the  same  on  all  meridians  having  the 
same  axis.  This  axis  we  call  the  axis  of  symmetry,  and  we  say  the 
boundary  conditions  have  axial  symmetry. 
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Let  us  talte  this  axis  as  the  3-axis.  Since  the  boundary  values 
are  symmetrical,  we  take  ii  as  independent  of  0.  Then  —  =  0 
and  Laplace's  equatio 


d 


According  to  the  general  scheme  we  now  set 

u=^F(T')a(ff)  (2 

where  F  depends   only  on    r,  and    (?  only  on  6.     We  find  1) 
becomes 

1  d(odF\  1        1      df  .     .da\  ,„ 

Here  the  left  side  is  a  function  of  r  alone,  the  right  side  is  a 
function  of  B  alone.     Suppose  then  that  we  determine  F  so  that 

Fdr\     dr)  ^ 


1     t 


and  G  so  that 

atiasiev      del 

The   corresponding   values   of   F,    Gr   put   in   2)    wili   obviously 
satisfy  1)- 


2.   Let  us  look  at  4).     This  may  be  written 
..d'F  . 


(6 


which  is  a  linear  homogeneous  differential  equation  and  so  belongs 
to  the  class  of  equations  treated  in  the  previous  chapter. 

Its  only  singular  point  in  the  finite  part  of  the  plane  is  r  =  0. 
At  this  point  the  indicial  equation  is 

Let  s  be  one  of  its  roots.     We  then  set 
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Here  tlie  c's  are  determined  by  209,  5),  viz.: 

^'o/aO)  +  <'ifii'  +  3  )  +  c^Ms  +  2)  =  0,  etc. 

Now  in  the  present  ease/p/g  ■■■  are  all  zero.  Tlmw  Cp  c^  ■■•  are 
all  zero.     Thus  8)  reduces  to 

Since  we  are  seeking  only  particular  si>lutions  of  1),  let  us  choose 
a  in  7)  so  that  its  roots  are  integers.  Then  if  n  is  one  root,  the 
othei"  must  be  -~(n  +  V).     Hence 

For  this  value  of  «,  6)  admits  the  two  integrals 

^"and  4^     ,     M  =  l,  2,  .-.  (10 

Both  types  of  solution  are  useful,  as  wo  shall  see. 

3,  Let  us  now  turn  to  5),  which  becomes  on  giving  a  its  value 
in  9"),  and  settinc' 

-^  ^  =  cos  ^, 

But  this  is  Legendre's  equation  for  which 

form  a  fundamental  system. 

Thus  by  2)  ^„  =  ."P„(cosO 

,i^  =  J_p„(cos^) 

are  solutions  of  Laplace's  equation  Aw  =  0. 

The  boundary  values  being  symmetrical  with  respect  to  the  a- 
axjs,  the  value  of  u  is  known  on  S  when,  it  is  known  on  a  meridian. 
Call  this  value  v,  it  is  a  function  of  6.  If  continuous  and  having 
only  a  finite  number  of  oscillations  in  the  interval  (0,  tt),  it  can  be 


(12 
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devDlopcd  in  a  series 


v: 


'vP„(cos  ey  sin  0de  (14 


.8  we  saw  in  227,  1. 
According  to  the  general  scheme  we  now  set 


'■2"2  "•"  '■3"'^ """ 


and  try  to  determine  the  coefficients  e  so  that  u  reduces  to  v  when 
the  point  P  =  X,  t/,  z  is  on  the  sphere  S. 

There  are  two  cases.     If  P  is  within  S,  we  take 

X  =«,  +  «,  ;■  P,(cos  9)  +  «,(i)V,(oos  «)  +  ..  (15 

If  P  is  without  Sy  we  take 

M  =  c„|  +  J^Jp^(cos  0)  +  .^(^^Jp^icus  0-)  +  ...  (16 

To  determine  the  e's  we  take  r  =  Tt.     Then  15),  16)  give,  since 

1,  =  ,;p  +  C^Pj(C0S^)+<!^2(coSl9)+  ---  (17 

Comparing  this  with  13),  we  see  that  the  boundary  condition  is 
satistied  if  we  take  _ 

where  «„  is  given  in  14). 

Functions  of  Laplace 
237.  Spherical  Harmonics.  1.  We  have  jnst  seen  how  to  solve 
Am  =  0  when  the  vaUies  assigned  to  M  on  tlie  surface  of  a  sphere 
S  are  symmetrical  with  respect  to  an  axis.  We  wish  now  to  con- 
sider the  case  that  the  values  assigned  to  m  on  iS  have  no  such 
symmetry.  This  genenil  case  was  considered  first  by  Laplace, 
and  the  functions  he  introduced  to  effect  the  solution  have  been 
named  after  him.     We  begin  by  proving  a  number  of  theorems. 

2.   The  equation  ^„      ^^      ^^ 

A 17-=  ^-^  +  ^-^  +  ^-^  =  0,  (1 

i)3?        Hy^        Sz^ 
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admits  as  a  solution  the  homogeneous  polynomial 

U=^a,^,xy^  (2 

of  degree  n~i  +j  +  k  containing  2  n  +  1  parameters. 

For  Z")  contains  ,        ,,  , 

(^  +  l)(M  +  2) 
2 

terms.  Putting  2)  in  1)  we  get  a  homogeneous  integral  rational 
function  of  degree  «  —  2  which  contains 

nCn-T) 

2 

terms.  As  AP"  inuat  =0  identically,  the  coefficients  of  aU  its 
terms  must  =  0,  The  number  of  independent  parameters  is 
therefore 

2 2 =2»  +  l. 

We  call  such  polynomials  harmonic  polynomials  of  order  n. 
3.    We  have  at  once  the  following  theorem  : 
There  exist  2n+l  linearly  independent  harmonic  polynomials  of 
order  n. 

As  examples  of  such  linearly  independent  harmonic  polynomials, 
we  add  the  following  table  : 
a  constant, 
ar,  y,  z. 

^  -  y\  y^  -  »\  3^y^  y^-,  ^z- 

3a^y— ^,  Sa^s— 2^,  3^a;^— y^,  3)/%  — 3^,  3a^— a^,  'ds^y  —  y%  xyz. 


M  =  2 

n=3 


4.  Let  us  pass  to  polar  coordinates, 

X  =  r  ^in  0  aos,  t^i     ,     y=r&i\\6suii^     ,     s  =  r  cos  ^.  (3 

Then  the  harmonic  polynomial  U  of  order  n  becomes 

wliere  Y„  is  a  homogeneous  polynomial  of  degree  n  in 

sin  ^  cos  0     ,     sin  ^  sin  0     ,     cos^.  (5 
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We  call  Y^  a  spherical  harmonic  of  order  n,  and  liave  the  theorem  : 
There  exist  2  w  + 1  linearly  independent  spherical  harmonies  of 

order  n. 

If  we  transform  1)  to  polar  coordinates  3),  we  get,  as  already 


0. 


dr^       r^  3^       r^sin^e  a^^  '^  r    dr  i^      00 

If  we  put  4)  in  6),  we  see  that  Y^  satisfies 

:?!f+   !«:+ cot  »":+»(„ +  11  r=o. 

Let  us  also  note  in  passing  tliat 


5,    If  U,  V  are  tivo  harmonic  polynomials  or  ttvo  spherical  har- 
monica of  orders   m^n,  then 


£" 


UVd<r  =  0,  (9 

the  integration  extended  over  the  sphere  S. 

Let  us  first  suppose  tli;it    U,  V  itre  polynomials.     By  Green's 
relation  233,  7)  ^.     _^         „^^ 

J  A.     Sn  dn  J 

Using  4)  and  8)  this  gives 

fcnW-'Y^V,  -  mR^-'Y^Y,')d<T  =  0. 

or  Jy^YJ<t  =  0.  (10 

If  we  multiply  this  by  fl™"'"'',  it  goes  over  into  9).  If  we  sup- 
pose, on  the  other  hand,  that  U,  F  are  spherical  harmonies,  say 
U=  F„,  V=  F„,  they  may  be  converted  into  harmonic  polynomials 
by  multiplying  by  r™,  r"  respectively.  Tiien  we  are  led  to  10) 
again. 
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238.  Integral  Relations  between  ¥^  and  P„. 

Let  F=  p-^r^ 

be  a  harmonic  polynomial.  Let 
P(p',  4>'i  ^')  be  a  point  inside  the 
sphere  S,  and  Q(^p,  0,  0}  a  point 
on  its  surface.    Let 

r  =  Dist(P,  Q). 
Then  by  234.  4) 

J7-A 1  _  1  ilT' 
9re  r      r  8n . 
Let 
^  =  cos  (p,  p'}  =  COS  a>  =  cos  ^  cos  $' 

Then  by  222,  4) 


--X( 


Hence 
Also 


a    1 


diT  =  p^  sin  0ii8d<^. 
Theso  in  1),  2)  give    ^^y^__^  ^f'-y.^B' ,  0') 

+  ,np--'Y.f\(^']'P,.(.l')  '  /liu  "(iCiJ* 

-  2p'"  ( *■"  Tc'"  +  "  + 1)  F,;'.(,i)siii  eded4,  \ . 

t^       ^P"Js  J 

The  riglit  side  is  a  power  series  iu  p' .     Eqiiatiirg  eeellicieirts  of 
like  powers  gives 

/""'#  r'F,{«,  cf))P.(rt8inM9=0     ,     ra#»  (5 

rje',  •!>'} = lSL±l  I""  a^  /""  rje.  .(i)i>,(j»)siii  M9       (6 

wliere  /i  is  giveji  by  3). 
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239.  Development  of  /(6,  c|»)  in  Terms  of  Y^.  Suppose  the 
values  of  a  function/  iire  given  at  all  the  points  ^,  0  of  a  sphere 
iSI.  If/ is  coQtinuoue  and  has  only  a  finite  number  of  oscillations 
along  any  great  circle,  it  can  be  proved  that  /  admits  a  develop- 
ment of  the  form 

/=  F,(9,  «  +  Y,(S,  4,)  +  Y,(S.  4.)  +  ...  (1 

whei'e  the    Y^  are  spherical   harmonics  of  order  m.     Moreover 
this  series  may  be  integrated  termwise. 

Admitting  this,  we  can  easily  show  how  to  determine  the  terms 
in  1).  Let  P  {&,  ^)  be  an  arbitrary  but  fixed  point  on  S;  let 
§(«,  ;S)  be  a  variable  point  on  iS  ;  let 

fi  =  cos  01  =  COS  a  COB  d  +  sin  a  sin  0  cos  (/3  —  i^).  (2 

We  multiply  1)  by       ^^^^^  ^5,^  ^^^ 

and  integrate  over  S.     Then  by  238,  5)  every  term  on  the  right 
will  drop  out  except  that  with  the  index  n.     Thus 


r^d^ff  ■  P„- sin  ttda=  ['^"d^  Ty^P 


Hence  ^         .    ...,^        ^„ 

f(.^>4')=X^~'l~l^^    d0J  /  ■  A(cos  «)  sin  «d«,  (4 

where  cos  w  is  given  by  2). 

For  later  reference  we  note  that  3)  gives 

F„  {0,  (fe)  =  ?4±I  (""(?/?  ["/(a,  ^)-P„(eos  w)sm  ada.       (5 

240.    Fundamental  System  of  Harmonics  of  Order  n.    1.  We  saw 

in  237,  2  that  there  are  2n  +  l  linearly  independent  spherical  har- 
monics of  order  n.  Such  a  system  we  call  fundamental.  We 
show  how  to  form  them. 

We  saw  in  237,  i  that  any  spherical  harmonic  F„  of  order  n  is 
in 
sin  0  cos  <^     ,     sin  ff  sin  (j>     ,     cos  0.  (1 
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Thus     Y^  =  2^p,  ,(sm  0  cos  ^)"(«in  9  sin  (j^y  oos"-"-'  ^ 

Now  cos"  0  sina  ^  can  be  expressed  as  a  linear  function  of  sines 
and  cosines  of  the  angles 

(p  +  q)4>     .      ip  +  q-2).p     ,      ... 

In  fact  /„ij,  I  „-i*\j./oi*  _  o-i*\« 

Expanding  this  gives 

2p+5is eo8».|> sini .fi  =  e'H'+«>*  +  (^  -  y)e"i>+«-w  +  ...  +  ( -l)«e-'<''+«'*. 

Hence,  when  q  is  even, 

cos"  <^  ain'  4"  =  %  cos(^  +  i/)0  +  a,  co8(^  +  ^  ~  2)^  +  ■-. 
=  Sk,.  cos  {^  +  q—  2/)!^. 

When  y  is  odd,  we  get  similarly 

cos"  (j>  sin"  (j>  —  1.bj  sin  (jti  +  5  —  ^J)<f>- 


If  we  set  these  in  2),  we  got 


r„  =  SC,„,,.sin'"^cos"-™i9 


Now 


'cos(r«-2y)<^ 
.sin(m-2y).^' 


sin™  d  cos""™  0  =  sin™  -'  8(^1  —  eos'^  0)'  cos"  ""  9. 
This  in  3)  gives,  on  setting  n—  m  —  k, 

Y^=  2  SJ;cos7c^+(?^sinft0j,  (4 

where  F,  =  L,^\n''e     ,     (;,=  ^,sin*^  (5 

and  ij,  ilfj  are  polynomials  in  cos  6. 
Now  we  saw  in  237,  7)  that  y„  satisfies 

aT       1    a' 
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Putting  3)  ill  6}.  we  get 

+  S  { similar  expression  in  Cr/,  \  sin  k(j>  =  0. 

This  relation  holding  for  any  <j)  requires  that  Ff,,  G-f,  are  solu- 
tions of 

y  =  0. 


^'-^H- 

a..e«.|  + 

la(«  +  I)siji' 

'6- 

-i^l 

n- 

If 

now  we  set 

y-« 

sill' 9, 

3  get  by  5)  the  equation  that  1 

,4,  M^  satisfy. 

viz 

US' 

+  (2i  +  l)sm 

«cos»4^ 

If 

we  set 

r=cOB^, 

*«. 

M  = 

0. 

a 

is  becomes 

This  is  closely  related  to  Legendre's  equation 

ax'  ax 

For  if  we  ditfei'entiate  8)  k  times,  we  get  7). 
Thus  one  solution  of  7)  is 

»  =  ''"X'5''-'  =  -P!."(»)-  (» 

Since  now  every  solution  of  7)  is  the  ftth  derivative  of  a  solution 
of  8),  it  follows  that  L^,  M^  are. 

But  X,  M  are  polynomials  in  x.  Now  we  have  seen  that  8) 
admits  no  solution  besides  eP„(x),  which  is  a  polynomial.  Hence 
ifc,  M^  are  aside  from  constant  factors  the  function  given  in  9). 
Thus  by  5),  J";.,  (?j  have  the  form 

sin*  5Pf  (cos  f)  =  (1  -  x^yP'^^  (x)  =  -P„.i(aT).  (10 

They  are  called  associated  Legendrian  Functions. 
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Thus  we  have : 

Pg^    ,     =     1(5    :£2    _     1)  VlT^  ,  Pg,    2    -     15    a^(l    -     3^, 

p3.3  =  15(l-a;a)Vn^. 

2.    Returning  now  to  4)  we  see  that  Y"„  has  the  form 

r„=  I  !«„,fcP„,t(eo8^)siii*<^  +  6„,fcP„,i(coaS)eosA^;.     (11 

Since  sin  40  =  0  for  /c  =  0,  J^„  is  the  sum  of  2  n  + 1  terms  of  the 

^^^^  sin  40P„, , (cos  9')     ,     cos  yt0P„, , (cos  0).  (12 

It  is  easy  to  show  tliat  the  functions  12)  are  homogeneous  in  the 
quantities  1)  of  degree  n.  To  do  this  we  reverse  the  process 
used  in  i.  Thus  each  of  tiie  2n  +  l  terms  12)  which  enter  11) 
being  homogeneous  and  also  satisfying  6),  is  by  definition  a 
spherical  harmonic. 

Since  any  spherical  harmonic  F„  of  order  n  can  be  expressed 
linearly  in  terms  of  the  2  n  + 1  hannonics  12),  these  latter  form 
a  fundamental  system  of  order  n. 

We  have  thus  the  theorem: 


2%e  2  n  +  1  harmonics 

P.Coo'H)     . 

(13 

cos 'i>F^,iC'Jos  0)     ,     CCS 

2(l,P._,(cc, 

.0) 

-co: 

'«<^A 

..(." 

»»), 

nn^P.j(ccse)     ,    sin 

2^P.,,(CM 

,e) 

■  sin  n^l>. 

„(eos^). 

/• 

7rm  a  fundamental  system 

cf  order  n. 

in 

241.  Integral  Relations  between  F^, 
iportant  relatiom 

i,P. 

,- 

Wo 

now  prov 

e  tile 

ri>^(»)Pi(»)cia:  =  0 

m^ti 

(1 

r  P^.,(i:}da: 

2 

(2 

'Yr 

i  +  l' 
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To  this  end  we  consider 


To  fix  the  ideas  suppose  n>m.     We  integrate  by  parts,  using 
the  formula 

/     udv  =  ["^]^-i  ~  /    vdu. 

We  tal^e  m  =  (1  —  a~^')''P"'  v  =  P<^~^'. 

and  hence  ..j  , 

J^  -  /     /•«■  ■!>  3  (1  _  a^)*p(;-W2:. 

J-i  ax 

Repeating  this  process  k  times  gives 
J-i       d3f 

where  J"^  is  a  polynomial  of  degree  m. 

Thus  when  n  >  m,  J=  0  by  225,  2),  which  gives  1).     Suppose 

n  =  m.     We  have  from  222,  5) 


-1 


1    -2-71 

Hence 


^'^  —  ...  =  Ax"  ^ 


_P„W(2i)  =  An(n  -  1)  ...  {n-  k+  !)«' 


(l-^y^C-l)V^+. 
Hence 


Also 
Hence 
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Now  J'„  ia  a  polynomial  of  degree  w ;  it  can  therefore  by  227  I 
expressed  in  terms  of  -Pq,  -Pj  -■■  -P„.     We  get 

(_JS  —  «^  i 
Thus  3)  becomes  r^  -\-  Jr'i^   /'i 

(n  -  k) !  J-i 

since  each  of  the  other  terms   =  0  by  225,  1).     If  we  now  uf 
225,  5),  we  get  2)  at  once. 


242.  Development  of  /(fl,  <|))  in  Terms  of  P„f     In  239  we  saw 

that  when  f.(9,  0)  is  a  one-valued  continuous  function  of  6,  0 
having  hut  a  finite  number  of  oscillations  along  any  great  circle,  it 
could  be  developed  in  a  series  of  spherical  harmonics 

/(«,«=  r.+  r,+  r,  +  ...  (i 

But  in  240,  10)  we  saw  that  each  Y„  is  a  linear  combination  of 
certain  fundamental  harmonics,     Tlius 

fCe,  ^)  =  i  iUnt  cos  k^  +  S„,  sin  *0iP„i.(^),  (2 

where  „      n 


To  determine  the  ^'s  and  fi's  we  note  that 
I    cos  m0  sin  ntj>di^  =  0, 

/     cos  mff)  cos  mpdip  =  0,         in  ^  n, 

Xcos*  jn^c?'^  =  """ !    /     cos  ii^d^  =  0    ,    /     sin  m^c^^  =  0  ,  k  >  0. 
Let  us  multiply  1)  by  d^  and  integrate,  we  get 
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This  we  multiply  liy  P„ilx  and  integrate,  getting 

rdx  ("'fP^i^  =  i  7T-S.A.,  f"p.P,dx 

since  all  the  terms  on  the  right  =  0  except  when  m  =  n.     Hence 
A,^  =  ?^^  C'd^r/P^ainad,    ,     «  =  0,1,2-     (3 

Let  US  now  multiply  1)  by  cos  ktftdtfi,  i  >  0,  and  integrate,  we 

/     fiiiia!c4,d4,  =  iri.A„Pa. 

We  now  multiply  this  by  Pj^dx  and  integrate.     We  get,  using 
241,  1),  2), 

2rr         (n  +  ky., 

(»-4)!^'' 


Thus 


I   dxi     /cos  kil>P^dil>  =  9  ^^  T  I  • 

Similarly  we  get 

-B»*  =  ^r^  ?Zlll  r  'i^  r  /  «i"  ^/SP^.Ccos  ..)  sin  ada.    (5 

,i   TT      {,n-\-K)  ;./u  Jo 

There  are  no  coefficients  B^  since  the  factor  sin  ki^i  —  ^  for  i  =  0. 
Putting  in  these  vakies  of  the  A's  and  jB's  in  Y„  we  get 


|oos  lc4>  COB  4/3  +  sin  A0  sin  ^^^^^.(cos  a)  sin  ad^. 

^^^^^■^  ^,=  1     when     k  =  0 

=  1     when     ft  >  0. 
Thus  we  have 

T.=  r '*«  f'S^'-Sr  ^■'^- ■)./(«.  /3)P„.(cos  a)P..(cos  8) 
Jo        ,'0     i^^.'^+^J'      ^'r 

cost(i(>-/3)sinu(i;3.    (6 
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243.  Expression  of  -P„(cos  »)  in  Terms  of  P„,  P^.     Let 

be  two  points  on  a  sphere  whose  center  is  0.     If  w  is  the  angle 
between  OP,  OQ  we  have 

cos  to  —  eos  «  cos  ^  +  sin  asin  0  cos  (/3  — ^). 
Now  in  239,  5)  we  saw 


If  we  compare  this  with  2J:2,  6)  we  get 
J'„(cos  w)  =  P„(C03  «)P„(C08  6) 

+  2  V  ^"~f^;  -P„,(cos  ..)P„,(cos  ^)  cos  /<;3  -  .^).      (1 

244.  Solution  of  Dirichlet's  Problem  for  the  Sphere.  1,  This 
problem  is  to  iind  a  solution  V  of  Laplace's  equation  A  V=  0 
which  takes  on  assigned  values /(^,  ^)  on  a.  sphere  S  of  radius  R. 

If  the  point  P  is  in  S,  we  set 

r=n+r.^  +  r,Q%...      r<B.  (1 

Each  term  is  a  solution  of  AF'=  0  and  hence  1)  is.      Kor  v  ==  7^  it 
reduces  to    y  _,  y  -\-  Y  +  T  +  ■■■  (2 

Thus  V,  must  =/(^,  0)  if  1)  is  to  satisfy  the  boundary  conditions. 
Thus  the  coefficients  Y^,  Y^  ■■■  in  1)  are  the  ternjs  of  the  develop- 
ment of /(^,  0)  given  in  242,  6). 
If  the  point  P  is  outside  5',  we  set 

r=ro+Fi^+  r/-Y+  ■■■      r>B  (3 

and  reason  as  before, 

2.  By  the  above  we  have  solved  the  problems : 

1°  Determine  the  temperature  at  any  point  in  a  sphere  5'  which  is 
in  a  stationary  (State,  the  temperature  being  given  on  the  surface  of  ;S. 

2°  Determine  the  potential  for  any  point  outside  a  sphere  S, 
knowing  its  value  on  the  surface  of  S. 

3°  Determine  the  motion  of  an  incompressible  fluid  having  a 
Telocity  potential  Y,  knowing  F'on  the  surface  of  S. 
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BESSEL  ANB  LAME   FUNCTIONS 

Bessel  Fwictions 

245.  The  Integrals  of  Bessel's  Equation.    1.  This  equation  i 
studied  in  Chapter  XIII ;  it  is 

dx^        dx 

Wlien  2  m  is  not  an  integer,  we  saw  in  211  that  1)  has  two  linearly 
independent  integrals 

The  first  converges  for  every  x,  the  second  for  every  x^O. 

In  the  applications  m  is  usually  an  integer.     For  m  =  0,  1,  we 

liave  x^  afi  3^ 

J^(x)  =  1  -  g-^  +  ^— --  ---^-— ^^  +  ...  (4 

-      _      .      _   -1:2  ."6  ~  W-~^W-  8  ^  '"  ^^ 

The  function  defined  by  the  series  2)  is  called  a  Bessel's  function 
of  order  m. 

2.   When  m  is  an  integer,  we  have 

./.(r)  =  (-l)-J-_.(,:).  (6 

For  k  being  an  integer  or  0, 
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Hence  the  first  m  terms  in  3}  vanish.     Let  lis  therefore  change 
the  index  of  summation  in  3),  setting  v  —  n  —  m.    Then  3)  becomes 

=  (-i)-./.W. 

3.  Since  2)  is  a  power  seriea,  we  may  differentiate  it  tennwise, 
which  gives 

■e._(-iy(H±M_  , 

^.W-2,2-".n(»)n(m  +  «)"       ■  '■' 

4.  When  x  is  complex, 

we  may  write  /  \m 

Now  -  ,2„      /  ,s„ 

Thus 

■''"^  -^    ;:^n(ji)n(m  +  K)V2y  ^  Sn(n)n(™  +  n)W       ^ 

When  m  is  real,  this  enables  us  to  write  !^m(2:)  in  the  form 

where  f/",  Kare  real. 

5.  From  2),  3)  we  have 

./,(a;)  =  ^— sina;,  (10 

J_^(x')  =  \l~cosx.  (11 

246.  Relations  between  the  J,„  and  the  J^.  1.  The  following  re- 
cursion relation  exists  between  three  consecutive  Bessel's  Func- 
tions. 
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"    2->nc»  - 1)    a  2"+»-'n(«)n(«  - 1  + ») ' 

''""  -  "a  ^^  i)'2.*«-in(»-i)n(«+7)' 

Hence 

J.-i  +  ■'.,1  = 


(2 


2--'n(»-l) 

2.  We  show  nest  that 

For  subtracting  3)  from  2)  gives 

T  r «"""'  j.'^'/     n.^'^""'  n  +  2s 


2"-'n(?z-i)    n       '2"+''-'  n(s)n(n  +  8) 


=  S(-i)- 


(k+2£>^+"-i 


2''+^-in(s)n(K  +  s) 
=  2-r^(^). 

3.  From  4)  we  get,  on  replacing  J",^.,  by  its  value  given  by  1), 

Jl{x)  =  -  --Ux)  +  J„.i(x-),  (5 

From  1)  we  also  get 

j;(»)=V.(a!)-J.„(»).  (6 
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4.  From  245,  7)  we  have 

^;w=-Ji(«)- 

5.  We  have  also    , 

ax 
or  using  5),  j 

ax 

6.  By  means  of  1)  and  245,  10),  11)  we  have  the  theorem ; 
When  n  is  a  positive  or  negative  odd  integer^  '^C^)  ''"'^  ^^ 

pressed  in  terms  of  the  elementari/  funetions. 

Thus  in  particular  the  recursion  formula  1)  gives 
T  ,■  \      -  r^  f  sin  X  1 


J  ,(i)  -  \j^  (  cos  3!(--l)  +  -sim,]. 

847.  Integral  Relations.  1.    .4s  a  fli-st  sach  relation  let  us  prove 
£xJ„(x}dx~xJ^(x).  (1 

Vov  n=  0  BeaseFs  equation  becomes 

This  is  satisfied  by  t/J, ;   it  therefore  gives 

Integrating  tliis  gives  ^^ 

a:J'i(K)+  /  'xJ„dx  =  0. 

Using  246,  7),  this  goes  over  into  1). 
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2,    To  get  other  relations  let  us  set  in  Bessel's  equation 

Ix 

u  =  ^x-  yiax). 
It  becomes  „         ,  ,     «      , , 

are  solutions  of  uquatious  of  tlie  form 

~  +  l«  =  0.  (6 

From  6)  we  have         j„        ^^ 


On  the  other  hand  tlie  left  side  of  6) 

—  J^f  ^  _    ^"\ 
dx\  dx        Ax) 

Thus  6)  gives       ,  ,  ^ 

dx       dx    J 

Substituting  4)  in  7)  gives 
(/S*  -  if)  (' x-J,iia)J,igx)ix 

=  x\,tJ,(l3x)Jl(m)  -  eJ,(ia)Jl(ex)i. 

If  we  use  246,  6),  we  get  from  8) 
(/3»-  ■#)  f'xJ,C,^y.(/ix)dx 

=  xl0J-.{,a)J.,,(l3x)-.J.(0x)J„,('x.)l. 


(6 
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Let  U8  differentiate  8)  with  respect  to  ^  and  then  set  /3  =  «. 
Wwget 

=  x\axJ'2(aai)  -  J„(ax)Ji(ax)  -  axJ^(ax)J'X'*3^)  I  ■  OO 

tix[)Tessing  J'l  (ax)  hy  means  of  1)  this  gives 

y"«jj(«)i.  - 1  { j?(=) + (i  -  -"A,)^K") }  •    01 

Using  246,  6,  this  gives 

rxJXc^^dx  =  ^  S^|(«a;)  +  J^+i(,<^)l  -—JX>*x)J„^,(ax).     (12 
Jo  ^  ^ 

Similarly  if  we  differentiate  0)  with  respect  to  /3  ami  then  set 
(3  =  a  we  get 

2«  {"'xJi{ax}dx  =  xJ^{ttx')J^^i(ccx') 

"  +  «3^  S^„(«»;y,;4-i(«a;)  -  J;;(«j:)-/„+.i(aa:)  J .      (13 

248.  The  Roots  of /„(jr),  m  Real.  1.  In  many  of  the  applications 
it  is  important  to  know  that  J^(x)  has  an  infinite  number  of  real 
roots.  Let  lis  consider  the  general  question  of  the  nature  of  the 
roots  of  J^(x'). 

The  roots  of  'T^(x')  =  0  are  all  real  when  m  is  real.  For  suppose 
J^  =  Q  for  x  —  a+ib,  b^O.     Then  the  series 

would  give  A  +  iB  =  0, 


whence 


A  =  0     ,     B  =  0. 


This  shows  that  then  the  conjugate  numher  x'  =  a  —  ib  must  he 
a  root.     Let  us  therefore  suppose  that 

«  =  «  +  ^'i     ,     0  =  a  —  ib 
are  two  roots  of  J^.     Then 

JJax)=P  +  iQ     ,     .U/3x)=P-iQ. 
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These  in  247,  9    give 

-iiab  rx{P^  +  Q^)dx  =  0  (2 

^^°°^  J"„(«)  =  0     ,     J"„(/3)  =  0. 

But  the  integrand  in  2)  ia  positive.  Hence  the  left  side  cannot 
viinish  unless  a  or  h  =  0. 

Suppose  a  =  0,  an  that  a  =  ih^  6  >  0  is  purely  imaginary.     Then 
1)  becomes 

Here  ,/„  is  a  series  all  of  whose  terms  are  positive.  It  cannot 
vanish.  As  S  >  0,  J^  does  not  vanish.  Thus  J^  has  only  real 
roots. 

2.  The  development  1)  shows  that: 

'/-,(0)=0     .     whenm>0. 
It  also  shows  that : 
If  x=a>(i  ia  a  root,  so  is  x  =  —  a  a  root. 

3.  No  two  conse.eutive  funations  ■/„(*).  'I,m.i(^x)  have  a  root  in 
common,  aside  from  x  =  0. 

For  if  a  were  such  a  root,  247,  9)  gives 

rxJ„(ax^J„(^x-)dx=0. 

In  this  relation  let  ^  =  « ;    we  get 

This  is  impossible  as  the  integrand  is  >  0  for  x>  0. 

4.  The  roots  of  J^^{x)  are  all  simple,  aside  from  x  =  0. 
For  consider  f(x}=  a:-J'„(3:). 

This  does  not  vanish  for  ^  ^  0,  ucihsss  </«  =  0. 
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But  from  246,  8), 


f(^)  =  ^-J,.-,iz). 


As  J"™,  'Tm-\  liave  no  root  =?fe  0  in  common,  /'(x)  does  not  ' 
ish  for  any  non-zero  root  of  </„. 

5.  J^{x)  has  an  infinity  of  roots. 
For  we  have  seen  in  247,  3  that 


sl- 


ice' 


The  index  m  being  fixed,  let  us  talce  ^  >  0  so  tiiat 
0<^<1  for  ^>^. 


The  equation 
admits 


dx^ 


-0 


If  we  take 
we  get 


as  a  solution.     Then  by  247,  2 

a  =  -2n7r     ,     ^  =  (-2^  +  1)^, 

u(l3}  +  u(a)=~  r CI- ff~)uvdx.  (S 

Suppose  now  u  is  positive  in  the  interval  3(  =  («,  ^).  Then  the 
left  side  is  positive  and  the  right  side  is  negative,  since  1  —  p'  >  0 
in  any  case,  and  v  ia  positive  except  at  the  end  points  of  %  Thus 
the  two  sides  of  3)  have  opposite  signs,  which  is  a  contradiction. 

Similarly,  if  u  is  negative  in  21,  we  are  led  to  a  contradic- 
tion. Thus  u  must  vanish  at  least  onoe  in  2(,  Hence  in  any 
interval  (a,  5)  of  length  tt,  <T,„(x")  vanishes  at  least  once,  pro- 
vided ff>f- 
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249.  Bessel  Functions  as  Loop   Integrals.    We   have   seen    thvit 
Eessel's  equation 

d'jf        ax 

admits  J,^  as  a  solution.     As  J^  has  tlie  form 


let  ns  set 
ill  1).     We  g 


.-  +  (2™  +  l)-  +  ^=.0. 


This  is  a  special  case  of  a  class  of  equations 

whose  integral  may  be  expressed  in  the  form 

»  =  j^.-»(z)i^.  (4 

Let  us  suppose  n  =  2  in  8)  and  let  ua  change  the  independent 
variable  x  by  setting  ^ 

If  we  make  this  substitution  in  3)  and  tliim  drop  the  prime  from 
«',  we  get  an  equation  of  the  form 

Comparing  5)  with  Vessel's  equation  2),  we  see  that 

If  we  divide  through  by  x,  the  equation  5)  becomes 

di!^     Va:       Jdx      \x        J 

Here  the  coefficients  have  poles  of  order  1  at  a:  =  0.     Hence  the 
integrals  are  regular  at  this  point. 
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Let  us  now  consider  the  point  x  =  co.     If  we  set 


^^-DS-d-D"-"- 


(8 


As  the  coefficient  of  —  can  have  a  pole  of  order  at  moat  1,  and 

the  coefficient  of  m,  a  pole  of  order  at  most  2  when  a;  =  qo  is  reg- 
ular, WD  see  this  point  is  an  irregular  point  of  5). 
Besael's  equation  2)  becomes,  on  setting  6)  in  8), 


=  0. 


2.   Suppose  we  try  to  satisfy  5)  by  a  power  series  of  the  form 

u^x'lha  +  ^+k,+  -]  (10 

which  shall  be  valid  about  x  —  vi.  We  shall  find  it  possible  to 
determine  the  coefficients  h^  h-^  ■•■  so  that  5)  is  formalli/  satisfied, 
but  we  shall  find  that  10}  is  divergent. 

To  illustrate  this  let  us  consider  the  equation  2)  for  in  =  0  wliich 
is  satisfied  by  JuC^}- 

If  we  set  _    j^ 


it  becomes 


d^u  , 


h    -  +  2  ?  —  +  -  M  =  0. 
\x         J  ax     X 

Comparing  this  with  7),  we  see  tliat 


(11 


If  we  pnt  :0)  in  11),  we  find 

and  /-'^  M 

2  ink,  -  '-^ 
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The  ratio  of  two  suoecasive  terms  in  the  iidjoint  of  10)  is 

The  series  10)  diverges  therefore  for  every  x. 

3.    Returning  now  to  5),  let  ua  try  to  determine  w  and  L  in  4) 
80  that  the  resulting  integral  satisirea  5).     Putting  4)  in  5),  we 

Ce''Fdz-\-   Cda  =  0,  (12 

where  .i 

F^{az  +  c-)w-^-  io{z^  +  hz  +  d\  (13 

dz 

a  =  e"(z-'+hz  +  d')w.  (14 

Thus  if  we  determine  w  ao  that  F  ^d  and  choose  L  so  that  (? 
takes  on  the  same  value  at  the  beginning  and  end  of  L,  the  inte- 
gral 4)  will  be  a.  solution  of  5). 
Let  us  write  13)  , 

— -  (^w)  =  qto. 

Then  ^ 

Hence  f  ^ 

J  p 

or  1   jluz 

w  =    e'"    . 
P 

Let  us  now  decompose  2  into  partial  fractions.     We  have 
P 


P      z^  +  lz  +  d      z  ~a      z-8 

where  «,  0  are  tiie  roots  of  p  —  0,  which  we  will  suppoi 
Thus  we  may  take 

te  unequal. 

w  =  ^  (s  -  a)\z  ~  8Y  =  (_z-  ay-'  (z  -  0y-' . 

(16 

This  in  14)  gives       ^  ^  ^^,^^  _  ^y^^  _  ^y_ 

(16 
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As  a  path  of  integration  L  we  may  take  a  double  loop  about 
«,  /3  as  in  220. 

Hence,  remembering  that 

3-z       ■r'^z^ 

we  get  from  4)  /■  * 

«.,  =j[  «"(2  -  «)»-'(2  -«.-!&  (17 

=  SfT    A"(2-«)'-'(2-»'-'ci3. 

4.    For  Bessel's  equation  5),  6) 

p  =  3^  +  1  =  0  gives  «  =  I     ,     l3=  —  i, 
,=  (2»,  +  l>. 

y  « -  .■  2  +  i 

wliich  gives  x„^  =  m  +  i 

Tlius  4),  17)  become 

».,=  re"(z'+l)"-toz  (18 

•*»"  z  =  ai-'t-', 

where  I,  k  ave  loops  about  3  =  i,  3  =  —  *. 

When  3  describea  a  small  circle  about  s  =  i,  the  end  value  of 

Thus  ^       ^.         ^  ^  ^ 

But  obviously    ^  /»  n         f 

f.Hr"  ■  X+'X-r" 

since  the  integrand  has  the  same  values,  while  the  direction  of 
integration  is  reversed  in  I  and  l~\  etc. 
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Thus  20)  can  be  written 


Now  when  n  is  odd, 

when  n  is  even, 

Thus 

I  Z„dz  =  0     ,     n  odd, 


rz„dz  =  (l-ri)l  C Z^dz-  fz„dzl.  (21 

C Z^dz^  fz^dz; 

=  2(1  —  9))  /  Z„dz     ,     n  even. 

To  compute  the  integrals  we  set 

z  =  8*/i, 

Then  the  loop  7  will  go  over  into  a  loop/  about  ^=1,  and 

Now        f       m         r'>  /"I      1  1 

=  (1  +  ^)5(^  +  1    m+2^). 
Thus  finally  19)  gives 

..=  (i+.-)^^r(|or(m  +  D|^^-li^         (22 

=j(l  +  ^=""')^r(l)r(m+0  ■  J-^.W  (23 

by  245,  2). 

Thus  x'^^^  aside  from  a  constant  fuctor  is  nothing  but  J^i^')- 

250.    Other  Loop  Integrals  for  x>0.     1.   A  second  path  of  inte- 
gration L  for  wliicli  the  function 

(?  =  «-(z -.)'(»-«-,  (1 

considered  in  249,  16)  takes  on  the  same  value  at  the  beginning 
and  end  is  indicated  in  Fig.  1.    We  will  denote  them  by  A  and  B ; 
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both  are  parallel  to  the  real  axis  and 


s  about  the  points  a,  /3  respectively.       °'             — ^^ 
On^  for  example  the  real  and  imagi- 
Mty  parts  of     ,^„  +  i„  ' 


are  such  that  |  v  |  <  some  ij  while  u  comes 
from  —00,  moves  up  to  a,  and  recedes  again  to 

If  we  set 

z  —  a  =  re*^     ,     z~  jS  =  «e'*, 

we  have 


Thus 


0   __    gHj.XgMgi(TB+A9+M*). 

\G-\  =  e^"r''si^  =  ()  a8M=  — a 


and  G  takes  on  the  same  value  at  the  beginning  and  end  of  A  or  B. 
2.    Let  us  now  consider  the  integral 

where  w  is  given  by  249,  15).     Similar  results  hold  for  the  other 
integral  u^  for  the  loop  B. 

2")  becomes  /» 

./9l 

where  St  is  the  new  path. 

As  y  approaches  indefinitely  near  0  for  a  part  of  91,  cull  it  Slj,  we 
have  ,    , 

\1<1.  (4 


H  -  1  ■  y  -  2 


o  1-2         <i' 
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For  the  other  part  of  31,  call  it  Slj'  ^^^  relation  4)  does  not  hold, 
and  we  write  5) 

This  in  3)  gives 

«i  =  e'"  2  <;„  I  e'"'y^'^^~^dy  +  e"'  f  e'^y''~^ R,dy  (8 

-iU+V). 


in  the  U  integral.    Tlien  %  goes  over  into  a       ^ ^ 

loop  8  as  in  Fig.  2.  pro.  3. 

We  get  now 

U  =  (~iyx-^i  i-iyc^x-"  Ce-H'^'-^Ht.  (9 

But,  as  we  have  seen  in  149,  2), 

r e-'f^^-'-hU  =  id'"''- -  l)r(X  +  n)  (10 

where  by  144,  8) 

r(X  +  w)  =  X(X  +  l)...(X  +  7i-l)r(X).  (11 

This  in  10)  gives 


+  «,r(x  +  2).^^-  ...\.  (13 

251.  Relation  between  u^n  and  u„,  u^-    We  have  now  found  three 
integrals  of  our  differential  equation 
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of  249,  17),  and  ^ 

u,=   Ce-Hz-ay-Xz-^y-^dz  (4 

of  250,  2).  " 

Since  1)  ia  of  the  second  order,  a  linear  relation  exists  between 
them.     Here  the  path  of  integral  L  in  2)  may  be  taken 

Since  (s  —  «)^  is  multiplied  by  the  factor  e^'^  after  describing 
the  loop  A,  and  a  similar  result  holds  for  B,  we  havo 

Similarly  /.  /» 

Ir -'-'■"£■ 

Thus  5)  gives  ^  ^t 

„.,=a-..--)X-(— )X 

=  (l-,-.)«.-(l-. =•«)!.„  (6 

and  this  is  the  relation  sought. 

263.  Asymptotic  Solutions.    1.   We  show  now  that  the  solution 
«„  admits  the  asymptotic  development 

M„e~"^3;*  —  1p     ,     a;  real  and  =  +  00.  (1 

Referring  to  250,  8),  12)  we  have 

u,e-"^x'  =  ^  +  x'r.  (2 


Since 
we  have 
or 
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Tims  1)  holds  if              nuijf^^V=Q  (3 
where  by  250,  8)                       .. 

The   path   of    integration    ST   "e  /""^x 

talie  as  follows.     About   j/  —  0  we    — ^ -t^.  '__ f      _\ 

describe  a  circle  c  of  radius  7.    Let  V y 

a=  (—00,  —  7)  as  in  Fig.  1.     Tlien  Fia.  1. 


Heuce 

V. 


.i:\i>i- 


Hence 

A 


and  /•  /»  /• 

^^.jA^^m  /+j,^.W  +a."'  /    _  =  ^  +  _B+C.  (6 

We  show  that  A,  B,  (7  ail  =  0  as  a:  =  +  ro. 

2.    We  consider  first  A.     From  250,  7)  we  have 

i;,  =  (^ +  «)<■■-' -(''o  +  '^-i.^+  ■■■  +«^')- 

We  show  now  that  A^^,  J.j,  ■•■  A^=0  as  »=  +ac,  beginning  with  J^. 
For  complex  z  =  re"  wo  have 

log  z  =  log  r  +  »'^  +  2  m-wi. 

Thus  for  large  values  of  y  on  the  path  of  integration, 
I  log  i/ 1  =  log  I  J/ 1     ,     nearly. 

But  from  the  calculus,  , 

limlSIJE.O. 

Thus  for  !  y  I  >  BOmo  F, 

1  log  y  I  <  ! » 1    •    1  iog(«  +  y)  1  <  1  s  I  ■ 
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Heuue  for  some  ij  >  0, 

I  log ^'-i(y +  «)«-!  I  <7,\l/\. 

I  (/'-'(^  +  «)""'  i  <  e""""     '     i/  <  «o™e  1/^  <  0. 

W^  wow  s^ow  that  Ai,  =  0.     ClianginE;  the  variable  by  setting 

xy=-t, 
we  liave  ,.+= 

=  0     ,     asa:  =  +  GO. 

3.  Having  shown  that  -4.  =  0,  it  is  easy  to  see  that  C=  0  ahc 
For  O  differs  from  A  only  in  two  respects.  The  path  of  inte- 
gration is  reversed  and  the  integrand  has  another  value  aX  y  = 
—  7,  due  to  the  fact  that  y  has  described  the  circle  c.  After  this 
circuit  ^*~'  is  multiplied  by  the  factor  e^"**,  while  (jf  +  a)*""'  is 
multiplied  by  e*"*.  Thus  the  0  integral  behaves  essentially  as 
the  A  integral,  and  we  see  at  once  that 

hm  G=f). 


0  now  that  B  =  0.     We  have 


l-A     A..^A     '.fi.<^y 


where  R,  is  the  remainder  of  the  series 

(p  +  ay-'^c^  +  c,y+e^f+  ... 

beginning  with  the  exponent  s  +  1, 
If  we  set  xy  =  ~i,  we  get 

B=  (-  1)V  C e-'t/'-^R^t         (7 

where  6  is  the  circle  corresponding  to  c 
in  Fig.  1. 
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As  the  singular  point  of  H,  is  t  =  ax  whicli  lies     ^p^  ^r^"' 

outside  of  S,  we  can  replace  S  by  the  loop  S  in     ^     A    ^ 
Fig.  3.    This  loop  is  made  up  of  a  segment  I  and  ^■"-  '^■ 

two  small  circles  about  the  points  (=0,  t=zy.    Thus  B  will  be 
the  sum  of  three  integrals 

B  =  B^  +  Bi  +  B^  (8 

corresponding  to  these  three  parts  of  2- 

Since  the  integrand  in  7)  is  one-valued  about  ( =  xj,  the  inte- 
gral B^=rO. 

The  integral  £^—  0  aho.      I<'or 

Thus  ^j  =  0  as  the  radius  of  the  circle  about  t  =  0  converges  to  0. 
On  the  other  hand,  the  reasoning  often  employed  shows  that 

Bi=  C-iy-  x'(e^""  ~  1)  Ce-'f-'E.dt. 

To  estimate  the  numerical  value  of  7t,  we  use  112,  3).     Here 
0  =  0,         ]t\=p<  \xy\     ,     r=lm:\. 
Thus  (?  denoting  a  sufficiently  larg'e  constEint, 


\Bi\=-\  e'"''  -1\-HJ  e-V'-'dt.  (10 

taking  the  real  positive  value  of  the  integrand. 

Let   now  x  =  +  'X!.     Then   the   integral   in   10)   converges   to 
r(X),  and  hence  B^  =  0.     Thus 

lim  B  =  0. 

We  have  now  shown  that  each  term  of  8)  is  0  or  =  0,     Hence 
J3  =  0  as  asserted.     Thus  the  proof  of  1)  is  finished. 


y  Google 


552  FUISrCTIONS   OF  A   COMPLEX  VARIABLE 

253,  Asymptotic  Development  of  /„(x).  1.  Let  us  apply  the  re- 
sults of  the  last  articles  to  the  equation  249,  2)  which  results  from 
Bessel's  equation  249,  1)  on  setting 


=  „-fl^2i. 


As  in  249,  i 

jr-j!-« 

a-i    , 

/3  =  -i 

,     X  =  f.  =  )j 

1  +  1     ■ 

»  = 

The  coefficients  e  are  given  by 

(.n+i^r 

'-"a+'lS 

+  C0'+   - 

=  (y  +  2' 

)'-i.(iiy. 

hh\ 

" 

Thns 

=  (2i)»{l 

'<%^^ 

+     ■■ 

^  _(2" 

,,-l)(2m 

-3)  ...(2™ 

i-2r  + 

U'^"' 

Substituting  in  250,  IS)  and  252,  1),  we  get 

«,.-^^X~2'"-5.-TM)a  +  e''i-^T(m  +  J)7),  (1 

where 
7)-  1   if  (-!)•     i^^l    -'"'-a      4m'-(2.-iy     1       , 
,^     2-.--  4  4  4  ,'     ^ 

In  a  similar  manner  we  have  for  the  integral  %  —  u_i 

where 
P^l  +  f^J-     4m^-l     ^m^'-S      4m^-(28-l)^     1       . 
,tti'.s!  4  4  4:  x"      ^ 

2.  Another  integral  of  Bessel's  equation  is  x"^„p  as  given  in 
249,  23).  Now  in  251  we  have  expressed  m,^  in  terms  of  w„,  %. 
Thus  the  asymptotic  expressions  1),  3)  just  found  enable  us  to 
express  J„(x)  asymptotically.     In  fact  251,  6)  gives  here 
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Hence  if  we  take  only  the  first  terms  in  />,  E  of  2),  4),  we  have 

or,  since  TJ  =  V»?  by  144,  15), 

264.  An  Expansion  in  a  Series  of  Bessel  Functions.     Let  us  show 
that  „_„_, 

for  any  x  and  for  v-  ^  0.     For 


=  6? 


1    ^  2       22  .  2 !  )  I        2  M     2^:^ !  m2  j 

Now  for  any  x,  and  for  any  w?^  0,  the  series  in  the  braces  are 
absolutely  convergent.  Their  product  may  therefore  be  written 
in  the  form 


+  »■!  .    . 
+  (-l)-»^l 
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255.  y„(j:)  expressed  as  an  Integral.     1.   Let  us  show  that 

t/„(a:)  = —tt: T~  I    '^*'^  (k cos ^) sin^" i^(?<^  (1 

where  n  is  a  positive  number. 

For  ^  .     T.,,    V?' 

cos  u=  >  (—  IV- ■. 

T  (2  s)'- 

cos  (iceos0)  =  J  ^^-— ^3^'^^cos^>0. 

Thus  «  j-_  -|-.s 

cos  (a:  cos  •^)  am^"0  =  2  Stt — i*^'  eos^' 0  sin^"  <^. 

As  this  series  converges  steadily  in  the  interval  (0,  tt)  for  any 
value  of  X,  we  may  integrate  termwise,  getting 

/     cos  (a:cos^)siii^''i^t?^=  ^  y      .^  x^'  j    cos^i^sin^"^^^ 
.|;t=ii>ri_2-_2A_JLj     ,     by  142,  3). 


But 


rf^ViiiiAriL^lj^Vi?  ,   b,  144, 16). 


Thus  the  last  series  above 

V      2      ;^(2,)!  2'n(»+.) 

Thus 

2., 


2-V^r(»  +  .)X'°"('°'"'«»°> 


Sp2''*"sin()!+.)      *  ^ 
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2,  Another  integral  expression  is 

J^(x}  ——  I    cos(m<^  —  X  sill  <j)')d4i, 

wliere  m  is  a  positive  integer. 

For  from  254,  1)  setting  u  =  e*^, 

=  Jg(x')  +  2  S  cos  2  m</.  j;„(x) 
+  2  i  i  sin  (2  m  -  1)  ^  J'^^-iix'). 


Since 


B  have 


giraia*  _  cos(3:  sin  0)  4-  i  sin  (a;  sin  0), 


cos(3:sin.^)  =  Jo(aT)  +  2  S  cos  2  ra^  J^(a^),  (3 

sin  (x  sin  0)  =  2  S  sin  (2  m  - 1)0  J2^^,(,x).  (4 

1 

Let  us  multiply  3)  by  cos  2  mtj)  and  integrate,  then 

since  all  the  other  terms  =  0,  by  virtue  of  the  relation 
/    cos  mx cos nxdx  =  0     ,     m^n 

=1  ,  ,»  =  ». 

If  we  multiply  3)  by  cos  (2m  +  1)0  and  integrate,  we  get 

/    cos  (2  m  +  l)0cos(ssin  0)<f0  =  0.  (fi 

Similarly  we  get 

T'sin  ix  sin  0)  sin  2  m0i?0  =  0,  (7 

r"sin(a^  sin  0)  sin  (2  m  +  1)0#  -  ttJs^^.^x).        (8 
Adding  5)  and  7),  or  6)  and  8),  we  get  2). 
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856.  Bessel's  Solution  of  Kepler's  Equation.    This  equation  is 

— "-  =  u  —  e  sin  M  =  T,  (1 

where  T  is  tlie  period  of  the  planet,  e  the  excentricity  of  its  orhit, 
w  the  eeeezitric  anomaly,  and  t  the  time. 

As  M  is  a  periodic  function  of  t  or  of  t,  it  can  thus  be  de- 
veloped in  Fourier's  aeries, 

u—  ^  a„  sin  nr,  (2 

where  i?    /'t, 

aa  =  —  I     u  sin  nrdr,  or  by  partial  integration 

=  1 !  L '.. —  77-  -f-  _  /     cos  tiTdii    \  ■ 

TT  [        n  nj^  J 

This  in  2)  gives 

But  the  first  series  on  the   right  =  t,  while  the   integral  in  the 
second  series  is  ■n-J„(ne).     Thus  3)  gives 

,  i)  V"  r  /■     -X  shi  nr 
u  =  T  +  2  >.t/„(ne) , 

which  is  Bessel's  solution. 

257.  Development  of  fix)  in  Terms  of  J„-  It  can  be  shown  that 
iif(x)  is  continuous  and  oscillates  but  a  finite  number  of  times 
in  %  =  (0,  a)  then/(K)  admits  a  development  of  the  form 

f(x-)  =  c^JX'hP')  +  <'-£U.'h^')  +  -  (1 

^^^'■^  «,<«,<  -  (2 

are  the  positive  roots  of  J^^ax). 

To  determine  the  coefficients  c  we  make  use  of  the  relations 

'"xJXtt^'yJ/.'^.x'ydx  =D         r^3,  (3 

'xJ-Xa^^dx  =  ^J-^^^^Ca.ay  (4 

obtained  from  247,  9)  and  12). 


X" 


£' 
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Let  us  therefore  multiply  1)  by  a^„(«^3^).  Granting  that  the 
resulting  series  can  be  integrated  termwise,  we  have 

since  all  the  terms  on  the  right  =  0  except  the  one  written  down, 
by  3). 

Thus  4},  5)  give 

Hence  1)  gives 

258.  Development  of /(r,  <t>)  in  Terms  of  the  J„.  Let/(r,^)  be  a 
one-valued  continuous  function  in  a  circle  SI  about  the  origin,  of 
radius  a.  Then,  /  admitting  the  period  2  tt,  we  have,  for  a  given 
r,  by  Fourier's  theorem, 

f(r,  4>)  =  Hn  +  «!  cos ^  +  (I2  cos  2  0  +  ... 

+  6^  sin  ^  +  ftg  sin  2  .^  +  -.. 
where  ■•      ^^n 

a^  —  ~  I     f  (r,  ^)  00a  n<j>di}>,  (3 

1   /'*' 
S„=-  I      f(r,  ^)8in«0(J(^.  (4 

■"■Jo 

But  these  coefHeients  a,  b  are  functions  of  r  and  may  he  developed 
by  257. 

Let  therefore  K„t,  k=l,  2,  3  ■■■  be  the  positive  roots  of 

J.(ar)  =  0.  (5 

Theti  by  257,   ^_  ^  ^1,,J.(„,^,)  +  ^^.(^r)  +  ...  (6 
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where 

-»„,-  ■  „-.-,-^-   -^  f'sin  m0#  r  r/(r,  4>-)JJa^,r}dr.   (11 
a%'/|+i(a«4«)Jo  ,/o 

259.  Solution  of  Aw  =  0  for  the  Cylinder,  1.  Let  us  apply  the 
method  outlined  in  li35  to  find  a  solution  u  of  Laplace's  equation 
which  takes  on  assigned  values  on  the  surface  of  a  given 
cj-linder  0. 

Here  the  triply  orthogonal  surfaces  are  a  family  of  cylinders, 
meridian  planes,  and  planes  perpendicular  to  the  axis  of  0,  which 
we  will  take  to  be  the  ^-axis.  Our  new  coordinates  are  therefore 
J-,  (j>,  e,  where 

x  =  r  cos  0     ,     ^  —  !"  sin  0. 

Transforming  to  the  new  coordinates,  we  find  that  Liiplace's  equa- 
tion Au  =  0  becomes 


According  to  the  general  scheme,  we  now  set 

u  =  fi1>X,  (2 

where  JS  is  a  function  of  r  alone,  <t  of  <(*,  and  Z  of  z.     If  we  set 
2)  in  1),  we  find  it  gives  rise  to  three  equations : 

=  0,  (3 

(4 


,PB     IdR     f  . 

?^— . 

f-— ■ 
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The  general  solution  of  4)  is 

•^  ~A  cos  n^-\-  B  sin  «^. 

As  <t  must  admit  the  period  2  tt,  we  take  ra  a  positive  integer. 
The  general  solution  of  5)  is 


The  equation  o)  is  a  form  of  Eessel's  equation.     To  reduce  it  to 
the  standard  form  we  have  only  to  set 


solution  of  3)  is 

R  =  JJar').  (9 

2.  Problem  1.  Tt  is  now  time  to  specify  the  boundary  conditions 
on  the  cylinder  C,  which  we  will  suppose  is  of  length  I  and 
radius  a. 

Let  us  suppose  that  on  the  lower  base  and  on  the  convex  sur- 
face of   C,  M  has  the  value  m,,,  a  constant.     On  the  upper  base 

3  =  net 

«=/(r).  (10 

The  boundary  values  being  symmetrical  with  respect  to  the  2-axis, 
<l>  is  independent  of  0  and  is  hence  a  constant.  Thus  we  take 
K  =  0,      A  .special  .solution  of  1)  is  therefore 

■u.^RZ=  A  sinii  (ad)J^{»r'). 
With  special  solutions  of  this  form  we  now  construct  the  series 

.  =  +(.,  ,)= «.  +  2  «.ss:^-4  •'.(«■•■).        cii 

where  0  >  Kj  >  m^  >  ■■-  are  roots  of  J^(ar). 

Since  each  term  of  11)  is  a  solution  of  Am  =  0,  0  is  a  solution. 
Let  us  see  if  i/i~  satisfies  the  boundary  conditions. 
For 

z 

For 


tjr  —  Ufy        since  sinh  («„3)  =  0. 
■\{r  =  u,i         since  jQ(«„(t)  =  0. 
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Let  ua  now  look  at  the  boundary  condition  10),     If  it  is  satisfied, 
we  must  have,  setting  z  =  lin  11), 

(12 


u,+^j.J„(v)=.f(ry, 

or  setting 

<;(>■)  =  /('■)- %. 

we  must  have 

i(/)=%.J,('y)- 

Using  257,  7),  we  see  12)  is  satisfied  if  we  take 

\(OJ,<:«.r)dr.  (13 


W^)!'" 


Thus  the  e,  being  taken  in  this  way,  tlie  solution  of  our  boundary 
value  problem  is  11). 

3.  Problem  3.  Let  us  keep  the  boundary  values  as  in  2  except 
for 

,  =  l     ,     «_/(r,  «.  (14 

In  this  case  u  is  no  longer  symmetrical  with  respect  to  the  axis  of 
0  and  hence  m  now  depends  on  ^.  A  special  solution  of  1)  is 
therefore 

(A,  cos  w^  +  B„  sin  n^)  sinh  (««) J'„(«r), 

With  special  solutions  of  this  form  we  now  construct  the  series 

=  Wo + 2 1  (^"*  ''"^  "-^  +  -^"^  ^'"  '^)  '-"l!  ^""1?  -^•.(""^O,  (15 

;3  01  smh  («„t() 

where  a„4,  )fc  =  1,  2,  3  ■■■  are  the  roots  of  J„(^ar)^  0. 

Since  each  term  of  15)  is  a  solution  of  Aw  =  0,  we  see  w  is  a 
solution.  Let  us  see  if  16)  satisfies  the  boundary  conditions.  If 
we  set  3  =  0  in  15),  we  see  that 


If  we  set  r  =  a  in  15), 


since  sinh  (a^i^)  =  0. 

?et 
since  J"„(«„(.«)-=  0. 
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Thus  tvFO  of  the  boundary  conditions  are  satisfied.  If  the  condition 
14)  is  satisfied,  we  must  have 

g(T,  4,')=%  iCA-t  cos  w0  +  B„i  sin  n4>')J„(a^r},  (16 

where  we  have  set  j.,      ,,  ^17- 

Referring  to  258,  we  see  the  condition  16)  is  satisfied  if  we  clioose 
the  coefficients  A^,  B^  as  in  258,  9),  10),  11),  where,  however,  we 
should  replace/(r,  0)  by  y(r,  ^)  in  17). 

Lame  Functions 

260.  Confocal  Quadrics.  1.  We  wish  now  to  consider  very 
briefly  a  class  of  functions  introduced  by  Lame  whicli  play  tlie 
same  role  for  the  ellipsoid  as  Laplace's  functions  for  the  sphere. 

Suppose  we  wish  to  find  a  solution  of  Laplace's  equation 

da?      dif'       az^ 

which  takes  on  assigned  values  on  the  sui'faee  of  an  ellipsoid  @ 

whose  equation  is      „        a       a 

-  +  T  +  -  =  1'         a<b<o.  (2 

a       0       c 

According  to  the  general  scheme  outlined  in  235,  our  first  step  is 
to  replace  the  x,  y,  z  coordinates  by  a  set  of  cooi'dinates  defined 
by  a  family  of  triply  orthogonal  surfaces,  one  of  which  is  the  given 
ellipsoid  S.    This  family  is  the  family  of  eonfocal  quadrics  defined 

-^'-^  +  5-^+^-1=0,  (3 

the  parameter  X  ranging  from  —  od   to   +qo.     We  note  that  for 

X  =  0,  3)  reduces  to  2),     We  observe  that  F  is 
an  ellipsoid  for  X  <  a, 
a  hyperboloid  of  one  sheet  for  «< X <  5, 
a  hyperboloid  of  two  sheets  for  J  <  X  <  e. 

Let  us  give  to  X  values  Xj,  Xj,  Xg  lying  respectively  in  these  three 

intervals.     The  corresponding  surfaces  3)  will  cut  in   8  points 
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symmetric  with  respect  to  the  origin,  one  in  each  of  the  8  octants. 
Thus,  if  we  state  in  which  octant  the  point  lies,  the  three  numbers 
Xp  X^,  Xg  determine  the  position  of  the  point  in  that  octant  uniquely. 
Let  us  now  show  that  through  a  fftven  point  P  =  x,  i/,  z  there 
passes  one  and  only  one  of  each  of  these  three  kinds  of  surfaces. 
To  this  end  we  have  only  to  show  that  the  cubic  equation  in  X 

J'(X)  =  .^_  +  _l!_+„^_l  =  0  (4 

'^  •"     a-X     h-X     c-X  ^ 

has  a  root  in  each  of  the  above  intervals. 
Let  e  be  a  small  positive  number.     Then 

J'(a-e)  =  ^+^     ^'        + 1>0, 

since  the  first  term  —  =  +  oo  as  e  =  0.     Let  \  =  X^,  a  large  negative 

number.  Then  F(Xq)<0  since  F(X~)=  —  1  as  X^  —  <x>.  Thus 
J*  (X),  having  opposite  signs  at  Xq  and  a  —  e  and  being  continuous 
in  the  interval  (Xq,  a  —  e),  must  vanish  somewhere  in  this  in- 
terval. Similarly  we  see  that  jP  =  0  for  some  point  within  the 
interval  (a,  6)  and  within  (6,  c).  As  ^(X)=  0  is  a  cubic,  it  has 
no  other  roots. 

These  considerations  show  that  we  may  take  Xj,  X^,  Xg  as  co- 
ordinates of  a  point.  They  are  called  ellipsoidal  coordinates. 
When  we  do  not  wish  to  use  subscripts,  we  may  denote  these 
coordinates  by  any  three  letters  as  X,  ^,  v. 

2.  Let  ns  show  that  the  three  surfaces  X,  jn,  v  meeting  at  a 
point  X,  y,  z  cut  orthogonally. 

Since  the  X  and  ^  surfaces  pass  through  the  point  xyz^  we  have 

-^  +  l^  +  -^^l-''    ■    ~2i^  +  r^+^ 1  =  0.    (6 

a  —  X      0 —  X      c— X  a  — ft,      b^fi      c-^/i 

The  direction  cosines  of  the  normals  to  these  surfaces  at  xyz  are 
proportional  to 

a  —  X    '     5  —  X     '     c~ X 
and  to 
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These  angles  are  at  right  angles  if 

This  is  indeed  so,  for  if  we  subtract  the  two  equations  5)  and 
discard  the  factor  A.  — ;u  we  get  6).  Thus  any  two  of  the  three 
quadrics  X,  y:*,  v  meeting  at  the  point  x,  y^  z  cut  at  right  angles. 

3.  Let  us  now  express  x,  y,  z  in  terms  of  \,  m,  *■.     To  this  end 
let  us  establisli  an  identity  in  i*  which  will  also  be  useful  later,  viz. : 

^  _  +  .3?^.-  +  J^  -  1  =  («^XK»-rt(»--').  (7 

a  —  u     b  ~u     c  —  it  (a  —  w)(6  —  M)(<f  —  w) 

To  prove  7)  let  us  consider 

La  —  M      b  —  u      o—u         j 

which  is  a  polynomial  of  third  degree  in  u.  The  coefficient  of 
M^  is  1.  Since  the  A,  surface  goes  through  tlie  point  xi/z,  the 
first  factor  of  G-  vanishes  for  u  =  X.  Hence  «  =  A.  is  a  root  of  (?. 
Similarly  u  =  /j.,  u  =  v  are  roots.     Thus 

Putting  tlib  ill  8),  we  get  7). 

Having  establislied  7),  let  us  multiply  it  liy  u  —  w  and  then  set 
M  =  a.     We  get 

(b-aXe-a) 
Similarly,  _  ^j  ^^^^^^  ^^^j  _^ 

These  determine  8  points  ±x,  ±  y,  ±  z,  one  in  each  octant. 

4.  For  later  use,  let  us  find  an  element  of  are,  or  the  value  of 

ds^  =dx'+  Af  +  dz^  (10 

in  terras  of  ellipsoidal  coordinates- 
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Taking  the  logarithmic  derivatives  of  9),  we  get 
n  rfa;  _    d\  d/i  dv 

2  ^  _     ^      ,   _^M_ d,v^ 

y       \  —  b      II  —  h      V  —  h 

i)de_    d,\  djJ-  dv 

^  z       X-c      t^-c      v~  c 

Putting  these  in  10),  we  get 

ds^  =  AdX^  +  BdiJ?  +  Gdv\  (11 


where 


(12 


and  similar  expressions  for  B,  O.  The  other  terms  which  result 
from  this  substitution  vanish  by  virtue  of  the  relations  of  the  type 
6),  which  express  the  orthogonality  of  the  \,  ^,  v  surfaces. 

To  eliminate  the  x,  y,  z  in  the  coefficients  of  11),  let  us  differ- 
entiate the  identity  7)  with  respect  to  u  and  then  set  u  =  X,  ti,  v. 
This  shows  that 

^1^1        (X-^)(X-i') 

4(«-x)(6-X)(c-X)' 

_B  ^1  (M-^)(M-X) 

4  (a-  ii.)(h  -  im')(c-  /i.)' 

^^1        (v-XXv-f^) 

261.  Elliptic  Coordinates.  1.  The  equations  9)  show  that  x,  y,  z 
are  not  determined  as  one-valued  functions  of  the  coordinates 
X,  /*,  K,  or  using  subscripts  Xj,  \j,  X^.  We  may  remove  this 
ambiguity  by  introducing  three  other  quantities  w,  t,  w  or  using 
the  subscripts  Mj,  w^t  '^a  defined  by 

pu^  =  X,     ,     «=1,  2,  3  (1 

as  follows. 
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The  ellipsoid  @  on  which  the  boundary  values  are  given  is,  by 
■60,  2),  ^2-2 

-  +  ^  +  --1=0. 


"""<»     ,  =  X,-.,     ,     l.X,-e,    ,     .  =  X,-.„ 

(2 

and  determine  X,,,  e^,  e^,  e.^  so  that 

e^  +  e^  +  es=0      ;      e^  <  e^  <  ey 

(3 

Then  the  equation  of  ©  is 

4_  +  ^  +  ^    1    0, 

(1 

and  the  equation  of  our  eonfocal  quadrics  is 

^-+-*1    +.  -S       1-0. 

(5 

We  see  that  5)  is 

an  ellipsoid  when  \  >  e-^^ 

a  hyperboloid  of  one  sheet  when  63  <  X  <  e^ 

a  hyperboloid  of  two  sheets  when  i?^  <  X  <  e^- 

Let  us  now  set 

ip^~ff^p-S^^4(p-ej)(p  -  e^)(p  -  fig)  (6 

and  suppose  the  p  function  introduced  in  1)  to  be  constructed  on 
the  invariants  g^'  fiv  '"  ^)-  '^''^^  periods  2  Wp  2  m^  iif  this  ^  func- 
tion are  given  by 

»,=  r  _■''■_ ,  »,-,-r ■»  __-.  (7 

as  we  saw  in  173,  !)).  14).      Putting  1)  in  260,  9),  we  get 

where  a,  ^,  7  is  a  permutation  of  1,  2,  3. 
Now  from  172,  16),  17),  we  Imve 


v^i/  —  e. 


"-■is)  ,vj; 
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These  in  8)  give 

^^^^ff^^<o^    a^u^ajj^^aji^         ^^1^2,3.  (10 

The  quantities  m^,  u^,  w^  are  called  elliptic  eoSrdinates.  Having 
once  chosen  the  ±  sign  in  10)  they  determine  «,  y,  z  as  one- 
valued  functions  of  u^,  u^,  Wg.  Let  us  agree  to  take  the  +  sign  iti 
10).     From  172  we  have 

<r(-M)  H«)'     '^(«±2o,J        <r(")'     <^C«±2«3)  <«) ' 

(11 
These  relations  show  that  the  x's  are  periodic  functions  of  the  m's 
admitting  4<Bj,  im^  as  periods.     They  also  show  that  if  we  restrict 

Mj  to  range  in  the  interval  (0,  &jj)  =  Ui 
Mj  to  range  in  ((Ug-rOj,  m^  +  a};)=n2 
Mg  to  range  in  (w^  —  2  «g,    w^  +  2  w^)  =  Ug 

the  point  3;^,  x^,  Xg  passes  over  every  point  in  space  once  and  only 
once.     Such  restricted  «'s  we  shall  call  normal  elliptic  coordinates. 
Let  u^  be  the  value  of  «j  lying  in  Uj  such  that 

Then  the  point  x„  ai^,  9:3  describes  the  given  ellipsoid  @  once  and 
only  once  when  m^,  m^  range  in  the  normal  intervals  U2!  Ug- 

2.    The  expression  for 

ds^  =  dx^  +  di/'^  +  d-^ 

is  extremely  simple  in  elliptical  coordinates.     We  saw  in  260,  4 

d%^  =  A-^A\\  +  A^d\\  +  ^gC^XI,  (12 

"'^"  -  '"-- -"-■  (13 


4(>-i-o(^i-o(>-i-o' 


md  similar  expressions  for  A^.,  A^.     Making  use  of  1)  and  re- 


membering that 


df 


^Kp-e-dii>-H)(.v-^'.d 
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we  see  tliat 

ds^  =  (pu^  —  py^yCpu^  -  pu^^du^  +  <lpuj  —  piis)(,pii2  —  pvr^du\ 
+  (^u^-pv^Ypu^-pu^~)dul.  (14 

262.  Transformation  of  Laplace's  Equation.  1.    The  next  step  in 
the  solution  of  Laplace's  equation 

as  outlined  in  235  is  to  transform  the  equation  to  the  new  coordi- 
nates. This  is  a  lengthy  process  even  in  the  polar  coordinates  ; 
for  the  new  coordinates  X^,  X^,  A,g,  or  Uy,  v,^,  u^  it  is  far  longer.  In 
order  to  avoid  this  we  will  make  use  of  a  theorem  due  to  Jaeobi :  * 
Let  Xfiv  he  any  system  of  triply  orthogonal  coordinates  in  terms 
of  which  an  element  of  arc  is  given  hy 

d^  =  AdX-"  +  Bd/j.^  +  Cdi^.  (2 

Then  Laplace's  equation  1)  becomes  in  the  new  eoSrdinates 

SX\ASX)     ii^BSf.)     av\Ost)       '  ^ 

2.  To  illustrate  this  theorem  on  a  simple  case,  let  us  transform 
1)  to  polar  coordinates : 

3;  =  rcoB^     ,     y  =  r  &'m  $  cos  <l>     ,     2=  r  sin  ^  sin  A. 


^^          ds^=^da^  +  dy'^  + 

dz'  = 

dr'  +  rUm 

+  r 

"  sill'  fl<J<(,' 

e  have  on  taking  ^^^  _ 

'     At 

=  »      ,      V. 

■*, 

A  =  l     ,     B  =  r^ 

,     C 

=  r'  sin"  e 

i)  =  r'sin 

Thus  3)  becomes 

*V    ST/     sin « 

•My" 

Mcii  agrees  with  235,  4). 

*  For  a  proof  of  tiis   tlieorem   the  reader  may  consult:    C.  Jordan,  "Coura 
d'Analyse,"  vol.  3,  p.  540 ;   U.  Weber,  "  Differential-Gieichungen,"  vol.  1,  p.  S4. 
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3.  Let  us  now  transform  1)  to  ellipsoidal  coordinates  Xj,  X^,  Xg, 
By  261,  12),  13),  we  have,  on  sotting 

y^-4(\„-ei)(\„-ea)(X„-«3)      ,     «=1,  2,  3, 

Henco  g  ( D  SV\i(X^- \,)   &  f    dV\ 

dXjKA  d\J  q,^%        5XiV     5Xj/ 

Tlius  Laplace's  equation  becomes 

(N-^a)!>|;(j.~)  +  (^.-^i)fe5^(?=g^) 

3.  Let  us  pass  to  elliptic  coordinates.     We  have 

d   __  5w|        d   _  1    8      , 
d\  ~  aXj     dUj  ~  qi  dUj 


Thus  4)  becomes 


whoso  form  is  extremely  simple. 

263.  Lame's  Equation.  Having  reduced  Laplace's  equations  to 
the  new  coordinates,  the  next  step  in  the  solution  as  outlined  in 
235  is  to  set 

where/,  ff,  h  are  each  functions  of  one  of  the  variables  w^  m^,  Wg. 
If  we  put  1)  in  the  transformed  Laplace  equation  262,  5),  we  get 


/(mj)     du\         (fiu^)     dul         ^(Mg)     dul 
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Suppose/,  ,^,  h  satisfy  the  equations, 


^- 


=  iapu^  +  b}f(u^-), 


-A  =  {apu^  +  S)^(W2)' 


-=(_ap7is+b')k(us)- 


Putting  these  in  2),  we  see  that  the  left  side  =  0  identically,  how- 
ever a,  h  are  chosen. 

We  are  thus  led  to  consider  differential  equations  of  the  type 


(4 


As  in  the  case  of  the  sphere,  we  are  not  looking  for  the  j 
solution  of  4)  for  arbitrary  a  and  b ;  rather  we  seek  to  determine 
■a  and  b  so  as  to  get  an  infinite  number  of  particular  solutions  1) 
with  which  to  construct  a  series  which  will  satisfy  the  conditions 
imposed  on  F"on  the  surface  of  the  given  ellipsoid  @, 

Ijet  us  apply  the  general  method  developed  in  Chapter  XIII  to 
the  equation  4).  Its  singular  points  are  those  of  pl^x)  or  the 
points  =  0  mod  2  (o^,  2  to^. 

Let  us  consider  the  point  x=0.  Writing  4)  in  the  normal 
form, 

a^?/"  +  0  -p'  -x'^lap(x)  +  b\p  =0, 
we  have 

Jo(3:)  =  1      ,      q^(x')  =  0      ,      q^(x}  =  -  as^pix)  ~  bx\ 

The  indicia!  equation  for  a;=  0  is  therefore 


This  shows  that  if  we  take 

a  ~  n(n  +  1)     ,         n  an  integer 
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as  roots.  This  choice  of  a  gives  us  especially  simple  particular 
solutions,  infinite  in  number.     Putting  this  value  in  4)  it  becomes 

g-i»(»+l)y(«)  +  *!y-0.  (6 

These  equations  are  called  LamS  equations,  in  honor  of  Lame,  who 
first  studied  tliera. 

264.  Lam^  Functions.  1.  In  Lamp's  equation,  263,  6),  b  is  still 
undetermined.  Let  us  see  if  we  cannot  choose  it  so  as  to  get 
particularly  simple  solutions  of  the  form 

y  =  Mp)^ 

where  i  is  a  polynomial  in^  =p(^x).  Since  the  sigma  quotients 
admit  4  w^,  4o>2  as  periods,  as  noted  in  261,  l,  the  expression  1) 
will  admit  these  as  periods  also. 

We  set  then  ^  ^  j^j^  ^-2 

where  M  is  the  product  of  ii  =  0,  1,  2  or  3  factors 

a^(x)  o^(xl  o-^Cx)  ,3 

a(x-)  a(x)  <r(x) 

=^^<i  L=a^p%x)  +  a^_^p^-\x)-\-  •■■  +v  (4 

If  then  we  set  2)  in  Lame's  equation 

thti  result  should  be  an  identity  in  x.  The  coefficients  of  the 
different  powers  of  this  result  developed  about  a;  =  0  will  thus  all 
li.^  0.  These  will  then  give  us  a  system  of  equations  which  if 
i-uiisistent  will  enable  us  to  find  the  quantities  we  seek. 
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To  set  2)  in  5)  we  need  to  calculate  y" .  Let  N\k  the  product 
of  the  factors  3)  which  do  not  enter  M,  we  cali  it  the  cofactor  of 
M.     Since 


■^j£l. 


^p(x)  - 


we  observe  that  gjj  _  jya 

is  a  polynomial  in  p.     Also  let  us  note  that 

iJfF+jKI'y'Cai). 

2^ 
Hence  .  _ 


We  have  now 
But 


■  iW)  =  NQ.  (6 

Thus  the  first  derivative  of  LMis  the  product  of  a  polynomial  in 
p  and  the  cofactor  of  M.     Hence  at  once  6)  shows  that 

t/"  =  MR, 

where  ^  is  a  polynomial  in  p  and  M  is  the  cofactor  of  JV. 

Thua  setting  2}  in  5),  its  left  side  becomes 
y  _  in(n  +  1>  +h\LM=  \R-nin  +  V)p(_x}  +  hL\M=  ^M,  (7 

where  $  is  a  polynomial  in  p. 

As  7)  niust=0  identically  and  as  iHf^O  we  see  ^  must  =  0 
identically. 

Now  y  has  a  pole  of  order  '2m +  v  at  a:  =  0,  hence  the  left  side 
of  7)  has  a  pole  of  order  2  m  +  k  +  2.  Hence  1]3  has  a  pole  ot  order 
2  (m  4- 1).     Tims  ^  considered  as  a  polynomial  in  p  is  of  degree 

Wl  +  1'   "!■  ,  ro 

^  =  «,»+ii''""^  +  «^P"'  +  —  +  «o-  <° 

As  ^  is  to  vanish  identically,  all  the  a's  =  0,  and  conversely  if 
the  ce's  =  0,  "ip  =  0  identically. 

2.  Suppose  then  we  develop  7)  about  a;  =  0.  Equating  the 
first  m  +  2  coefficients  of  the  development  to  0  will  give  us  a 
system  of  relations  between  the  a's  and  the  a's.  These  we  siiall 
see  are  linear  in  tliese  letters.     If  now  we  set  the  a's  =  0,  we  have 


y  Google 


572  FUNCTIOIfS   OF   A   COMPJ.EX   VARIABLE 

a  set  of  equations  to  determine  the  an  in  4).     Let  us  now  carry 
out  this  scheme.     We  liave 


■  are  linear  and  liomoj^eneous  in  the  as.     Also 

y  =  LM=  -^  +    ^"^[_.^  +  ■■■ 

■  are  linear  and  homogeneous  in  the  a's.     Hence 
,,_(2m±v)(2m±j^ll  A, 


where  J.;,  A^  ■■■  are   linear  and   homogeneous  in   tlie  a^,  a^ 
Also 

»(«+i)?WJ 


)  ijlf  „  «(«  +  1)"-  _!_  _^ 


where   the   A{,  A'^  ■■■  are  linear   and  homogeneous   in   a„, 
Finally  ,  ,   „ 


These  set  in  the  left  side  of  7)  give 

+  a!-0"*''  i ^j  -  ^;  -  6a. I  +  j;-i"-"-»  1 4j  -  ^^j  -  J«;'  I      (9 

We  turn  now  to  the  right  side  of  7).     We  have 
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whore  a\,  «,j  ■■■  -.wn  linear  and  homogeneous  in  «„'  "i  "■      Hence 

where  a![,  a'^  •■■  are  linear  and  homogeneoua  in  «q,  «j  ■■- 

We  now  equate  the  coefficients  of  like  powers  of  x  in  9),  11), 
getting 

«n,.i=K2'"  +  '')(2«i  +  "'  +  l)-«(K+l)K  (12 

and  the  system  „"  ~  x.  —  tI'  —  ba^, 

aij  =A^  —  A'^—  ha", 


<*i  - 

^„i~^;„ 

i-SC 

As  the 

<.'s 

are 

to  be  all  0, 

set  «„+,  =  0 

,  then  12)  gives  a 

relation 

betweei 

,m 

,  M, 

and 

V,  viz,  : 

or 

(2 

m  + 

,)(2m4 
(2i 

tt  +  l)=tl, 

m  +  J-)  =  n(n  +  1). 

Hence 

2»i+. 

■=  n,     or      - 

-(«  +  l). 

As  m  and  c  are  not  negative,  this  gives 

2m  +  v  =  n.  (13 

Consider  now  the  system  S).  Since  «j",  a^'  ■■■  are  linear  and 
homogeneous  in  a^,  u^  ■■■  ««+i,  they  all  vanish  when  the  a^  aj  ■•• 
vanish.     Hence  S)  goes  over  into  the  system  of  m  +  1  equations; 

^i  -  A[  -  ba„  =  0, 

A^  -  Al  -  hal  =  0,  (S' 


These  equations  are  linear  and  homogeneous  in  the  unknowns 
ffy,  aj  ■■■  a„.  In  order  that  the  system  S')  has  a  solution  different 
from  aQ  =  Q,  Oj  =  0  --■  it  is  necessary  that  its  determinant 

A(*)  =  0.  (14 
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Thus  h  satisfies  an  equation  of  degree  m  +  1.  Let  us  put  a  root 
of  14)  in  S').  This  system  of  equations  allows  us  now  to  deter- 
mine the  jatios 

Suppose  the  a's  are  determined  thus.  Then  4)  and  S)  show 
that 


From  this  follows  that 


Bfl!  «ii  «3i  ■■■  «™  =  0. 


For  the  development  11)  shows  that  a"  contains  besides  «„  at 
most  ct^+i',   that  i^'  contains   besides  a^^i  at  most  a^,  01™+ j,  etc. 

O]  =9l(««.'  «m+l)' 


where  the  ^'s  are  homogeneous  functions.  Now  a"  and  a^^i 
being  =  0,  the  first  relation  in  S")  shows  that  «„  =  0,  as  ipj  is 
homogeneous.  Putting  this  in  the  second  equation  of  S"),  we  see 
that  a^_i  ^  0,  and  so  on.     Thus  ij?  =  0  identically. 

3.    Let  us  see  in  how  many  ways  we  can  satisfy  the  relations 
12)  and  S).     There  are  two  cases. 

Case  1.     «  =  2  s.     Then  13)  gives 


and  u  is  even.     Hei 


n  +  v^2s  (15 

-  0,  or  2. 


For  11  =  0,  m  =  s.  For  each  of  the  m  +  1  =  s  +  1  roots  of 
A(J)=  0,  the  system  S')  gives  us  a  set  of  coefficients  for  the  poly- 
■  nomial  L  in  2).  We  thus  get  s  +  1  polynomials  L  which  satisfy 
Lame's  equation  5). 

For  11  =  2  we  get,  from  15),  m  =  3  —  1.  Each  of  the  m  +  l  —  s 
roots  of  A(6)  gives  us  a  polynomial  L  of  degree  s  —  1.     As  here 

y  =  L'^^^^^^  =  LM.  (16 
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Thus  we  can  take  the  fiictor  Mm  three  ways  corresponding  to  the 

^"^'°^^  1,  2     ;     1,  3     ;     2,  3. 

Each  of  these  determinations  gives  us  a  new  system  of  equations 
S)  and  hence  a  new  equation  A(5)  =  0,  Hence  v  being  =  2,  there 
are  3  a  values  of  6,  each  of  which  leads  to  a  solution  16). 

We  thus  get  in  all 

8+l+3s=4s+l=2n+l 
solutions  of  the  desired  type. 

Case  S.  7i  =  2  8  -f  1.  Reasoning  in  exactly  the  same  way,  we 
see  that  also  in  this  case  there  are  2  w  +  1  solutions.  As  it  cau  be 
shown  that  these  solutions  are  distinct  we  may  state  the  funda- 
mental theorem  due  to  Lamfi: 

The  constant  h  in 

g.!»(«+1>(«,)  +  Siy, 

ma^  he  determined  m  2  n  +  1  different  ways  such  that  this  equation 
admits  a  solution  of  the  type 


V(p -ei)(y -«,)(?! -.■,)-i.        (17 
Moreover  the  6's  belonging  to  different  n's  are  also  different. 
The  functions  17)  are  called  LamS  functions  or  polynomials. 

265.  Integral  Properties-  1.  In  order  to  develop  an  arbitrary 
funeiion/(^,  <^)  in  terms  of  Laplace's  functions  we  made  use  of 
certain  integral  relations  established  in  238.  We  wish  to  establish 
analogous  relations  for  Lame's  functions. 

We  saw  in  264  that  for  a  given  m,  the  constant  h  can  be  taken  in 
2«  +  lway.,  j___     _     *.„.../,.,.„„  (1 

sothat  J,"  =  i„(„+l)y(«) +}.,.(,  (2 

admits  a  Lame  function,  denote  it  by  L^Qu),  as  solution.     We 
saw  in  261,  l,  that  if  w,  has  the  value  u\  lying  in  Uj  =  (0,  Wj)  such 
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and  if  Mji'angea  in  Uj  =  (,f^2~'"v  ^"3  +  "'i)  ^^nd  Wg  in  Ua  =  («i  — 2  Wg, 
wj  +  2  Wg),  then  the  point,  x-^  x^  x^  corresponding  to  mJ  u^  u^  describes 
just  once  the  ellipsoid  S  on  which  the  boundary  values  are  given. 
For  brevity  let  us  set 

a  =  wj  -  2  wi     ,     5  =  0)2  +  2  a>i     ,      o  =  a,^-'l  m^     ,     <?  =  »,  +  Sw^. 

Thus  the  interval  («,  6)  is  twice  as  long  as  U^  while  the  interval 
(e,  d}  is  the  same  as  U3.     Obviously  if  u^  ranges  over  (a,  6)  and 
Ug  over  (c,  (?),  the  point  x-^  x^  x^  corresponding  to  «|^,  m^'  %  will 
now  describe  the  ellipsoid  E  twice. 
We  wish  now  to  prove  : 

when  j^      ,  j^ 

For,  let  us  set 


i>=jrV(%)/'.,(%)<«% 


^""^^  J=  AT)^  BO.  (5 

Now  2)  gives,  m  being  either  w^  or  w^, 

!?5^!M  =  !„(„,  +  1>„  +  6.,li,.,(«), 

^i^^M  =  i„(„  +  i)p„+ j..|i..(„). 

Let  us  multiply  the  first  equation  by  X„,  and  the  second  by  i„, 
and  subtract.     We  get  on  the  left  side 
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Absolute  value,  ] 
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Axial  symmetry,  516 
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imi^nary,  4 

Bemoullian  numbers,  289 

polynomials,  313 
Binomial  coefficients,  17 
Branch,  of  a  function,  95 
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Casus  irreduci  bills,  22 
Calculation  of  x,  205 
Cauchy,  theorems,  211,  214 
Caucby-Riemann  equations,  175 
Characteristic,  288 
Circle  of  convei^ence,  72 
Confooal  quadrics,  561 
Conlormal  representation,  184 
Congruent,  835 
Connex,  189 
Continuity,  134,  167 

uniform,  18S 
Convergence,  absolute,  37,  271 

steady,  197,  271 
Cross  cut,  314 
Cyclic,  13S 

Definitely  infinite,  141 
Differential  equation,  Bessel'a,  41)4, 


Differential  equation,  hypergeor 
455 
Lamp's,  454 
Laplace's,  494 
,454 


linear  homogeneous,  454,  466 
Dirichlet's  problem,  532 
Domain  of  a  point,  183 

of  definition,  180 

e  notation,  32 

Ellipsoidal  coordinates,  562 

Elliptic  coordinates,  564 
integrals,  885,  444,  446 
integrals  complete,  394 
modular  functions,  433 

Essentially  singular  point,  344 

Euler's  formula,  106 
summation  formula,  318 

Flux,  513 

Fourier's  development,  262 
Frobenius'  method,  474 
Fuclis,  455,  486 

relation,  487 
Functions,  of  z,  164 

B,  r,  295,  299 

ji,  344 


algebraic  explicit,  9 
analytic,  210 
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BTen,  115 

exponential,  102 

harmonic,  509 

hyperbolic,  118 

integral  rational,  87,  240 

inverse,  178 

inverse  circular,  125 

LamS,  675 

logarithmic,  62 

odd,  115 

periodic,  834 
doable,  337 

rational,  88,  251 

regular,  234 

transcendental,  263 
Fundamental  system, 

of  differential  equations,  459 

spherical  harmonics,  525 

Gauss'  tlieorem,  511 
Green's  theorem,  511 
Gudermann,  327 


Images,  167 
Incongnient,  335 
Indioial  equation,  464 
Integrals,  186 

curvilinear,  160 

surface,  149 
Invariants,  364 
Irregular  points,  474 


Kepler's  equation,  656 

Lamp's  equation,  570 
Laplace's  equation,  494 
Laurent's  development,  234 
Legendre's  normal  integrals,  S 

relation,  369,  445 
Limiting  points,  383 
Limits,  26,  131,  133,  167 


Modular  angle,  3S4 

functions,  432 
Modulus,  11 

of  elliptic  integrals,  385 
Moivre's  formula,  17 

Ketwork,  339 
Normal  form, 

of  differential  equation,  41 

of  product,  276 

Order,  of  elliptic  function,  i 
at  pole,  239 


Paradox  of  Cauchy,  63 
Parallelogram  of  periods,  337 

primitive,  337 
Parameter  of  elliptic  ijitegi'ais,  38 
Period,  334 

primitive,  836 
pair,  337 
Point  at  infiaity,  247 
Polar  form  of  z,  11 
Poles,  237 

Postulate,  fundamental,  29 
Potential,  154,  493 
Prime  roots,  465 
Primitive  unit  roots,  21 

Rectangular  form  of  ^,  11 
Region,  138 

connected,  1S8 

simple,  138 
Regular  point  of  function,  117 

of  difTerential  equations,  474 
Kesidue,  238,  256 
Hodrigue's  formula,  502 

Scale,  logarithmic,  46 
Schlafli's  formula,  501 
Series,  adjoint,  35 
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two-way,  75 
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simple,  486 
Spherical  harmonics,  5'. 
Stokes'  tiieorem,  158 
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